RAMESH

GARG

i

e

ANALYTICAL AND |
I COMPUTATIONAL L

METHODS

(FIS



Analytical and Computational Methods
in Electromagnetics



DISCLAIMER OF WARRANTY

The technical descriptions, procedures, and computer programs in this book have been
developed with the greatest of care and they have been useful to the author in a broad
range of applications; however, they are provided as is, without warranty of any kind.
Artech House, Inc. and the author and editors of the book titled Analytical and Computa-
tional Methods in Electromagnetics make no warranties, expressed or implied, that the
equations, programs, and procedures in this book or its associated software are free of
error, or are consistent with any particular standard of merchantability, or will meet your
requirements for any particular application. They should not be relied upon for solving
a problem whose incorrect solution could result in injury to a person or loss of property.
Any use of the programs or procedures in such a manner is at the user’s own risk. The
editors, author, and publisher disclaim all liability for direct, incidental, or consequent
damages resulting from use of the programs or procedures in this book or the associated
software.

For a listing of recent titles in the Artech House Electromagnetic Analysis Series,
turn to the back of this book.



Analytical and Computational Methods
in Electromagnetics

Ramesh Garg

ARTECH

HOUSE

BOSTON | LONDON
artechhouse.com



Library of Congress Cataloging-in-Publication Data
A catalog record for this book is available from the U.S. Library of Congress.

British Library Cataloguing in Publication Data
A catalogue record for this book is available from the British Library.

ISBN-13: 978-1-59693-385-9

Cover design by Igor Valdman

© 2008 ARTECH HOUSE, INC.
685 Canton Street
Norwood, MA 02062

All rights reserved. Printed and bound in the United States of America. No part of this
book may be reproduced or utilized in any form or by any means, electronic or mechanical,
including photocopying, recording, or by any information storage and retrieval system,
without permission in writing from the publisher.

All terms mentioned in this book that are known to be trademarks or service marks
have been appropriately capitalized. Artech House cannot attest to the accuracy of this
information. Use of a term in this book should not be regarded as affecting the validity of
any trademark or service mark.

10987654321

Disclaimer:
This eBook does not include the ancillary media that was
packaged with the original printed version of the book.



To my family Madhu, Geetika, and Prashant, and in the memory of my teacher and
friend, the late Professor K. C. Gupta






Preface

Basic Principles of Electromagnetic Theory

1.1 Maxwell’s Equations
1.2 Constitutive Relations
1.3 Electrical Properties of the Medium
1.4 Interface and Boundary Conditions
1.5 Skin Depth
1.6 Poynting Vector and Power Flow
1.7 Image Currents and Equivalence Principle
1.8 Reciprocity Theorem
1.9 Differential Equations in Electromagnetics
1.10 Electric and Magnetic Vector Potentials
1.11 Wave Types and Solutions
1.12 Phase Velocity, Dispersion, and Group Velocity
1.13 Characteristics of Transmission Lines
1.14 Charge and Current Singularities
1.15 Classification of Methods of Analysis
1.16 Mathematical Framework in Electromagnetics
1.17 Overview of Analytical and Computational Methods
1.18 Summary
References

Analytical Methods and Orthogonal Functions

2.1 Introduction

2.2 Method of Separation of Variables

2.3 Orthogonality Condition

2.4 Sturm-Liouville Differential Equation
2.4.1 Orthogonality of Eigenfunctions

2.4.2 Boundary Conditions for Orthogonal Functions
2.4.3 Examples of Sturm-Liouville Type of Differential Equations

2.5 Eigenfunction Expansion Method
2.6 Vector Space/Function Space
2.6.1 Operators

Contents

XV

o nh WE —

12
14
15
16
19
19
21
22
23
26
27

29

29
31
37
42
42
43
44
47
51
55

vii



viii

Contents

2.7
2.8

2.6.2 Matrix Representation of Operators

2.6.3 Generic Solution of Sturm-Liouville Type Differential
Equations

Delta-Function and Source Representations

Summary

References

Problems

Green’s Function

3.1
3.2

3.3
3.4

3.5

3.6
3.7

Introduction

Direct Construction Approach for Green’s Function

3.2.1 Green’s Function for the Sturm-Liouville Differential Equation
3.2.2 Green’s Function for a Loaded Transmission Line
Eigenfunction Expansion of Green’s Function

Green’s Function in Two Dimensions

3.4.1 Double Series Expansion Method

3.4.2 Single Series Expansion Method

3.4.3 Green’s Function in Spectral Domain

Green’s Function for Probe Excitation of TE-Modes in Rectangular
Waveguide

Green’s Function for Unbounded Region

Summary

References

Problems

Contour Integration and Conformal Mapping

4.1

4.2

4.3

4.4

4.5

Introduction

4.1.1 Analytic Function

4.1.2 Analytic Continuation

Calculus of Residues

4.2.1 Poles and Branch-Point Singularities
4.2.2 Cauchy Integral Theorem

4.2.3 Residue Theorem

Evaluation of Definite Improper Integrals
4.3.1 Improper Integral Along the Real Axis
4.3.2 Fourier Transform Improper Integrals
4.3.3 Some Other Methods Useful for Solving Improper Integrals
Conformal Mapping of Complex Functions
4.4.1 Mapping

4.4.2 Properties of Conformal Mapping
4.4.3 Applications of Conformal Mapping
Schwarz-Christoffel Transformation

4.5.1 Elliptic Sine Function

4.5.2 Application to Coplanar Strips

59

62
62
68
69
70

71

71
72
75
76
80
81
82
84
87

87
93
95
95
95

103

103
104
105
106
106
106
109
110
111
115
120
121
121
122
125
125
129
131



Contents ix
4.6 Quasi-Static Analysis of Planar Transmission Lines 134
4.6.1 Strip Line 135
4.6.2 Microstrip Line with a Cover Shield 141
4.7 Some Useful Mappings for Planar Transmission Lines 144
4.7.1 Transformation of Finite Dielectric Thickness to Infinite
Thickness 145
4.7.2 Transformations for Finite Width Lateral Ground Planes and
Finite Dielectric Thickness 146
4.7.3 Transformation from Asymmetric to Symmetric Metallization =~ 148
4.8 Summary 149
References 150
Problems 150
Fourier Transform Method 153
5.1 Introduction 153
5.2 Reduction of PDE to Ordinary Differential Equation/Algebraic
Equation Using Fourier Transform 156
5.3 Solution of Differential Equations with Unbounded Regions 157
5.3.1 Free-Space Green’s Function in One Dimension 157
5.3.2 Fourier Sine Transform and Half-Space Green’s Function 160
5.3.3 Free-Space Green’s Function in Two Dimensions 162
5.3.4 Electric Line Source Above a Perfectly Conducting Ground
Plane 173
5.3.5 Free-Space Green’s Function in Three Dimensions 175
5.4 Radiation from Two-Dimensional Apertures 176
5.5 Stationary Phase Method 178
5.5.1 Radiation Pattern 180
5.5.2 Asymptotic Value of Bessel Functions 186
5.6 Green’s Function for the Quasi-Static Analysis of Microstrip Line 189
5.7 Summary 190
References 191
Appendix 5A: Evaluation of the Integral in (5.120) 191
Problems 192
Introduction to Computational Methods 199
6.1 Elements of Computational Methods 199
6.2 Basis Functions 202
6.2.1 Subdomain Basis Functions 202
6.2.2 Entire Domain Basis Functions 206
6.3 Convergence and Discretization Error 212
6.3.1 Convergence Test 214
6.3.2 Order of Convergence 214
6.3.3 Disctretization Error and Extrapolation 215
6.3.4 Discretization of Operators 217



Contents

6.4

6.5

6.6

6.7
6.8

6.3.5 Discretization Error in FDM, FDTD, and FEM
6.3.6 Vector and Matrix Norms

Stability of Numerical Solutions

6.4.1 Stability of FDTD Solution

6.4.2 Stability of Matrix Solution

Accuracy of Numerical Solutions

6.5.1 Modeling Errors

6.5.2 Truncation Error

6.5.3 Round-Off Error

6.5.4 Validation

Spurious Solutions

Formulations for the Computational Methods
Summary

References

Problems

Method of Finite Differences

7.1

7.2

7.3

7.4

Finite Difference Approximations

7.1.1 Difference Form of the First Derivative

7.1.2 Difference Form of the Second Derivative

7.1.3 Difference Form of Laplace and Poisson Equations

Treatment of Interface and Boundary Conditions

7.2.1 Nodes on the Interface

7.2.2 Dielectric Inhomogeneity in One Quadrant About a Node

7.2.3 Neumann Boundary Condition and the Nodes on the Edge

7.2.4 Node at a Corner

7.2.5 Node at an Edge with Dielectric Inhomogeneity About the
Node

7.2.6 Treatment of Curved Boundaries

7.2.7 Finite Difference Analysis of an Inhomogeneously Filled
Parallel Plate Capacitor

Finite Difference Analysis of Guiding Structures

7.3.1 Analysis of Enclosed Microstrip Line

7.3.2 Analysis of Geometries with Open Boundaries

7.3.3 Wave Propagation and Numerical Dispersion

7.3.4 Analysis of Ridge Waveguide

Summary

References

Problems

Finite-Difference Time-Domain Analysis

8.1
8.2

Pulse Propagation in a Transmission Line
FDTD Analysis in One Dimension
8.2.1 Spatial Step Ax and Numerical Dispersion

219
223
223
224
225
227
227
227
227
228
229
229
229
230
231

233

233
233
235
236
243
243
245
246
248

249
249

252
254
254
261
262
264
268
270
271

281

281
284
288



Contents Xi
8.2.2 Time Step A# and Stability of the Solution 292
8.2.3 Source or Excitation of the Grid 295
8.2.4 Absorbing Boundary Conditions for One-Dimensional

Propagation 305
8.3 Applications of One-Dimensional FDTD Analysis 309
8.3.1 Reflection at an Interface 309
8.3.2 Determination of Propagation Constant 312
8.3.3 Design of Material Absorber 313
8.3.4 Exponential Time-Stepping Algorithm in the Lossy Region 316
8.3.5 Extraction of Frequency Domain Information from the Time
Domain Data 316
8.3.6 Simulation of Lossy, Dispersive Materials 317
8.4 FDTD Analysis in Two Dimensions 323
8.4.1 Unit Cell in Two Dimensions 325
8.4.2 Numerical Dispersion in Two Dimensions 327
8.4.3 Time Step At for Two-Dimensional Propagation 329
8.4.4 Absorbing Boundary Conditions for Propagation in Two
Dimensions 329
8.4.5 Perfectly Matched Layer ABC 333
8.5 FDTD Analysis in Three Dimensions 339
8.5.1 Yee Cell 339
8.5.2 Numerical Dispersion in Three Dimensions 343
8.5.3 Time Step At# for Three-Dimensional Propagation 343
8.5.4 Absorbing Boundary Conditions and PML for Three
Dimensions 344
8.6 Implementation of Boundary Conditions in FDTD 345
8.6.1 Perfect Electric and Magnetic Wall Boundary Conditions 345
8.6.2 Interface Conditions 346
8.7 Advances in FDTD 347
8.8 Summary 347
References 348
Problems 349
Variational Methods 355
9.1 Calculus of Variations 355
9.1.1 Stationarity 355
9.1.2 Extremum 357
9.1.3 Functional 358
9.1.4 Variation or Increment of a Function, d¢(x) 359
9.1.5 Variation and Stationarity of Functionals 360
9.2 Stationary Functionals and Euler Equations 363
9.3 The Ritz Variational Method 366
9.4 Applications of Ritz Approach 367
9.4.1 Variational Solution of Laplace Equation 368
9.4.2 Cutoff Frequencies for Waveguide Modes 373



Xii

Contents

9.5
9.6

9.7

9.4.3 Resonant Frequency for Cavity Modes

9.4.4 Variational Formulation in Spectral Domain for
the Microstrip Line

Construction of Functionals from the PDEs

Method of Weighted Residuals

9.6.1 Galerkin’s Method

9.6.2 Point Matching Method

Summary

References

Problems

CHAPTER 10

Finite Element Method

10.1

10.2

10.3

10.4
10.5
10.6

Basic Steps in Finite Element Analysis

10.1.1 Segmentation or Meshing of the Geometry
10.1.2 Derivation of the Element Matrix

10.1.3 Assembly of Element Matrices

10.1.4 Solution of System Matrix

10.1.5 Postprocessing

FEM Analysis in One Dimension

10.2.1 Treatment of Boundary and Interface Conditions
10.2.2 Accuracy and Numerical Dispersion

FEM Analysis in Two Dimensions

10.3.1 Solution of Two-Dimensional Wave Equation
10.3.2 Element Matrix for Rectangular Elements
10.3.3 Element Matrix for Triangular Elements
10.3.4 Assembly of Element Matrices and System Equations
10.3.5 Capacitance of a Parallel Plate Capacitor
10.3.6 Cutoff Frequency Waveguide Modes

10.3.7 FEM Analysis of Open Boundary Problems
Mesh Generation and Node Location Table
Weighted Residual Formulation for FEM

Summary

References

Problems

CHAPTER 11

Method of Moments

11.1

11.2

Introduction

11.1.1 MoM Procedure

11.1.2 Point Matching and Galerkin’s Methods
11.1.3 Eigenvalue Analysis Using MoM
Solution of Integral Equations Using MoM
11.2.1 Integral Equation

11.2.2 Static Charge Distribution on a Wire
11.2.3 Analysis of Strip Line

374

378
381
383
384
385
387
388
388

393

393
394
395
397
397
398
398
402
406
409
410
411
415
418
422
429
436
436
440
441
442
442

445

445
446
448
449
452
452
455
462



Contents Xiii

11.2.4 Analysis of Wire Dipole Antenna 469
11.2.5 Scattering from a Conducting Cylinder of Infinite Length 476
11.3 Fast Multipole Solution Methods for MoM 485
11.4 Comparison of FDM, FDTD, FEM, and MoM 486
11.5 Hybrid Computational Methods 487
11.6 Summary 487
References 487
Problems 488
Solution Methods for the Set of Simultaneous Equations 493
A.1 Processor Time Considerations 493
A.2 Matrix Solution Techniques 494
A.2.1 Gauss Elimination 495
A.2.2 L-U Factorization 498
A.3 Sparse Matrix Techniques 500
A.3.1 Reordering of Equations 500
A.3.2 Preconditioned Conjugate Gradient Method 502
References 502
Evaluation of Singular Integrals 505
References 507
About the Author 509

Index 511






Preface

The interest in computational methods in electromagnetics is on the increase because
of the availability of cheaper computational power, useful commercial software,
and increasing demand on products. Most of the commercial software is based on
the method of moments (MoM), finite-difference time-domain (FDTD), or finite
element method (FEM) because of their versatility. The MoM and FEM are based
on weighted residual method. MoM, in addition, requires considerable prepro-
cessing in the form of Green’s function, and therefore, a sound analytical back-
ground is needed. The FDTD method requires familiarity with finite-difference
method. It is with this perspective and to make the book stand alone that the topics
in this book have been selected.

The approach followed in the book is similar to that in a classroom. The
selection of the material and the sequence of presentation has been influenced by
the consideration that the interest of the students should be generated and main-
tained. As a result, the mathematical background necessary to understand the
topics is also included. It happens in a topic like electromagnetics that physics and
mathematics are coupled together. In presenting the book these two aspects are
first treated individually so that purely mathematical aspects are not clouded by
physical considerations. For this purpose, we have considered a number of examples
which are completely mathematical in nature. Once the mathematical description
of the method has been understood, problems in electromagnetics are attempted.
Examples and solved problems are given in order to improve understanding. Most
of the subject matter has been kept at the introductory level to help create interest
in the subject. For this, and to clarify concepts without getting into complex
mathematical details, there is emphasis on one-dimensional problems in Cartesian
coordinates, and scalar wave equations. The one-dimensional problems, however,
cannot include arbitrary shape. The two-dimensional problems are a trade-off
between the complexity of the problem and its utility. The three-dimensional prob-
lems are mainly discussed in relation to the MoM.

In order to cover various applications in the electromagnetics area, examples
from wave guidance, radiation, and microwave circuits are considered. The exam-
ples in the scattering area are a very few. We have tried to present a unified
approach to the problems in electromagnetics in the form of solution of Sturm-
Liouville differential equation, and the variational nature of the MoM and FEM.
A book like this with limited scope cannot stand alone. Therefore, a number of
references are included at the end of each chapter to help the reader bridge the

gap.

XV
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One of the aims of the book is to create interest in computational methods. It
is necessary, therefore, that the students should have access to the source codes so
that they can generate a wealth of data and extract information from it. With this
in mind, a number of source codes are included. As a next step, the students may
be asked to write their own codes. It is thrilling for the students when they find
that the results generated by their code compare with the expected values. Most
of the problems included in the book range from simple electrostatic problems to
the waveguide eigenvalue analysis for the cutoff frequency of waveguide modes.
This requires the solution of scalar wave equation and is not difficult to solve
analytically. The computed value can be compared with the exact analytical solu-
tion.

It is the observation of the author that the students do not like vector calculus.
Visualization of field and current distribution is important in electromagnetics and
difficult because of their vector nature. These problems are addressed through the
solution of scalar wave equation and Poisson equation in the Cartesian coordinate
system with which the students are comfortable. The essence of computational
methods such as convergence, discretization error, numerical dispersion, effect of
dielectric inhomogeneity, and arbitrary shape can be brought out in this limited
scope. Visualization is improved through the plot of end results using MATLAB
graphics color capability. While adopting this philosophys, it is kept in mind that
analytical capability of the students should be improved as a part of the overall
effort. This is achieved by a number of measures:

1. The students first solve the problems almost analytically using the computa-
tional methods. For this the size of the problem is deliberately kept small
so that the resulting matrix size does not exceed three. The discretization
assumed is therefore crude and symmetry considerations are used to reduce
the size.

2. Once the students carry out this exercise in detail, they learn the various
steps of implementation of the method, including implementation of the
boundary conditions. This solution is expected to be inaccurate.

3. Based on this experience, the source code is developed with finer discretiza-
tion of the same problem. Through this exercise they learn the effect of
discretization on the accuracy of the solution and convergence.

4. The field or potential distribution is plotted to help in visualization.

5. The treatment of computational methods is presented as a work-book
through details of the problems or examples discussed.

6. Instead of first presenting the generalized analysis of a particular topic from
which the special cases follow, we straight away start with the analysis of
a particular problem and then generalization follows. This way the attention
of the students gets focused.

It is assumed that the reader has gone through undergraduate level courses in
electromagnetics, microwave engineering, and numerical methods. Also, introduc-
tory level knowledge of MATLAB is assumed.

The book is organized into 11 chapters with two appendices at the end. Out
of these, six chapters are devoted to analytical methods including a chapter on
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XVii

introduction to electromagnetics. The remaining five chapters are on computational
methods: Chapter 6 is devoted to the common aspects of computational methods,
and other four chapters cover FDM, FDTD, FEM, and MoM. There are a number
of source codes in MATLAB. The codes are put on CD-ROM for the convenience
of users.

Chapter 1 summarizes basic concepts in electrostatics and wave propagation,
and is used as common background material for later chapters. It also introduces
topics such as charge and current singularities on conductors. Diverse approaches
available for the analysis of boundary value problems are discussed, bringing out
the importance and limitations of theoretical analysis. Solution in the form of
discretization of unknown functions using subdomain basis functions and the
associated discretization of device geometry is suggested. Common analytical and
computational methods are overviewed. Chapter 2 summarizes the most common
method of separation of variables, defines orthogonality, and leads to orthogonal
function expansion of arbitrary functions. Strum-Liouville differential equation
represents all the differential equations of electromagnetics. Its solution provides
the common analytical solution approach. The second half of the chapter is devoted
to the eigenfunction based framework of function spaces. The approach is used
to make the abstract subject of function spaces interesting. The concepts like
completeness of a set, convergence of series, eigenfunctions of the operator, vector
representation of function, and matrix representation of an operator are illustrated
through the solution of one-dimensional differential equation. Limitations of the
eigenfunction based function space are brought out and the generic solution in
terms of subdomain basis functions is suggested. The chapter concludes with the
Dirac delta function and its various representations, and prepares the reader for
the next chapter on Green’s function.

Chapter 3 on Green’s function is essential to the development of MoM. The
“direct construction” and eigenfunction expansion methods for constructing the
Green’s function are illustrated through several examples. Green’s functions for
the unbounded region are listed at the end of the chapter. Chapter 4 on contour
integration and conformal mapping serves two purposes. The contour integration
emphasizes the importance of analytical approach to determine singular integrals,
which are essential to many analytical and computational methods. The conformal
mapping analysis of planar transmission lines is discussed in detail and leads to
closed-form analytical solutions.

The Fourier transform method, described in Chapter 3, is an analytical method
useful for solving unbounded and semi-bounded regions, and layered dielectric
geometry problems. Some examples of Fourier transform method include: excitation
of unbounded transmission line, line excitation of grounded trough, probe excita-
tion of modes in a rectangular waveguide, electric line source above a ground
plane, radiation from apertures, Green’s function for microstrip line, and free space
Green’s function.

Chapter 6 covers the essentials of computational methods. It includes the major
steps in the analysis and the solution properties. The description of an unknown
function in terms of subdomain basis functions is the essence of computational
methods. The various types of subdomain basis functions are described. The discret-
ization of operator is discussed. The basic characteristics of numerical solution
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such as convergence and accuracy are illustrated with numerical integration as an
example. The phase error as a function of discretization size in FDM, FDTD, and
FEM is compared, and the importance of higher order basis functions to reduce
this error is brought out. The stability of the numerical solution is discussed and
the origin of spurious solution is touched upon.

Chapter 7 on FDM introduces a simple and versatile differential equation
solver. It also develops the basic background needed for FDTD. However, FDM
is an inefficient method and results in large sized matrix. Efficient matrix solution
technique in the form of iterative methods and successive over-relaxation are dis-
cussed. The effect of discretization on accuracy of the solution is addressed through
numerical dispersion determination. The FDM is illustrated by its application
to problems like inhomogeneously filled parallel plate capacitor, microstrip line,
rectangular and ridge waveguide, and so forth.

The FDTD method of Chapter 8 is a very versatile and futuristic computational
method. FDTD analysis simulates propagation of signal in time and space. Various
concepts such as spatial step and numerical dispersion, time step and stability of
the solution, excitation of grid, and absorbing boundary conditions are discussed.
The one-dimensional FDTD analysis is applied to study basic phenomenon like
dispersion, stability, reflection at a dielectric-air interface, determination of propa-
gation constant in lossy medium, and the design of material absorbers. Analysis
for two- and three-dimensional problems follows the pattern of one-dimensional
analysis. References to the advances in FDTD are provided.

The variational method, described in Chapter 9, forms the foundation for FEM
and MoM methods. The basic concepts of variational method such as stationarity,
extremum, and functionals are discussed. The functionals are listed for the
important differential equations of electromagnetics. The use of Ritz method to
determine the stationary value of functionals is illustrated through a number of
examples, which include capacitance of strip line, cutoff frequency of waveguides,
resonant frequencies of cavities, and variational analysis of microstrip line. The
method of weighted residuals is discussed in relation to point matching and Galer-
kin’s solutions.

Chapter 10 is devoted to FEM, which is a simple, versatile, and very popular
method. The formulation of FEM based on stationary functionals is discussed.
Also, node based elements are employed for simplicity. After discussing the major
steps in FEM, the method is illustrated by its application to the problems in
inhomogeneously filled parallel plate capacitor, and cutoff frequency of waveguide
modes. Both triangular and rectangular elements are employed for the analysis.
Some of the hybrid FEM techniques are introduced.

The last chapter covers MoM. This method is partly analytical and partly
computational. It is very efficient for the analysis of open region problems such
as antennas, scatterers, and planar lines. The MoM is illustrated by solving a
number of problems like, capacitance of strip line, charge distribution on a metal
wire, current distribution and input impedance of a half-wave dipole, and RCS of
acylindrical scatterer. The various computational methods discussed in the book are
compared qualitatively within the scope of the subject. The hybrid computational
methods are referenced to bridge the gap between the scope of the book and the
recent advances.



Preface

Xix

Appendix A discusses various methods for the solution of matrix equation in
general, and Appendix B discusses some of the methods for the evaluation of
singular integrals.

This book is based on my experience of teaching a large number of first-year
graduate students at the Indian Institute of Technology, Kharagpur, India. Most
of the contents of Chapters 6 through 11 were covered in one semester course
work on computational methods. There is a good amount of extra material in
these chapters from which the instructor can choose. The students attending this
subject have contributed immensely to the development of the course material.
Some of the students have contributed their source codes, which have been refined
with usage by others. I am thankful to all the students and these students in
particular. The subject of computational electromagnetics would be less interesting
without the software. Critical comments by a number of reviewers have helped
the author in the development of the book. Any suggestions towards the improve-
ment of the book will be gratefully accepted. I would like to acknowledge the
support of Rebecca Allendorf, Darrell Judd, and the staff at Artech House.
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Basic Principles of Electromagnetic

Theory

Electromagnetic theory forms the foundation of high frequency (radio frequency
and higher) electrical engineering. It is used to explain many wave phenomena like
propagation, reflection, refraction, diffraction, and scattering. The high frequency
circuits can be characterized more accurately when analyzed in terms of wave
phenomena. As the clock rate of personal computers increases, the coupling between
various subsystems of the computer also becomes important. The study of electro-
magnetic interference and compatibility is important to avert many disasters. In
this chapter we shall review the fundamental aspects of electromagnetic theory.
Common analytical and computational methods will be classified and overviewed,
bringing out their advantages and limitations.

Maxwell’s Equations

The physics of electromagnetic wave propagation is described mathematically by
the Maxwell’s equations. These equations can be written in differential as well as
integral forms. For time-varying electromagnetic fields, the Maxwell’s equations
are as follows.

Differential Form

VXE-= _aa_?, (Faraday’s Law) (1.1a)
VxH=]+ % , (Ampere’s Law) (1.1b)
V-D=p, (Gauss’s Law, electric) (1.1¢)
V-B=0. (Gauss’s Law, magnetic) (1.1d)

where:

E(r, ) is electric field intensity in volt/meter, (V/m);

H(r, ¢) is magnetic field intensity in ampere/meter, (A/m);
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D(r, t) is electric flux density in coulomb/meterz, (C/mz);

B(r, t) is magnetic flux density in weber/meterz, (Wb/mz);

Js(r, t) is the impressed electric surface current density in ampere/meterz, (A/m?);
)

p(r, t) is the impressed electric charge density in coulomb/m?, (C/m?).

The current density Js and the charge density p for the time-varying fields are
related to each other as

2
Voli=-3 (1.1¢)

This equation is called the equation of continuity and it describes the principle of
conservation of charge. The second term on the right side of (1.1b) is called the
displacement current density and is defined as [1]

D
Ji= aa_t (A/m?) (1.2)

The differential form of Maxwell’s equations holds true at each and every point
in space.

Integral Form

The integral form of Maxwell’s equations can be derived from their differential
forms by employing Stoke’s theorem and Green’s divergence theorem. The integral

form is given by
E.df= 9 B - dS 1.3
frou-ct]

j§H.d€=ff]s.ds+§—tffD~ds (1.3b)

#B .ds=0 (1.3¢)

#D.dsszf pdv (1.3d)

The Maxwell’s equations are general and hold for fields with arbitrary time depen-
dence in any medium and at any location. They reduce to the simpler form for
special cases like static case, sinusoidal time varying (or time-harmonic) fields, and
in source-free media.

Static or Quasi-Static Fields. Under this assumption, we let d/d¢ = 0, and the
differential form of Maxwell’s equations reduces to
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VxE=0 (1.4a)
V xH =] (1.4b)
V:D=p (1.4c)
V-B=0 (1.4d)
V-J.=0 (1.4e)

It may be noted that the static quantities are functions of space only and not time.
In the static limit, electric and magnetic fields are independent of each other.
Although the equations of (1.4) are valid for direct current (dc), they can also be
used for quasi-static situations when the largest dimension of the electromagnetic
device is about one-tenth of the operating wavelength. We shall use the word
“device” in a general sense representing any transmission line section, microwave
circuit, antenna, scatterer, and so on.

Time-Harmonic Fields. ~ For time-harmonic fields, the time variation is of the
type e/®. Therefore, we can replace 9/dt by jwt, and the differential form of
Maxwell’s equations reduces to

V xE = —jwB (1.5a)
VxH=J+jwD (1.5b)
V-D=p (1.5¢)
V-B=0 (1.5d)
V.]Js=—jwp (1.5¢)

The time-harmonic Maxwell’s equations are employed for the steady state behavior.
The static case is the limiting case of time harmonic fields as @ — 0. The field
quantities in (1.5) are functions of position only, and the phasor representation of
fields has been employed. The relation between the phasor representation and its
corresponding instantaneous version, with reference to cos(wt), is given by

E(x,y, 2, t) = Re[E(x, y, z)e/*’] (1.6)
Source-Free Case.  The fields in the region away from the sources may be obtained
by substituting J¢ = 0 = p in (1.5).
1.2 Constitutive Relations

The electric field E and the electric flux density D are not independent of each
other, and are related through the material properties of the medium. Similarly,
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the magnetic field H and the magnetic flux density B are related. The relationship
between the field strength and the corresponding flux density is called the constitu-
tive relation. For a simple (linear, homogeneous, and isotropic) lossless medium,
the constitutive relations, for the time-harmonic fields, are

D = €(w)E = €pe,(0)E (1.7)
B=pu(w)H=pop,(0)H (1.8)

where €y = 8.854 x 10712 F/m, and pug =47 x 10”7 H/m are the permittivity and
permeability, respectively, of vacuum. In practice, free space is normally assigned
the material properties of vacuum. € and u are the permittivity and permeability,
respectively, of the medium. Similarly, €, and u, are the relative permittivity or
relative dielectric constant and relative permeability, respectively of the medium.
We shall mostly consider linear, isotropic medium.

The constitutive relations are exact for free space and can be used approximately
for other materials over a narrow frequency range. For problems involving common
materials (e.g., water), and when broadband operation is to be studied, the linear
relations (1.7) and (1.8) do not hold. A complex flux-field relationship needs to
be modeled. This modeling is discussed in time domain in Chapter 8.

1.3 Electrical Properties of the Medium

In general, material properties of the medium ¢,, u,, and o are functions of the
position, direction, field strength, and frequency of the applied field. However, a
majority of the media can be assumed to be homogeneous (material properties
independent of position), isotropic (material properties independent of direction),
and linear (material properties independent of field strength) over sufficiently large
values of field strength and broad range of frequency. These materials or media
may be called simple. Further, most of the media are nonmagnetic with u, = 1.
Good conductors are described by a high value of o, which is constant from dc
up to the infrared frequencies. Their permeability and permittivity are approxi-
mately equal to that of vacuum. Perfect dielectrics are characterized by o= 0. For
nonsimple materials, € and w are described by dielectric and permeability tensors,
respectively. For example, sapphire is an anisotropic material, and ferrite is a
magnetic material with anisotropy (the value of u, varies with direction).

The media employed in the study of electromagnetic phenomena are always
nonperfect; that is, some loss is always present in any practical media. The origin
of loss in dielectrics is the nonzero conductivity of the dielectric, and gives rise to
what is called dielectric loss. If we define the complex dielectric constant of the
lossy medium as

E=€—— (1.9)

we can rewrite (1.5b) for the source-free case as (J = 0),
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1.4

VxH=jwéE=jwe<1 —;‘w%)E (1.10)
or
V x H = jwe(1 - j tan 8)E (1.11)
where
tan ‘52(1% (1.12)

is known as the loss tangent of the medium. In (1.9), € = €( €, is the real part, and
ol/w= etan §is the imaginary part of the complex dielectric constant of the medium.
The real part of the dielectric constant contributes to the stored electric energy in
the medium, and the imaginary part results in loss of energy in the medium. The
loss tangent of materials used in practice is found to increase with frequency,
although increase is very small at the lower end of microwave frequencies. Table
1.1 lists the relative dielectric constant and loss tangent of dielectric materials
commonly used at microwave frequencies.

Interface and Boundary Conditions

Maxwell’s equations along with the constitutive relations may be used to obtain
general solutions for the electromagnetic problems. To obtain unigue solutions, we
must enforce the boundary conditions at the periphery of the device. Additionally, in
a mixed media device, continuity conditions at the interface of two media should
be satisfied in order to ensure continuity of fields across the interface.

Interface Conditions
The interface conditions between two media, as shown in Figure 1.1, are given as

le(El—Ez):O (1.13a)

Table 1.1 Electronic Properties of Typical Microwave Dielectric Materials

Material Frequency € tan 6 at 25°C
Styrofoam-103.7 3 GHz 1.03 0.0001
Rexolite-1422 3 GHz 2.54 0.0005
FR-4 3 GHz 4.3 0.022
Polystyrene 10 GHz 2.53 0.00047
BeO 10 GHz 6.6 0.0001
GaAs (p= 10" Qcm) 10 GHz 12.3 0.0016
Sapphire 10 GHz 9.4-11.5 0.0001
Alumina (99.5%) 10 GHz 9.8 0.0003
Quartz (fused) 10 GHz 3.78 0.0001
Teflon 10 GHz 2.1 0.0004
Silicon (p = 10> Qcm) 10 GHz 11.7 0.005
RT/Duroid 5880 10 GHz 2.2 0.0009

RT/Duroid 6010 10 GHz 102, 10.5, 10.8 0.0028 max.
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Medium 1
E| ‘IJ'I’GI

Medium 2
£€,,1,,0,

Figure 1.1 Interface between two different media.

A x (Hy - Hy) =], (1.13b)
fi- (D1 —-D3)=p;s (1.13¢)
A-(B;-B,y) =0 (1.13d)

where the subscripts 1 and 2 indicate media 1 and 2, respectively. The unit vector
fi is normal to the interface between the media and points into medium 1. The
quantities Js and pg are the (linear) surface current density (in A/m) and surface
charge density (in C/m?) at the interface, respectively. The interface conditions are
also applicable to the general time-varying fields. The condition (1.13a) signifies
that the tangential component of E is continuous across the interface. It may be
noted that the interface conditions for the normal and tangential components of
the fields between any two media are not independent of each other; that is, if the
conditions for the tangential components are satisfied, the conditions on the normal
components get satisfied. These conditions are called the natural conditions at the
interface.

The interface conditions get simplified for the special cases of interfaces. If the
two media are perfect dielectrics p; = 0, Js = 0, and the tangential component of
H and normal component of D are continuous across the interface. When medium
1 is a perfect dielectric and medium 2 is a perfect conductor, the interface conditions
reduce to the following boundary conditions

AxE; =0 (1.14a)
i x Hy =], (1.14b)
- D= p, (1.14c)
A-B;=0 (1.14d)

because the fields inside a perfect conductor are zero. Equation (1.14a) means that
the tangential electric field at the surface of a perfect conductor is zero, E,, = O.
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Similarly, (1.14b) signifies that the current induced J; on a perfect conductor is
equal to the tangential component of Hj. The charge induced on a conductor, in
the presence of fields, is given by (1.14c).

Boundary Conditions

The boundary conditions at the periphery of the device must be satisfied to ensure
unique solution. These conditions may be classified as Dirichlet type or Neumann
type, homogeneous or inhomogeneous. We shall discuss these conditions in relation
to the solution of the wave equation

Viy+ k2p=0 (1.15)

where the function ¢ may represent field or potential. The homogeneous Dirichlet
condition may be specified as

W(r) =0 (1.16a)
on contour C of a planar surface, Figure 1.2. This condition translates to

Eian = 0 on a perfect electric conductor.
The homogeneous Neumann boundary condition is specified as

oY(r)

= Vi . fi=0, on contour C (Figure 1.2) (1.16Db)

that is, directional derivative of s along the outward normal fi to the boundary
equals zero. This condition implies that dH/dn = 0 on a perfect electric conductor,
since normal derivative of H is proportional to tangential electric field. The condi-
tions (1.16) are called homogeneous boundary conditions because the right-hand
side of the equation is zero. The corresponding inhomogeneous boundary condi-
tions are obtained when the right-hand side is not zero, for example,

¢(r) = constant (1.17a)
% = constant (1.17b)

Figure 1.2 A planar surface with contour C and unit outward normal.
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Another type of boundary condition called radiation condition or absorbing bound-
ary condition is applied to truncate the infinite region of the problem to the finite
region so that computational methods may be employed. The absorbing boundary
condition is discussed in Chapter 8.

1.5 Skin Depth

Skin depth, or depth of penetration, is an alternative way to characterize a medium
with nonzero conductivity. It is defined as the distance measured from the surface
of the lossy medium over which the magnitudes of the fields are reduced to 1/e,
or approximately 37%, of those at the surface of the medium. The skin depth &
of a good conductor (o/we > 1) is approximately given by

oAl (1.18)

o) %ea

The skin depth of a good conductor is very small, especially at high frequencies,
causing currents to reside near the conductor’s surface. The containment of current
reduces the effective cross-sectional area of the conductor and therefore increases
conduction loss.

1.6 Poynting Vector and Power Flow

When an electromagnetic wave propagates in a medium, it carries power along
with it. The instantaneous power density at any location in the medium is given
by the Poynting vector, defined as

S=ExH Wm? (1.19)

The Poynting vector not only gives the magnitude of power flow but also its
direction. The direction of power flow or wave propagation is determined by the
right-hand rule of the cross-product and is always perpendicular to both E and H.
For the time-harmonic fields, the Poynting vector in phasor form becomes

S=ExH* (1.20)
where H* is the complex conjugate of H. The measurable power is the average

power density. It is defined as the time average of the instantaneous power density
S, which can be described in terms of the phasor Poynting vector as

! Re(E x H¥) (1.21)

<S(r, t)>t=§

The average power crossing a surface s is then given by
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PaV:%Re ” (E x H*) - ds (1.22)

1.7 Image Currents and Equivalence Principle

Image principle is a useful concept in simplifying problems having infinitely long
planar conductors. Simplification is introduced by way of replacing the perfect
conductor by images of currents in front of it. The image current accounts for the
reflection produced by the conductor. Consider the electric and magnetic dipoles
placed in front of a perfect electric conductor (PEC) as shown in Figure 1.3(a).
The field in the half-space in front of the PEC may be determined by a combination
of actual sources and their images. The image sources plus the actual sources,
radiating in free space, must produce zero tangential electric field over the perfect
conductor. The necessary orientation of image dipoles satisfying this boundary
condition is summarized in Figure 1.3(b). This solution is valid in front of the
electric conductor only and not in the image region where the field should be zero
because it was occupied by the perfect conductor. If PEC is replaced by a perfect
magnetic conductor (PMC), the orientation of image currents are reversed. A good
account of image theory is given in [2-4].

The combination of actual sources and their images, Figure 1.3, is an equivalent
problem. The solution to the equivalent problem is supposed to be relatively easier.

The equivalence principle is an important step in setting up the equivalence,
and is therefore a useful tool. In this, the surface boundaries are replaced by
equivalent sources. The equivalent electric current sheets J¢ are determined by the

discontinuities in tangential magnetic fields across the boundary as stated
by (1.13b),

Js =0 x (Hy - Hj) (1.23a)

XN

\\\\\\\

PEC i)

A

—
A
<< >>

A :
% :
A :
o i
—>  Electric dipole >> Magnetic dipole

(a) (b)

Figure 1.3 Image currents produced by a perfect electric conductor (PEC): (a) dipole current
sources in front of a PEC; and (b) the electric conductor replaced by image currents for producing
the same field in front of the electric conductor.
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Similarly, the equivalent magnetic current sheets are determined by the discontinu-
ities in the tangential electric fields across the boundary

MSZ—ﬁX (El—Ez) (1.23b)

To illustrate the equivalence principle let us consider an aperture embedded in a
PEC as shown in Figure 1.4. The aperture may represent an antenna or scatterer
or may be part of a circuit. Let the fields in the aperture, set up by the excitation,
be denoted as E and H. The side view of the geometry is sketched in Figure 1.5(a)
and divides the space into two regions 1 and 2. The actual sources generating
E;, H;; i = 1, 2 are not necessary and can be replaced by equivalent sources
according to (1.23) and placed on the boundary between the regions. The equivalent
currents are shown in Figure 1.5(b). Only J or My is sufficient to determine Ej
and Hj [2, p. 108]. Although we have converted the original problem into an

Aperture

N

PEC

Figure 1.4 An aperture in PEC.

Region 1 E H,
AN A Y (a)
Region 2 E,,H,
A M, J,
= > (b)
ok M, oty
A I T (©)
PEC E,=H, =0
M,
T . - (d)

Figure 1.5 Aperturein the PEC and equivalent problems: (a) side view of the aperture; (b) equivalent
for region 1 in terms of M and Js; (c) equivalent for region 1 in terms of M alone; (d) equivalent
of (c) in terms of magnetic current in free space.
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equivalent one, it is far from simpler. We can simplify the problem if we set
E, =H, =0 without disturbing E, Hj in the region of interest. For this we introduce
PEC at the boundary surface and underneath the currents. This is shown in Figure
1.5(c). The equivalent currents are now given by Jo = i x Hy, My = — x E{. Since
the image of Js in PEC is —J,, the net effect is zero and we say that the current
sheet is shorted. We are now left with My on PEC. This equivalence is consistent
with the uniqueness concept that only J; or Mg is sufficient to determine Ej and
Hj [2, p. 108]. Further simplification is obtained by employing the image principle
to obtain the equivalent current in free space as shown in Figure 1.5(d). It may be
noted that there are a number of equivalent solutions to the problem. One may
choose the easier one.

We next take an example of aperture coupling of waveguide to a cavity, a
simple sketch of which is shown in Figure 1.6(a). An equivalent problem is obtained
by filling the aperture with PEC as described earlier, thus converting the original
problem into two separate problems. The waveguide side and the cavity side of
the equivalent problem are drawn in Figure 1.6(b). The current My is obtained
from the aperture electric field as Mg = E x fi. This solution is very similar to that
shown in Figure 1.5(c).

The equivalence principle is a very useful concept in converting a nonhomoge-
neous dielectric region problem into two equivalent problems each with homoge-
neous dielectric [3, p. 14]. The homogeneous Green’s function e 7X"/(4rr) can then
be employed for the two equivalent problems.

Waveguide

Waveguide

(b)

Figure 1.6 (a) Aperture coupling between waveguide and a cavity. (b) An equivalent problem
of (a).
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1.8 Reciprocity Theorem

Reciprocity theorem relates the response at the location of one source due to a
second source, to the response at the location of second source due to the first
source. Consider two sets of sources J%, M? and J°, MP, of the same frequency,
existing in the same linear medium. Denote the field produced by the source a
alone by E?, H% and that produced by the source b alone by EP, HP. Then,
reciprocity theorem is stated as

<a, b>=<b, a> (1.24a)

where <a, b> denotes the reaction of field a on source b, and is given by
<a,b>=fff (E*- JP—H* - MP) dv (1.24b)

Reciprocity theorem, therefore, states that the reaction produced by the source a
on source b is equal to that produced by source b on source a. This theorem is
useful in calculating the characteristics of circuits and antennas.

1.9 Differential Equations in Electromagnetics

Electromagnetic fields at a point may be determined using Faraday’s law (1.1a),
Ampere’s law (1.1b), constitutive relations, and boundary conditions directly. This
approach is followed in the finite-difference time-domain (FDTD) method (Chapter
8). However, the most convenient approach to determine the steady state fields is
to solve the wave equations, which are derived from (1.5) next.

We assume the simplest situation of a source free space (p=0, J¢=0), a medium
which is linear, homogeneous, isotropic, and characterized by scalar quantities €
and w. The fields are assumed to be time-harmonic with exp (jw?) variation. To
derive the wave equation for E field, take the curl of (1.5a), make use of (1.5b),
and use the constitutive relations (1.7) and (1.8) to obtain

VxVxE-kE=0 (1.25)

where k = w/eu is the wave number or propagation constant in the medium.
Using the vector identity

VxVxE=V(V.E)- V’E (1.26)
we may rewrite (1.25) as

VZE+k’E=0 sinceV.E=0 (1.27a)
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where V? is the Laplacian operator. Equation (1.27a) is called the wave equation
for the electric field. Similarly, the wave equation for the magnetic field can be
derived as

V’H+ k’H=0 (1.27b)

When the electric current excitation J¢ is present, the wave equation becomes
inhomogeneous and is given by

V2E + k’E = jou], (1.28)

Each of the expressions (1.27a) and (1.27b) represents three vector field compo-
nents, each of which satisfies the scalar wave equation or the Helmbholtz equation

Viy+k*y=0, ¢=E,, E, E,H,, H,, H, (1.29)

Wave Equation for Guided Waves. The wave equation for the guided waves
can be simplified because the direction of propagation is specified with an assumed
propagation constant along this direction. Let us consider guided waves in transmis-
sion lines/waveguides and assume that the direction of propagation is z. The V
operator may be decomposed into transverse and longitudinal parts as

.0
V=Vitis (1.30)

where V, is the transverse (to the z-axis) operator. Assuming that the propagation

along the +z directions is described by the factor e * 7%, we obtain
J  _
=y (1.31)

The Lapacian operator V2 can also be decomposed into transverse and longitudinal
parts as

V2=V~V=<Vt+ii> : (vt+zi>=vtz+<3>2 (1.32)
0z 0z 0z
=Vi+y’
where Vtz is the transverse Laplacian operator. Substituting (1.32) into (1.27) gives
VPE(x, y) + k*E(x, y) = 0 (1.33a)
V2H(x, y) + k*H(x, y) = 0 (1.33b)
where

R2=k*+ 9% = wleu (1.34)



14

Basic Principles of Electromagnetic Theory
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The quantities k. and w, are called the cutoff wave number and cutoff frequency,
respectively, since they reduce to the corresponding parameters at the cutoff
(y=0). Equations (1.33) are known as the wave equations in the transverse plane,
with z as the direction of propagation. Once the cutoff wave number is determined,
the propagation constant at any frequency other than the cutoff frequency is
obtained from (1.34)

y=iB =Nk -k (1.35)

for the homogeneous filling of the waveguide/transmission line. In the inhomoge-
neously filled waveguide, the fields can vary in the z-direction also. The resulting
differential equations are not separable and lead to a set of coupled differential
equations in the tangential and normal components of the field [6].

Poisson and Laplace Equations
The Poisson equation is obtained from the Gauss law for electrostatics (1.5¢) by
using the gauge condition

E=-Vo(r) (1.36)

Substituting it in (1.5¢) gives the Poisson equation
vip=_2 (1.37)

for the homogeneous case. In the charge free space, (1.37) reduces to
VZp=0 (1.38)

This equation is known as Laplace equation and is frequently employed in electro-
statics. When the frequency is not too high, the electrostatic approach may be used
to approximate the results for otherwise full-wave situation, and the approximation
is called quasi-static approximation. The quasi-static parameters for microstrip line
may be used up to about 3 GHz. We shall use Poisson and Laplace equations to
solve problems related to microstrip line, strip line, static charge distribution on a
metal wire, and capacitor.

Electric and Magnetic Vector Potentials

The electromagnetic fields for the source free case may be obtained directly from
the wave equations (1.27). In order to determine the field generated by a given
source, as in antennas, waveguide and cavity excitations, and so on, the solution
is easier to obtain if we introduce auxiliary vector potential functions A and F.
The magnetic vector potential A is the solution of

V2A + k2A = —p ] (1.39a)
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and the electric vector potential F is determined from

V2F + k°F = —eMj (1.39b)

where My is the magnetic current density. Once the vector potentials are known,
the fields produced by these potentials can be obtained as

E=—jwA+——V(V-A) =LV xF (1.40a)
joue €

H=—;‘wF+.LV(V-F)+leA (1.40b)
joue M

In the source-free space, the differential equations satisfied by the vector potentials
are obtained as

VA + k’A=0 (1.41a)

V2F + k*F =0 (1.41b)

Wave Types and Solutions

For the guided-wave propagation, the field configuration assumes a particular form
which is dictated by the boundary conditions, medium present, and the frequency
of operation. The possible combination of electric and magnetic field allowed to
propagate is called a mode type or wave type. In order to classify different mode
(or wave) types, let us assume that the direction of propagation is the z-direction.
The various modes are designated as TE mode (E, = 0), TM mode (H, =0), TEM
mode (E, =0, H, = 0), or hybrid mode (E, # 0, H, # 0).

Construction of Wave Solutions
Now we shall solve homogeneous wave equations of (1.41) to determine the field

distribution in source free space. From (1.41) we observe that each of the rectangular
component of the vector potentials A and F satisfy the scalar wave equation

VZiy+ k2y=0 (1.42)

Let us now consider some particular choices of potentials.
In the first case, let

F=0,and A = 2y (1.43)

Then from (1.40) and (1.43)

jwoueE = k22 + VV - 2, and B = V x 24 (1.44)
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The above expressions can be expanded in rectangular coordinates as
__L v H = (1.45a)
X7 jwpue 0x0z M=y a
1 %y Y
E,= e 332 ,tu——g (1.45b)
1/,
Ee=ron (a—z2+k )¢ H,=0 (1.45¢)
This field configuration is called transverse magnetic to z (TM-to-z). The behavior
of function ¢ determines the actual field distribution; for example, in the guided
wave propagation one may assume ¢ = f(x, y)e ™%
In the dual case, let
A=0,and F =12y (1.46)
Then from (1.40) and (1.46)
jopeH = k224 + VV - 24, and D = V x 24 (1.47)
The rectangular components of fields obtained from above are
__1 2y P (1.483)
X7 jwue 0x0z =70y rod
1 %y Y,
Y= Tome 3y32 €k, = I (1.48b)
>,
= ome <a—z2+k )1,0, E,=0 (1.48¢)
The above field configuration is designated as transverse electric to z (TE-to-z)
mode. For the guided modes, one may assume ¢ = f(x, y)e*"%.
If both A and F are nonzero, the field components are again obtained from
(1.40).
1.12 Phase Velocity, Dispersion, and Group Velocity

Let us consider TEM-wave propagation in free space along the x-direction. Let
the plane wave consist of E, and H, components. Then, E, is the solution of

2 2
aEy_laEy

a2 oot 1.49)
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Consider the following monochromatic, traveling wave solution for the wave equa-
tion:

Eylx, 1) = /(@AY (1.50)

This solution when substituted in (1.49) results in

B=1 (1.51)

ale

The phase velocity for the wave is determined by the speed at which a point on
the constant phase plane travels. Let the planar phase front coincide with the plane
x = x( at t = t( as shown in Figure 1.7. The phase value is given by

phase = wiy — Bxg (1.52)

At a later instant ¢ = ¢ + At, this phase surface moves to the point x = xo + Ax.
The phase remains the same; that is,

phase = w(tg + At) — B(xg + Ax) (1.53)
Equating (1.52) and (1.53) gives
wAt = BAx
or

AY @t (1.54)

Phase velocity, vy, = A8

The phase velocity is therefore independent of the frequency. A narrow-band signal
consisting of a number of frequency components will maintain relative phase

Figure 1.7 Plane wave propagation with phase fronts at two instants.
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difference between various components as it propagates. However, if the
phase velocity becomes a function of frequency as in waveguides, the relative phase
difference will increase with propagation distance and the signal distortion will
occur. This phenomenon is called dispersion. In this case, a single phase velocity
cannot be assigned to the signal [7, p. 170]. However, group velocity can be
assigned if the signal is narrow-band. To determine the group velocity, let us
consider a two-tone signal propagating in a dispersive medium. We denote the
signal as

Ey(x, t) = o/(@=R0)i=(B=AB)x) | ,jil(0+Aw)i-(B+AB)x)
or
E,=e/"""F) 2 cos(Awt — ABx) (1.55)
where B + AB is the phase constant at w = Aw. This signal is the product of a
carrier wave and an envelope [8, p. 8]. The propagation speed of the envelope

cos(Awt — ABx) is given by Aw/AB. In the limit Aw — 0, AB — 0, the speed is

dw
Venvelope = ﬁ é Vg (1.56)

and is called group velocity v,. The Poynting vector associated with this wave is
obtained from (1.20), and is given by

S=E x H* =% 2 cos® (Awt — ABx)/ny,  mo=1207 (1.57)

The transportation of energy therefore occurs with the speed of group velocity.
For the TEM wave defined by (1.51),

ve=*c (1.58)

However, phase constant for the modes in an air-filled rectangular waveguide is
given by

B =k - k: (1.59)

and therefore

Vb = % and _<B (1.60)

so that

VphVg = 2 (1.61)
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1.13

1.14

We shall see later that the TEM wave suffers dispersion even in dispersionless
medium when the wave equation is discretized for computational methods. This
phenomenon is called numerical dispersion and is a characteristic feature of majority
of computational methods.

Characteristics of Transmission Lines

The characteristic impedance Z( and the phase velocity v, of a transmission line
are given by

1
Zo=—2 (1.62a)
Cc \’Cg CO
Vo = ———, €, = Co ¢ : velocity of light in vacuum (1.62b)
ph '\/E_re, re Cg : y g .

where C is the capacitance per unit length of the line, and C{ is the capacitance
with the dielectric replaced by air. The value of Cy is determined from the potential
difference V between the conductors of line as

Co =% (1.63)

where Q is the charge per unit length of the line, and is obtained from the voltage
distribution about one of the conductors. The voltage distribution can be deter-
mined by solving the Laplace equation (1.38) subject to the boundary conditions.

Charge and Current Singularities

The charge distribution in a finite sized conductor is governed by the Coulomb
law of force between the charges, and the charge accumulates at the edges so much
so that charge density is infinity at the end of an infinitely thin conductor. Similar
distribution has been observed at the corners of thick conductors and at the tip of
a wedge. In the presence of time varying fields, the motion of charge carriers
generates current. The current density and the charge density in a conductor are
related by the continuity condition (1.5¢). The current density, therefore, becomes
infinity at the end of an infinitely thin conductor and at the tip of a wedge. The
order of singularity varies with the conductor thickness and the angle of wedge.
The singularity in charge/current gives rise to singularity in field distribution. We
derive next the order of singularity at the tip of a wedge [9, p. 202].

Consider a conducting wedge of internal angle a as shown in Figure 1.8(a).
Since the behavior of the field near an edge is essentially electrostatic, we solve the
Laplace equation in two dimensions to determine the electrostatic potential ¢,
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A —

Figure 1.8 (a) Conducting wedge of angle «. (b) Semi-infinite strip of conductor thickness t and
a rectangular metal block with a = 7/2.
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The general solution of this equation near an edge is given by

¢=Ap”sin[v(e+ ¢o)] (1.65)

where A, v, and ¢ are the constants to be determined. The electric field can be
determined from (1.65) and is given by

0 90 ve1 1A . .
E=—Vo=—pG0 - bag=—Ave" " [psin vie+ g0) + fcos vig+ ool

(1.66)

Applying the boundary condition that E, = 0 at the conducting surfaces defined
by ¢ =0 and ¢ = a gives

o
The corresponding magnetic field is obtained from (1.5a) to give
H, = jweAp® cos[v(p — a)] (1.68)

The charge density near the edge can be obtained from the electric field using
(1.13c); that is,

n.D=¢€yE,= p;s
or

ps=—Avp’ ey cos v(p - @) (1.69)
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1.15

When the internal angle of the wedge is less than 7, v is less than 1 and E, and
therefore, charge density become singular at the edge, whereas E, and E, remain
finite. For the half-plane or semi-infinite strip, @ = 0, v = 1/2; and p, o 1/ pllz. For
a right-angled wedge and the finite thickness strip [Figure 1.8(b)], @ = #/2,
v=2/3,and p; = 1/p"3.

Similar singular behavior of fields is also observed when there is a sharp change
in € or u of the material. The order of singularity depends on the magnitude of
change. However, in most of the practical problems, the value of € or u does not
change very much and we do not observe the related singularity of field.

Classification of Methods of Analysis

Figure 1.9 lists various methods that may be employed for the analysis of boundary
value problems in electromagnetics. As shown, the analysis may be based on
theoretical approach and/or experimental measurements. The theoretical analysis
has the following advantages:

+ Analysis may be used to reduce the number of costly tests on prototypes by
supporting the design process.

+ Analysis may be used to ascertain the advantages as well as limitations of
a configuration by carrying out parametric studies.

+ Analysis can provide an understanding of the operating principles that could
be useful for a new design, for modification of an existing design, and for
the development of new configurations.

The theoretical analysis may be divided into analytical methods, model based
methods, computational methods, and computational intelligence methods. The
well-known analytical methods are listed in Figure 1.9. These methods provide
useful design information but have very limited range of applications because
of their dependence on closed-form expressions for eigenfunctions and Green’s
functions.

The use of approximation techniques like perturbation methods and variational
methods increases the range of analytical methods at the cost of accuracy. The
model-based methods use simplifying assumptions to reduce the complexity of
the problem. Physics-based models provide valuable insight into the operation of
the device and are helpful in innovations. Some of the well-known models are
based on the description of the device in terms of transmission line sections or
cavities combined together.

The computational methods are becoming increasingly popular because of their
simplicity, versatility, and the availability of software based on them. Computa-
tional intelligence methods like artificial neural-network (ANN) method and neuro-
fuzzy method may be employed to predict the values from the existing database
(created using computational methods) and for optimization.

Experimental measurements may be carried out to characterize the unknown
device, and the results may be utilized to develop technology, and for validation
of computational methods. The developments in the areas of radar and microwave
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Figure 1.9 Classification of methods for the analysis of a boundary value problem.
circuits before World War Il were mainly based on measurements. The experimental
methods, however, are expensive, time consuming, and limited in scope because
their results are applicable to the set of parameters used in the experiment.
1.16 Mathematical Framework in Electromagnetics

The time-harmonic electric and magnetic fields satisfy the Maxwell’s equations
(1.5), and may be determined using various approaches, as shown in Figure 1.10.
The ab initio method is to solve the Maxwell’s equations subject to the boundary
conditions imposed by the device. This approach is followed in the FDTD method.
An alternative approach, which involves less number of unknowns, is to solve the
wave equation or Helmholtz equation, and is derived from the Maxwell’s equations.
The wave equation for the fields (1.27) or vector potentials (1.39) may be used.
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FDTD or Comput. or Comput.
methods methods

Figure 1.10 Mathematical models for solving an electromagnetic problem.

This is the most popular governing equation. For solving the wave equation one
may use various theoretical approaches mentioned in the last section. These include:
method of separation of variables, finite difference method, and FDTD. Alterna-
tively, one may derive integral equation or functional form of the Maxwell’s equa-
tions and find their solution. The differential equations or integral equations for
the problem are called governing equations. The common denominator is to deter-
mine the unknown fields, charge or potential, or current distribution in the given
electromagnetic device as the device dimensions, frequency, and material parameters
are varied.

In order to understand the analytical methods, the basic infrastructure, like
the knowledge of vector calculus, orthogonal functions, Green’s functions, Fourier
transform technique, contour integration, and variational methods, are needed. In
addition, one needs to know the concepts such as equivalence principle, reaction,
polarization currents, image theory, and reciprocity. The computational methods,
however, can be introduced with the background of electromagnetic theory, micro-
wave engineering, and vector calculus acquired at the undergraduate level. The
knowledge of computer programming is desirable for computational methods.

Overview of Analytical and Computational Methods

There are two broad classes of solution methods employed for the boundary value
problems: analytical methods and computational or numerical methods. The most
common analytical methods include: method of separation of variables, orthogonal
function expansion method, method of images, Green’s function, conformal
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mapping, analysis in spectral or Fourier domain, and variational methods. Most
of these methods are covered very well in the literature [10-13]. The computational
methods include: finite difference method (FDM), finite-difference time-domain
(FDTD) method, finite element method (FEM), method of moments (MoM), bound-
ary integral equation (BIE), mode matching, transmission-line matrix (TLM)
method, and method of lines. Some of the useful texts for computational methods
include [3, 6, 8, 9, 14-19]. An overview of some of these methods is given next.

Overview of Analytical Methods

Historically, the analytical methods represent the urge of scientists and engineers
to solve the mathematical problems with paper and pencil without the use of
computers. This was the requirement before World War II and earlier when the
computers or calculators were not available. The emphasis was on developing
techniques supported by this environment. With the advent of computers and with
computing power becoming cheaper, the emphasis is shifting towards computa-
tional techniques.

The method of separation of variables is one of the earliest and elegant analytical
methods. It is assumed in this method that a function of several variables like
@©(x, v, z) can be expressed as a product of three functions, each of which depends
on one variable only, for example,

e(x, ¥, 2) = @1(x) @2(y) @3(2) (1.70)

It is easier to express ¢1, @7, ¢3 analytically than the composite function ¢. The
separability assumption is true when the device geometry can be fitted into one of
the several orthogonal coordinate systems.

Each of the unknown functions ¢1, @3, ¢3 is expressed in the form of a series
to represent a general solution for the corresponding ordinary differential equation.
The series expansion may include trigonometric functions, Bessel functions, power
series, and polynomials such as Legendre, Chebychev, and so on. The sinusoidal
function expansion for ¢1(x) may be written as

@1(x) =) A, sin(nmx) (1.71)

where the sinusoidal function is defined over the entire range of x. The expansion
functions are chosen to be orthogonal to simplify the algebra. For regular shaped
device geometries such as rectangular and circular, the function selected may include
eigenfunctions, which leads to eigenfunction expansion of ¢(x, v, z). The boundary
conditions are used to determine the unknowns A,,.

Orthogonal function expansion or series expansion of ¢(x, vy, z) may be used
when the method of separation of variables cannot be employed either due to the
inseparability of variables or due to the boundary conditions [16, p. 78]. The
availability of Green’s function is a very significant step in the development of
analytical solution. The solution can be determined for various types of excitations
once the Green’s function is known. For many types of problems, analytical solution
cannot be attempted in the space domain, while it is possible to do so in the spectral
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domain. The most common example is that of layered dielectric configuration of
planar circuits and antennas. The inverse transform in the form of an integral
provides the solution in space domain. Solving these integrals is tricky because of
the singular integrands. The residue calculus is useful in this respect.

The variational concept provides an alternative formulation of the original
problem with the advantage that the solution has better accuracy even if the
unknown function is modeled crudely. The Schwarz-Christoffel transformations
help solve an important class of boundary value problems that involve regions
with polygonal boundaries such as planar transmission lines. The analysis results
in design equations in the quasi-static limit.

Some of the problems that can be solved analytically include: wave propagation
in rectangular, circular, and elliptic waveguides; cavity resonance within rect-
angular, cylindrical, and spherical cavities; scattering by infinite planes, wedges,
circular cylinders, and spheres; and static potential between infinite parallel plates
[9, p. 20].

The analytical methods often lead to closed-form solutions and design informa-
tion. These methods also help advance the computational methods.

Overview of Computational Methods

The analytical methods are biased towards analytical solution of the wave equation.
As aresult, these methods are applicable to devices with regular shapes and homoge-
neous dielectric, except for some cases. Most of the device geometries of engineering
importance do not conform to these restrictions. Therefore, the range of analytical
methods is limited. However, the basic approach of analytical methods can be
generalized for application to these geometries. For this, the unknown function
@1 (x) may be expanded not in terms of entire domain expansion functions but in
terms of subdomain functions as

@1(x) = ap@1m(x) (1.72)

where ¢1,, are called subdomain expansion functions and are defined over a portion
of the range of x. These function types could be pulse functions, piecewise linear,
or piecewise sinusoidal functions (Chapter 6). The use of subdomain functions
makes the solution process almost independent of the device shape. The process
described by (1.72) is called discretization of the function, and is generally accompa-
nied by the corresponding discretization of the device in the form of cells or
elements. A typical discretization in the form of triangular cells is shown in Figure
1.11. The discretization of the device geometry is a common feature of majority
of the computational methods and helps to include the effect of dielectric inhomoge-
neity in the solution.

For the solution based on computational methods, the discretization is carried
out such that the dielectric is homogeneous over each cell, as shown in Figure 1.11.
The governing equation is solved separately for each of the homogeneous regions,
and interface conditions satisfied at the junctions of elements to ensure continuity
of the solution over the device geometry. This is a useful feature of computational
methods. Including the effect of dielectric inhomogeneity in the analytical methods
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1.18

Figure 1.11 Discretization of device geometry in triangular elements with homogeneous dielectric
in each element.

requires introducing new concepts such as polarization currents or equivalence
principle. The computational methods, therefore, provide general solution proce-
dure and are convenient for the beginners.

The computational methods may be classified as differential equation solvers
or integral equation solvers. Some of these methods are listed in Figure 1.12. The
most popular of these methods is FEM because it can be efficiently adapted to
arbitrary device geometry and dielectric configuration. FDTD method is economical
in providing broadband behavior and animation, which is useful in diagnostics of
the device. MoM is efficient for analyzing open region geometries. Often computa-
tional methods are chosen on the basis of trade-offs between accuracy, speed,
storage requirements, versatility, and so on, and are structure dependent.

The solutions based on computational methods are often complete and include
various aspects such as internal and external couplings, surface wave effect, and
radiation.

Elements of computational methods, their accuracy, and unified formalism for
the integral and differential equations are discussed in Chapter 6.

Summary

This chapter summarizes the basic concepts in electrostatics and wave propagation,
and is used as common background material for latter chapters. Of particular

Computational
Methods

Differential Equation Solvers Integral Equation Solvers
* Method of moments
¢ Boundary integral equation

o Method of finite differences |
\ method

! «FDTD

e Finite element method
¢ TLM method e Surface integral equation
e Method of lines method

Figure 1.12 Classification of the computational methods.
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relevance are the topics such as boundary conditions, differential equations of
electromagnetics, modes in a waveguide, dispersion and group velocity, and charge
singularity at a wedge.

Diverse approaches for the analysis of boundary value problems in electromag-
netics are discussed, bringing out the importance and limitations of theoretical
analysis. The analytical tools required in this connection include: orthogonal func-
tions, Green’s function, Fourier transform, conformal mapping, and variational
methods. Solution in the form of discretization of unknown functions using sub-
domain basis functions and the associated discretization of device geometry is
suggested. Common analytical and computational methods are listed and over-
viewed, bringing out their advantages and limitations.
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Analyfical Methods and Orthogonal
Functions

2.1 Introduction

A large number of elementary and advanced problems in electromagnetics are
formulated in terms of differential equations involving functions of more than one
variable. These are known as partial differential equations (PDE). The commonly
occurring PDEs are:

1. Laplace equation:
VZip=0 (2.1)

This is a homogeneous, elliptic PDE equation. It occurs in the studies of
electrostatics, dielectrics, static currents, magnetostatics, and so on.
2. Poisson equation:

V2p=—ple (2.2)

The Laplace equation gets modified to this form when the charge is present.
It is a nonhomogeneous equation due to the source term —p/e.
3. The wave equation or Helmholtz equation:

Vio+kie=0 (2.3)

This is a hyperbolic PDE and describes the steady state solution of electro-
magnetic wave propagation, for example, in transmission lines, waveguides,
and free space.

4. The time-dependent wave equation:

Vie - ”e (2.4)
or? '

All the above PDE can be written in the operator form as:

29
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Lf=g (2.5)

where g is a known source function, f is the unknown scalar function, and L is a
differential operator,

0 d d O
Li(&:@:%:gﬁ%%%ﬁ (26)

Two characteristics are common to these equations: (1) The equations are
2

‘ . . 0 .
linear in the unknown function ¢ because Vz, vZ+ /ez, and V2 - p are linear
t

differential operators; and (2) The equations are all second order PDE, because
they contain the second order and not higher order derivatives.

The general methods for solving these PDE may be classified into two broad
categories: analytical methods and computational methods. Some of these are listed
next.

1. Method of separation of variables. The PDE is split into ordinary differential
equations that may be solved easily. This analytical method may not always
work, but it is often the simplest when it does work.

2. Green’s function based integral solutions. This analytical method is
described in Chapter 3 and produces a solution in the form of an integral.

3. Conformal mapping. This method is limited to solving the Laplace equation
in two dimensions and is discussed in Chapter 4.

4. Integral transforms may be used to solve the PDE. Fourier transform method
is described in Chapter 5.

5. Computational methods. The development of high-speed computing
machines has opened up a number of computational methods. Finite differ-
ence method (FDM), finite-difference time-domain (FDTD) method, finite
element method (FEM), and method of moments (MoM), in this category,
are discussed in the text.

The analytical methods provide the most satisfactory solution for the PDE.
However, the range of problems which can be solved using the analytical methods
are very much limited. The reasons for this limitation are: irregular shape of the
structure, dielectric inhomogeneity, and/or inhomogeneous boundary conditions.
Therefore, approximation methods, computational methods or any other method
is employed in such situations. The analytical solutions, although limited, are
useful in validating the results of the computational methods. Also, one is able to
appreciate the need for computational methods better after seeing the limitations
of other methods. Here, in this chapter we shall summarize the method of separation
of variables, orthogonality, Dirac delta function, and eigenfunction based frame-
work of function spaces.
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2.2 Method of Separation of Variables

The PDE along with the boundary conditions are to be solved for unique solutions
of the problem. The method of separation of variables is perhaps the most powerful
analytical method employed for this purpose. It is also called the method of Fourier
expansion, and may also be used as a first step in determining the Green’s function
(Chapter 3).

Separability of Functions

A function f(x, y) of two variables is said to be separable if we can express it as
a product of two functions, each of which is a function of one variable only; that
is,

f(x,y) = fi(x)f2(y) (2.7)

The method of separation of variables is based on the property of separability
of functions. When this property is applied to the solution of PDE, it means
that if f(x, y) is the solution to the PDE, then f;(x) and f,(y) are the solutions
corresponding to the ordinary differential equations obtained by separating the
PDE. It is easier to find solution to each of the ordinary differential equations.

To determine whether the method of separation of variables can be applied to
the given problem, we must consider the following: (1) the PDE describing the
problem, (2) the solution region, and (3) the boundary conditions. Each of these
must satisfy certain conditions. For a problem involving two variables x and vy,
three things must be considered [1]:

1. The differential operator L must be separable; that is, it must be a function
of f(x, y) such that

Lif1(x)f2(y)}
e, ) 1) F2 () (2.8)

is a sum of a function of x only and a function of y only.

2. All boundary conditions must conform to constant-coordinate surfaces; that
is, x = constant, y = constant lines. For a circular region, the constant
coordinate surfaces are: p = constant, and ¢ = constant.

3. The boundary conditions at x = constant (or y = constant) line should be
either of Dirichlet type (f = 0) or Neumann type (f” = 0). It should not be
Dirichlet type on a part of the boundary and Neumann type on another
part.

For the sake of completeness we work out a problem next on the method of
separation of variables. We shall come across many examples of the use of this
method in Chapters 3 and 5.

Solution of Laplace Equation in a Rectangular Pipe
Consider the cross-section of a rectangular metal pipe of dimensions a and b, as
shown in Figure 2.1. The pipe is assumed to be uniform and infinitely long along the



32

Analytical Methods and Orthogonal Functions

S 4

Figure 2.1 A rectangular metal pipe grounded on three sides and maintained at Vj at the top
plate.

z-direction so that the electrostatic potential and the electric field are independent of
z. As shown in the figure, three sides of the pipe are maintained at zero potential,
while the top plate is maintained at a constant voltage V. Insulating gaps on both
sides of the top plate prevent short-circuiting.

Assuming that the volume charge density inside the pipe is zero, we wish to
find the potential ¢(x, y) inside the pipe. Mathematically, the problem can be
stated as follows: find ¢(x, y) such that

V2p(x,y)=0 for0<x<aand0<y<b (2.9)
and satisfying
e(0,y)=0 for0<y<b (2.10a)
e(a,y)=0 for0<y<b (2.10b)
o(x,0)=0 for0<x<a (2.10c¢)
o(x, b) =V for0<x<a (2.10d)

Solution.  Because ¢(x, y) is a function of x and y, (2.9) can be expressed as

2 2
0 gg(xz, Y, J sz;(xz, y) _ 0 (2.11)
X y

We now apply the method of separation of variables by letting
elx, y) = X(x) Y(y) (2.12)
Substituting (2.12) in (2.11), we obtain

2 2
Y‘i—fﬂ(‘i—z: (2.13)
x y

Dividing (2.13) by ¢(x, y) = X(x) Y(y) yields the following new form:
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oS50 (2.14)

It may be observed that the first term in (2.14) is a function of x only, and the
second term is a function of y only, thus satisfying the separability criterion (2.8)
of the operator. Also, the boundary conditions conform to constant coordinate
surfaces and are homogeneous on a given surface. Therefore, the method of separa-
tion of variables can be applied to this problem.

Equation (2.14) may be arranged as

2 2
1d°X 1 Y
= d—2 S (2.15)
X dx

Note that the left side of (2.15) is either a function of x only or is a constant.
Similarly, the right side is a function of y only or is a constant. Since (2.15) must
hold for all x and y in the pipe, it can only hold if both sides are equal to a constant;

that is,
1 d*X
1d%Y
-—=-C (2.16b)
Y dyz

It may be noted that the original second order PDE (2.11) has been transformed
into two second order ordinary differential equations, (2.16). The constant C is
called the separation constant. It may be positive, negative, or simply zero. Let us
consider these possibilities.
Case 1: C> 0. In this case, C may be expressed as C = k2. Consequently,

X(x) = Ae® + Be ™ or X(x) = Aq sinh(kx) + By cosh(kx)  (2.17a)
and

Y(y) = Ae™ + Be 7 or Y(y) = A sin(ky) + B, cos(ky)  (2.17b)

Case 2: C< 0. For this case, C may be expressed as C = —k2. Therefore,

X(x) = Ae’™ + Be** or X(x) = Ay sin(kx) + By cos(kx)  (2.18a)

and

Y(y) = Ae® + Be ™™ or Y(y) = A, sinh(ky) + B, cosh(ky)  (2.18b)
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Case 3: C=0. In this case,
X(x)=Ax +Band Y(y)= A1y + By (2.19)
Out of the three possible solutions described above, only case 2 can satisfy the
boundary conditions at x = 0 and x = a because sin(kx) and cos(kx) can have
infinite number of zeros. Therefore, we must choose (2.18). Consequently, solution
of (2.16) yields the following:
X(x) = Aq sin(kx) + Bq cos (kx) (2.20a)
Y(y) = A sinh(ky) + B; cosh(ky) (2.20b)
or
o(x,y) =[Aq sin(kx) + B cos(kx)][A; sinh(ky) + B, cosh(ky)] (2.21)
We now apply the boundary condition (2.10a) and obtain

Bi=0 (2.22)

Similarly, (2.10c¢) is satisfied if By = 0. The potential function now takes the
following form

@(x, y) = A sin(kx) sinh (ky) (2.23)

where A and k are arbitrary constants. To satisfy (2.10b), we substitute x = 4 in
(2.23) and obtain

0 = A sin(ka) sinh(ky) for0<y<b (2.24)

This equation is satisfied if we choose ka = mar, where m is an integer. Thus, the
function ¢(x, y) takes the following form:

miry

>sinh<7> m=1,2,3,... (2.25)

ox,y)=A sin(mmc

It may be noted that (2.25) satisfies the Laplace equation and the first three of the
boundary conditions of (2.10). In order to satisfy the last boundary condition we
consider a series consisting of terms of (2.25) for different values of m1; that is,

‘- . (mmx\ . [(mmy

e(x,y) = z A, sm< J ) sinh <7> (2.26)
m=1

This series satisfies the Laplace equation and three of the boundary conditions

because each term of the series satisfies them. We now impose the fourth boundary

condition to obtain
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Vo= Y A, sin <m;”) sinh (’”T”b> for0<x<a (2.27)
m=1

It may be observed that (2.27) is simply the Fourier series expansion of the constant
Vo in the interval 0 < x < a. We now determine the coefficients of expansion A,,
by multiplying both sides of (2.27) by sin(n@x/a) and integrating over the range
of x. One obtains

a
Vo f sin <”Zx> dx = A, sinh (#) % (2.28)
0

We have employed the following orthogonality condition of functions sin (n7x/a)
and sin(mmx/a):

a

0 f #
sin [ 272 sin (227X gy = ormEn (2.29)
a a al2 form=mn

0

Analytical integration of the left side of (2.28) gives the following expression for

A, [2]:
4V,
A, =177 sinh (n7b/a) for 7 odd (2.30)
0 for n even

The final solution for the potential distribution in the pipe is, therefore, given by

AV, & sin(%)sinh(@)
olx,y)=—2 Y

n sinh (nwbla)

(2.31)

Expression (2.31) is the unique solution to the problem. It satisfies the Laplace
equation and all the four boundary conditions. Aty = b, ¢(x, b) = V), and (2.31)
yields

i 4 i (”Zx) -1 (2.32)

niodd "

We can see that the series adds up to unity for 0 < x < a. Figure 2.2 illustrates this
result for the sum of the first three terms.

The wave equation, or Helmholtz equation, is separable (similar to the example
discussed on Lapalace equation) in a number of orthogonal coordinate systems if the
boundary conditions of the problem conform to the constant coordinate surfaces. In
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Figure 2.2 ¢(x, b) given by (2.31) and its first three Fourier components.

the last example, the boundary conditions belong to the x = constant, and y =
constant category. If the boundaries are curved lines or surfaces, then it is, in
general, convenient to use a coordinate system in which the required surfaces are
represented by

u = constant, v = constant, and so forth

where u, v, . . . are the coordinates. For a circular region, for example, the problem is
separable when expressed in (p, ¢) coordinate system; and the constant coordinate
surfaces are: p = constant, and ¢ = constant.

Some of the boundary-value problems involve regular shapes in the form of
circular cylinders and spheres (or their portions). In these cases the choice of
cylindrical or spherical coordinate systems satisfies the condition of separability
and is therefore a natural choice.

The solution of Helmholtz equation in a cylindrical coordinate system is
described in terms of Bessel functions J,,(x), Neumann functions Y,,(x), and Hankel
functions H ,(,1)(x) and H ,(,2)(x); and the solution in a spherical coordinate system
is described in terms of spherical Bessel functions j,(x), v, (x), h,(il) (x), h,(zz) (x) [3].
The solution of Laplace equation in a spherical coordinate system generates Leg-
endre functions P, (x) [3].

We will come across the use of method of separation of variables in Chapter
3 on Green’s functions and Chapter 5 on Fourier transform method. If the method
of separation of variables cannot be applied, we may use Green’s function method,
integral transform technique, or computational methods.

The method of separation of variables utilizes the orthogonality of functions
to determine the expansion coefficients in a Fourier series expansion. Because of
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this useful property, the orthogonal functions can be employed to expand any
arbitrary continuous function or piecewise continuous function; that is, they serve
as basis functions in the expansion of arbitrary functions.

2.3 Orthogonality Condition

Orthogonality of functions can be described in the same way as the orthogonality
of vectors. For instance, let us define a vector

N
f= a;% (2.33)
i=1

where %; is a unit vector in the ith direction, and 4; is the amplitude of f in the ith
direction. In the three-dimensional Euclidean space, N = 3. The value of 4; can be
determined easily by using the orthogonality constraint of vectors defined as

%;. %= & (2.34)

where the kronecker delta is defined as
5 1 fori=j
77 l0 forizj
Thus, taking the dot product of (2.33) with %; one obtains
N
f.%= ) a;i%;. % (2.35)
i=1
Use of the orthogonality constraint (2.34) gives
n
f. ﬁl e Z a; 5,‘,‘ = a]‘ (2.36)

Equation (2.36) can be interpreted to mean that the coefficient a; is given by the
projection of vector f on the jth coordinate axes. This example illustrates the
simplicity with which we can determine a particular vector component. Unit vectors
R; are also called the basis vectors. Figure 2.3 illustrates the meaning of projection
graphically. Here, vector f is projected on x-axis to obtain its x-component f.X.

The idea of the expansion of an arbitrary vector in terms of basis vectors can
be extended to functions also. Let us consider a function f(x) specified in the
interval (a, b). We can expand this function in a set of orthogonal functions #;(x),
i=1,2,3,..., as follows:

flx)= Z ciuj(x) (2.37)
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Figure 2.3 Projection of f on x-axis to determine its x-component.

Here coefficients ¢; are analogous to a;, and u;(x) analogous to X;. However, the
summation now extends over an infinite number of terms. The functions #;(x)
are called expansion functions or basis functions. The orthogonality condition of
functions #;(x) is expressed as follows (this condition is derived in Section 2.4.1):

b
fui(x)u,-(x) dx = N; 8 (2.38)

a

where N; is the norm of u;(x), and is defined as

b
N; = f ul(x) dx (2.39)

The norms are used to normalize the functions #;(x), and simply means dividing
u;(x) by \/N;. The resulting functions u;(x)/~/N; are called normalized orthogonal
functions, or orthonormal functions for brevity.

We can determine ¢; of (2.37) in a manner similar to that used to determine
a;. For this, we multiply both sides of (2.37) by u;(x) and integrate over the range
of x; that is,

b b
fu,-(x)f(x) dxzfz’c,-u,-(x)u/'(x) dx

b
= 2 ci | wuilx)uj(x) dx

=Y ¢iN;§; by virtue of (2.38)
i

= Nj¢;

or
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(2.40)

It may be pointed out that, while determining c¢;, it is necessary to integrate over

the interval (a, b) so that the orthogonality property of the basis functions #;(x)

can be utilized. Analogous to a; of (2.36), the coefficient ¢; is called projection of

a function. This point is graphically illustrated in Figure 2.4 where the function
S ) . . = .

flx)= Zx - % - % and the normalized basis function u(x) = \/2 sin (7rx) are plot-

ted over the interval (0, 1). The projection c¢ is defined as
1
(f,u)zx/sz(x) sin(7x) dx = 0.1997 (2.41)
0

and is given by the area under the curves as shown in the figure. It may be noted
that the length of f(x), defined by the norm, is 0.2012. The notation (f, ) is called
the inner product of two functions, analogous to the dot product of vectors. Inner
product of functions is further illustrated in Section 2.5.

We shall see later that the integral in (2.40) should include a weight function
w(x). We have taken the weight function w(x) = 1 in (2.40) to simplify the

1.5 T T T T
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s \
/ \
/ \
1 r / 5\ 7
/ \
/ \
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/ \
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/ \
/ f(x) \
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Figure 2.4 Projection of the function f(x) on the basis function u(x).
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situation. Orthogonality implies independence. Orthogonal functions are frequently
employed in analytical and computational methods.

Examples of Orthogonal Function Expansion

Fourier Series Expansion.  Any periodic, differentiable function f(#) with period
247 can be expanded in terms of orthogonal functions cos(n76) and sin(n6) as

70 g [a, cos(nf) + b, sin(n)] -m<0< 7w (2.42)

The series converges uniformly in the interval —7 < 6 < 7. Uniform convergence
means convergence for all values of 6. The Fourier coefficients a,,, b,, are evaluated
from the following formulae (utilizing the orthogonality properties of expansion
functions):

f(6) cos(nb) do n=0 (2.43)

1
a,=—
"

4

£(0)sin(nd) d9  n>1 (2.44)

S
X
I
A=
:I]ga:\

First, let
£(0)=6> for-m<O<m (2.45)

Then,

2 [a, cos(n) + b, sin(nh)] (2.46)

From (2.43) and (2.44) we obtain

ay = 1 f 02 dg=2 (2.47a)

a, =% J 6% cos(n0) do = (-1)" iz nx1 (2.47b)

b, =71—T j 02 sin(n6) do =0 (2.47¢)
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The coefficients b,, are expected to be zero because they are coefficients of odd

symmetry terms sin(76), and (6 = 67 is an even function. Finally,

2_40 %
0 =7+ 2 a, cos(n6)

n=1

with a( and a,, given by (2.47).
Next, consider a periodic square wave signal defined as

) -1 for-m<6<0
(6) = 1 for0< <

The Fourier coefficients for this case are

o O o
a0=%Jf<e)da=71—Tf 71_7] ) do=0
- - 0
0 7
—lf —cos(nf)) d0+ljcos(m9) do=0
T T
- 0

These coefficients are zero because f(#) is an odd function. Similarly,

SlI’l

1 1
bn=;f(smn0 +—

oS3

=TT

4
—, for n odd
nir

0, forneven
Therefore,

4 1
— — sin(n0)
T n

Mg

f(0) =
dd

=}

(2.48)

(2.49)

(2.50a)

(2.50b)

(2.51)

(2.52)

The above example shows that a periodic square wave signal consists of suitably
weighted odd harmonics, similar to that shown in Figure 2.2 for ¢(x, b). Other
examples of orthogonal functions include Legendre and Chebyshev polynomials.

Orthogonal functions are the solutions of a particular type of differential
equation. The origin of orthogonal functions is described next. The emphasis now
shifts from solving the PDE to understanding the general properties of the solutions.
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Sturm-Liouville Differential Equation

Orthogonal functions are the solutions of Sturm-Liouville differential equation
(S-LDE) with proper boundary conditions. The S-LDE represents most of the useful
second order differential equations of physics and engineering. The operator form
of eigenvalue S-LDE is given by, for one independent variable,

L(y) + Aw(x)y(x) =0 a<x<b (2.53a)

where L is the differential operator, the function y(x) is the eigenfunction of
operator L, A is the corresponding eigenvalue, and w(x) is the weight function
with w(x) > 0. The operator L is defined as

L(y) = [p(x)y"(x)]" = q(x)y(x) (2.53b)

where (") stands for d/dx. Substituting (2.53b) in (2.53a) yields the following form
of S-LDE:

[p(x)y'(x)]" = g(x)y(x) + Aw(x)y(x) =0 (2.54)

The coefficients p and g are functions of x. Different expressions for p(x) and g(x)
lead to different interesting differential equations. An example is the wave equation
or Helmholtz equation

2
‘;7% =0 (2.55)

Comparison of (2.55) and (2.53) shows that

2
LE%JJ& y(x) = ¢, wix) =1 (2.56)

The eigenvalue equation corresponding to (2.55) may then be written as

2
% + K2y + Aw(x)y(x) = 0 (2.57)

Generalizing the wave equation to three-dimensions, d%/dx? of (2.55) is replaced
by v? which may be expressed in rectangular, cylindrical, spherical, or any other
separable coordinate system, and the corresponding expressions for the coefficient
functions p, g, and w obtained from comparison.

2.4.1 Orthogonality of Eigenfunctions

Let us consider two different solutions of S-LDE (2.54) with eigenfunctions vy, (x)
and y,(x) and the corresponding eigenvalues A,,, and A,,. Since y,,(x) and y,(x)
are eigenfunctions, they satisfy (2.54); that is,
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% [p(x) dy;inx(x)] = q(x)ym(x) + Ayw(x)ym(x) =0 (2.58a)
% [ (x) d—yﬁix)] = q(x)yn(x) + Aprw(x)y,(x) =0 (2.58b)

8 —

{

We now use a standard procedure to derive the orthogonality condition for the
eigenfunctions vy,,,(x) and vy, (x). In this procedure, we multiply (2.58a) by y,(x)
and (2.58b) by y,, (x), subtract the resulting equations, and integrate over the range
(a, b) to obtain

A1 dvw] . [ dva
e [P0 Gt | = v e [0 G |} = 1h = )

wW(x)Ym Yy dx (2.59)

Q —

Integration by parts of the left side yields

dan b dYn b
LHS =y, p(x) =2 —y,,p(x
yp(x)dxayp()dxa
or
’ 7 b
LHS = p(x) [ yu ()Y = Yy (%) yi | (2.60)

The value of this expression depends on the eigenfunctions and their derivatives.
If this value happens to vanish due to the boundary conditions on y,,(x) and y,, (x)
or their derivatives, then (2.59) becomes

b
A= Al f Yt (%)yy dx = 0 (2.61)

Since A, # A,, in general, (2.61) can be satisfied if
b
f Ymw(x)y, dx =0 (2.62)
a

Equation (2.62) is the orthogonality condition of eigenfunctions vy,,(x) and y,(x)
with respect to the weight function w(x).

2.4.2 Boundary Conditions for Orthogonal Functions

It is clear from the above presentation that the orthogonality of eigenfunctions of
S-LDE is subject to vanishing of (2.60); that is,
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) [0 () Vs = ()35 |7 = 0 (2.63)

The above equation can be satisfied by a variety of conditions, namely:

(a) The functions vy,,(x) and y,,(x) vanish at x = a, and x = b. These boundary
conditions are called the Dirichlet conditions. An example of the Dirichlet boundary
condition is y,,(x) = 0, and it may be interpreted as

En =0, on a perfect electric conductor (2.64a)
Hen =0, on a perfect magnetic conductor (2.64b)

(b) The functions y,,(x) and vy;,(x) vanish at x = a, and x = b. These boundary
conditions are called the Neumann conditions. The Neumann boundary condition
dy,,/dn = 0 can be satisfied by requiring that at a perfect electric conductor,

dHtan
an - 0 (2.65)
where fi is the unit vector normal to the boundary surface.

(c) Dirichlet condition specified, say for # = @ and Neumann condition for
y = b. Let y,,(x) and y,,(x) be zero at x = a, and y,,(x) and y;,(x) are zero at
x=b.

(d) A linear combination of y,,(x) and its derivative y,,(x) vanish at x = a,
and x = b; that is,

Ym(a) + ay,;,(a) =0 m=1,2,3,... (2.66a)
V(D) + By (b) =0 m=1,2,3,... (2.66D)

where @ and B are constants. These boundary conditions are called mixed type or
Cauchy boundary conditions. We come across these boundary conditions at the
surface of an imperfect electric conductor. It is expressed as

dy _dE _
d—n+ay=d—n+aE—0 (267)

There are other boundary conditions which satisfy (2.63). For these the reader is
referred to [4].

2.4.3 Examples of Sturm-Liouville Type of Differential Equations

The differential equations of electromagnetics are the special cases of Sturm-
Liouville differential equation. Some of these are described next.

Voltage V(z) on a Transmission Line. Consider a transmission line of finite
length with propagation constant y. The differential equation satisfied by V(z) is
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2
Y Ve =0 (2.68)
dz
It is a S-LDE with
dZ
L=ﬁ,y=V(z),z>=1,q=0,w=1,-emd)~=72 (2.69)
¥4

The transmission line may be terminated at its ends, and the terminations will
determine the boundary conditions leading to unique solutions. If the line is termi-
nated, in short-circuits at its ends at z = a and z = b; the corresponding boundary
conditions are

Via)=0, V(b)=0 Dirichlet type (2.70a)
When the line is terminated in open circuits, the boundary conditions become

dv
=O’d_z

av

Iz =0 Neumann type (2.70Db)

z=b

Z=a

For the load impedance at the ends, the boundary conditions can be expressed as

dv
V=0 (2.70c)

For example, let the terminating impedance at z = b be Z; . Then,

%, and I(b) = _av (2.71)

2L = dz

Rearranging the expression for Zj gives

V(b) + szl—‘z/ =0 (2.72)

and is in a form similar to (2.70c). The solutions V(z) of (2.68) are orthogonal
functions.

Current 1(z) on a Transmission Line.  The differential equation satisfied by I(z)
on a transmission line is

= +9%z)=0 (2.73)

The boundary conditions imposed by the terminations in this case are
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I(z)=0 at the open circuit (2.74a)
dl L.
Fr 0 at the short circuit, and (2.74b)
dl . .
=t vyI=0 at the terminal admittances (2.74¢)

Again the solutions I(z) are orthogonal functions.

Plane Wave Propagation Normal to a Boundary.  Let us consider a plane wave
incident normally on an interface as shown in Figure 2.5. The propagation phenom-
enon is described by the differential equation

V2£(r) + k2f(r) =0 (2.75)
This is an S-LDE with
L=V y=f(r),p=1,9g=0,w=1,and A = k>

The function f(r) may represent electric or magnetic field vector. The boundary
condition, in this case, is decided by the interface. For simplicity, let us consider
the interface as air-metal boundary. Then, E,, should be zero at the metal surface,
and implies that,

f=0, or Eqy, = 0, if f represents the electric field (2.76a)

? =0, or dH o =0, if f represents the magnetic field (2.76Db)
2z dz
Waves Guided by Perfect Electric Conductors [5]. Consider a waveguide of
perfect electric conductor as shown in Figure 2.6. The modes guided by this wave-
guide can be classified as TM-to-z and TE-to-z. These are described next in context
to the boundary conditions.

Metal

NN

N
1
(=]

Figure 2.5 Wave incident normal to a metal-air interface.
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Figure 2.6 Configuration of a cylindrical waveguide.

TM-to-z modes. ~ For wave propagation along the z-direction and described by
e*:% the differential equation is given by

(VZ+k*—k2)A,=0 (2.77a)

where A, 1s the z-component of the magnetic vector potential. Here, L = Vt and
A=k% - /e The boundary conditions satisfied by A, are

E, =0 or A, =0 on the metal surface (2.77b)

TE-to-z modes.  The differential equation for these modes is
(V2 + k% - k2)F, =0 (2.78a)

Where F, 1s the z-component of the electric vector potential. Again, L = Vt and
A=k% - k The boundary conditions to be satisfied on the metal surface are

oF,
=0 2.78b
o ( )
where fi is the unit normal vector to the waveguide surface. Similar wave equations
and boundary conditions can be written for the waves guided by a dielectric slab.

2.5 Eigenfunction Expansion Method

The homogeneous and nonhomogeneous differential equations may be solved by
using the eigenfunction expansion method. In this method we expand the unknown
function and the excitation in terms of the eigenfunctions of the operator and the
orthogonality property of the eigenfunctions is used to determine the expansion
coefficients. We illustrate this procedure next by an example.

Linear Resonator Problem
Consider a linear resonator of length [ subjected to excitation g(x). The amplitude
distribution on the resonator is described by the following differential equation:
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A kzy = —g(x), 0<x<l (2.79)

Let the resonator be terminated at the ends such that the amplitude at these points
is zero, giving rise to the boundary conditions y(0) =y(/) = 0. To solve the differential
equation we use the method of eigenfunction expansion. For this, we expand y(x)
and g(x) in terms of the eigenfunctions of the operator d*/dx>. The eigenfunctions
are obtained by solving the corresponding eigenvalue differential equation

Ay 2 _ _
12 + R Y = Anthn Yu(0) = (1) =0 (2.80)
where A, is the eigenvalue corresponding to the eigenfunction #,(x). One obtains

gbn(x):\/% sin<@> n=1,2,3,... (2.81)

Choosing this set as a basis function set, we write

Yx) =Y, Vuthn(x) (2.82)
n=1
and
glx) =Y, guibulx) (2.83)
n=1

Substituting these expansions in (2.79) yields

00 2 00
S €= () |t == X gt 2.84)

n=1 n=1

Comparing both sides term by term we obtain the following relation between the
coefficients y, and g,:

2
&= (") |n=sn (2.85)

Alternatively, one can use orthogonality property of #,(x) to obtain the above
expression. Now substitute the value of y,, from (2.85) in (2.82) to complete the
solution:

_ 3 8n 2 Gin (77X
y(x)_g1 [m/l]z—/ez\/lsm< ] ) (2.86)
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The eigenvalues corresponding to the eigenfunctions can be obtained by substituting
(2.86) in (2.80):

2

A,,=1e2-<”7”> n=1,2,3,... (2.87)
The eigenvalues are such that A1 > Ay > ... A4,.

Completeness and Convergence

The set of eigenfunctions (2.81) forms a complete set, that is, any function such
as y(x) which can be composed of eigenfunctions, can be constructed to the desired
accuracy [6, p. 26]. The series (2.86) must therefore converge uniformly by the
completeness of eigenfunctions set. By uniform convergence we mean that y(x) of
(2.86) should approach exact solution yy,(x) for each point x as the value of
integer 7 approaches infinity.

Example 2.1.  Let us test the convergence property of the solution of the differen-
tial equation

QU

2
2o 144xl, 0s<x<1 (2.88)

QU
x

subject to y(0) = y(1) = 0. The exact solution obtained by direct integration is

Solution.  Comparing the differential equations (2.79) and (2.88) we find that
k=0,f=1+ 4x2, I =1. Although the operators in these differential equations are
different; —~d*/dx” and —d*/dx* - /ez, their eigenfunctons are same (being governed
by d 2/dx?* and the boundary conditions) and the eigenvalues differ by constant k2.
The solution of (2.88) is, therefore, given by

oo

yix) = Y, 81 \[2 sin(nmx) (2.89)

n=1 (7’”7')2

where the coefficients g, are obtained by expanding the excitation function as
2 [o 2]
1+4x” = 2 ntn(x)
n=1

or
1

gn = \/Ef (1 + 4x?) sin(nmx) dx
0
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or
—i for n even
nar
g:=\2 2 8 (2.90)
— <3 — 2) for n odd

Let us determine if the series solution (2.89) converges uniformly by comparing it
2 4
Sx x° x . -
to the exact value y(x) = <~ 23 The solutions are compared in Figure 2.7
for n = 6. The convergence with # in this case is so fast that #» = 6 is sufficient to
prove convergence of the series. Therefore, we have not plotted the solution for
higher values of 7. The agreement is seen to be very good for all values of x, and
the series converges uniformly as predicted by the completeness of the basis set
{n,m=1,2,3,...}. A less restrictive criterion for convergence of a series is

called convergence in the mean or average sense. It is defined as

1 2

lim [y(x)— > c,%(x)} dx =0 (2.91)
m-on i=1

0

The inhomogeneous differential equations discussed above can be written as
the operator equation L(f) = g. Its solutions were obtained by expanding the

0.35 T . T T

y(exact)
+  y(series)

0.3

0.25 i

0.2+ :

y(x)

0.15

0.1 i

0.05r 1

G 1 L 1 1
0 0.2 0.4 0.6 0.8 1

X

Figure 2.7 Comparison of the exact solution with the series solution.
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functions f and g in eigenfunction set {¢,} of the operator L. The solutions other
than eigenfunction set are also possible. The set {1/,,} may be thought of as a specific
case of vector space or function space for L. The set of functions are said to
constitute a function space if its elements satisfy certain properties to be discussed
shortly.

The solution of operator equation is best described in terms of functional
analysis [7, 8]. The concepts involved are abstract in nature, and we shall try to
bring physical meaning to these concepts by interpreting the function space in
terms of eigenfunction set. Example 2.1 will be used as a case study to make this
exercise interesting.

2.6 Vector Space/Function Space

Associated with each operator L is a function space or vector space or a set of
functions. This space is called the domain of L, the admissible elements of which
satisfy the properties of the operator. For example, the domain of operator equation
L(f) = —d*fldx?* with boundary conditions f(0) = f(1) = 0 over the interval 0 <
x <1 consists of functions which are differentiable at least twice and are zero at
x = 0 and x = 1. These functions, if linearly independent, are called the basis
functions and are said to span the space. The basis functions are analogous to
the unit vectors of the three-dimensional Euclidean space using which any three-

dimensional vector ?can be configured as ?= ax + by + cz. The eigenfunction
set {¢,,} of (2.81) meets the requirements stated above, and are linearly independent.
This set can be used as the basis set for the domain of L. In order to help visualize
function space we have plotted the first four basis functions of the set
{\/5 sin(nwx),n=1,2,3, .. } in Figure 2.8. This figure also shows an arbitrary

function y(x) which is a linear combination of this basis set. The function space
resulting from the operation L, (x) is called the range of operator L. The range
space may or may not be the same as the domain. It depends on the operator and
the choice of basis functions for the domain. For the operator L = ~d*/dx* and
the domain described by {sin (mx)}, the range space is also {sin (n7x)}. The func-
tion space is frequently referred to as vector space in the literature because of
the similarities between the basis functions and basis vectors and mathematical
operations on them.

The function space {#,} is characterized by some more properties which are
defined next. We shall restrict ourselves to linear function spaces because the
operators we are using are linear.

Dimensionality of Function Space.  The dimensionality of a linear function space
is given by the maximum number of linearly independent elements in it. The set
{sin(mmx),m=1,2,3,..., N} is N-dimensional because all the elements are
independent of each other over (0, 1). The dimensionality of the set {1, x, xZ, x3,

. x""} is also n.

Completeness of a Set. A set of elements is said to be complete if any well-
behaved function y(x) in the space can be approximated by a series to any desired
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“o 0.2 0.4 0.6 0.8 1

Figure 2.8 Plot of the basis functions ¢; = \/5 sin (i7x) for the four-dimensional function space. An
arbitrary function y(x) is also plotted in this function space.

n
accuracy; that is, y(x) = 2 a;i(x). More precisely, the set {;} is complete if the
i=1
mean square error vanishes in a limiting sense,

M 3

lim f y(x) — a;pi(x)| dx=0 (2.92)

Orthogonality of Functions. The orthogonality of functions was illustrated in
Section 2.3. Any pair of functions are said to be orthogonal over the interval

(a, b) if

1

c fori=j 503
0 fori#j (2.93)

b
fﬂ-(x)g,-(x) dx = c5; ={

where ¢ is a constant, and equals 1 for normalized functions. The basis set
{e/™, —0 < m < o0, 0 < x < 27} is orthogonal with ¢ = 27. Orthogonality of func-
tions implies their linear independence, but not vice versa. For example, the set
{1, x, xz, x3, ... x"} is linearly independent but not orthogonal over the interval
(0, 1). Any nonorthogonal set can be made orthogonal using the Gram-Schmidt
orthogonalization procedure [9].
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Vector Representation of a Function.  Any well-behaved function y(x) in the
function space can be decomposed as

yx) =3 aihi(x) (2.94)

This expression may be written in the vector form as

y=la1, az, a3, ... anllghn, ¥2, Y3, - .. Pl (2.95)

where a1, ay, a3, ... a, are called the components of function y in the space
spanned by ;. The component values are obtained from (2.94) by using orthogonal-
ity of functions. The vector representation of function is very convenient for use
with computers. One may use nonorthogonal basis functions and determine the
coefficient vector by taking the inner product of y(x) with the basis functions. The
inner product of two functions is discussed next.

Having described the structure of a function space in the form of basis vectors,
we now define some of the important operations on functions. These operations
are needed in the course of their usage. The inner product between a pair of
functions is of central importance. The inner product and the various properties
based on this are discussed next.

Inner Product. The inner product or scalar product of any pair of functions f
and g in a space is denoted by ( f, g) and is defined as

b
(f(x), g(x)) = f f(x)g(x) dx (2.96)

As illustrated in Section 2.3, the inner product describes the projection of one
function on the other. The physical meaning of projection of a function was also
discussed there. The projection of a function onto itself is unity if the function is
normalized.

The inner product operation makes it possible to decompose an arbitrary
function into basis functions by taking projections. For example, the inner product

. - sx xr Xt .

has been used to determine the coefficients when y(x) = "5 3 projected
onto the basis functions ¢ = /2 sin(mx) and ¢, = /2 sin(27x) over the interval

(0, 1). The result is
¥ (x) = 0.1997 sin (7x) — 0.0228 sin (27x) (2.97)

where y; (x) denotes two-term approximation of y(x). The error, determined by
the remainder terms, is orthogonal to both ¢ and ¢, since the remainder terms
correspond to the projections of y(x) on 3, ¢4, . ... Because of the orthogonal
nature of projections, the error is of second order [9, p. 18].
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Expressing the functions in basis set, the inner product may be written in the
form of vector product as

b b
(), gD = [ Fgte) de = [ S ains S by d
i j

a

or

b

=Y ﬂib/f it dx =), a;b;
i i
a

or

(f, g) = lal[b)f (2.98)

where [a] and [b] are coefficients vectors corresponding to the functions f and g,
respectively, and the superscript ¢ stands for transpose.

Norm of a Function.  The norm of a function is a scalar quantity and is a measure
of its length. By taking the inner product of a function with itself, we obtain its
norm as

171l =~f F) = lallal (2.99)

1l
M -
B
S

The expression (2.99) is obtained by replacing g by f in (2.98). The norm of the

2 4
%’C - % - ’% over (0, 1) is found to be 0.2012.

function y(x) =
Metric.  The norm of a function may be used to measure the distance between
any pair of functions and is called a metric. It is defined as

dif,g)=f-gl=~N(f-g/f-¢g) (2.100)

Let f represent the exact function and g represent its approximation, then metric

d(f, g) determines the accuracy of this approximation. We now use metric to
sx xr xt

determine the accuracy of approximating y(x) =% "33 by the series

Yapprox (X) = 2 ( g")z 2 sin(narx), where g, is given by (2.90). The series
n=1 T
approximation of y(x) for n = 4 is given by
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y4(x) = 0.1997 sin(7x) — 0.0228 sin(27x) + 0.0098 sin(37x) (2.101)
—0.00285 sin(47x)

The metric d(y — y4) is found to be 0.0590253, and d(y — y3) = 0.0590882.
Since the metric is hardly changing with the increase in the value of 7, we may
say that the series approximation is very good for #n = 4. Another criterion to

measure solution accuracy is to determine ||f—g ||2 We obtain ||f-g ||2 =
(0.0590882)% = 0.0035 for 7 = 3.

Schwarz Inequality. It is defined as

7l =171 Nl (2.102)

The equality sign holds when the function f is a multiple of function g.

2.6.1 Operators

We had introduced differential operators as part of the differential equations. Some
specific differential operators are: V2 and V2 + k? for scalar fields, and
L=VxV- ké ur€, for the vector fields in homogeneous media. The operators
are called linear if they satisfy the linearity conditions. The integral operators are
derived from either Green’s functions or functionals. Common examples of integral
operators are the integral equations and integral transforms of the following type:

fla) =fg(t)K(a', t) dt (2.103)

where K(a, t) is called the kernel and may be replaced by the Green’s function. The
integral operators may also be called the inverse operator L' of the corresponding
differential operator L. We shall come across integral operators in Chapter 5 on
Fourier transform method, solution of integral equations using method of moments
(Chapter 11), and variational methods (Chapter 9). Another class of operators is
the integro-differential operators. As the name implies, they combine both the
integral and differential operations as in (see Chapter 11)

€2
_ 1 *Glz,2') | 2 R
Ez_/'a)eo J[ 32 +k G(z,z)] I(z") dz (2.104)
/2

Properties of Operators

An operator defines mapping of function in one space to the mapping in another
space. The space of functions on which the operator operates is called the domain
of the operator, and the space of functions resulting from the operation is called
the range of the operator. In the operator equation Lf = g, the domain of L is the
space F of functions fand the range of L is the space G of functions g. The functions
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f should satisfy the boundary conditions and should be differentiable if L is a
differential operator. However, no such conditions are imposed on functions g.

Linear Operators.  An operator is said to be linear if it satisfies the linearity
properties such as

L(f+g)=Lf+Lg (2.105a)
L(af) = aLf (2.105b)

The differential operators V2 and V? + k2 satisfy the above properties and are
linear. The operation sin(.) is not linear because sin(# + ¢) # sin 6 + sin ¢.

Real Operators.  An operator is said to be real if Lf is real whenever f is real. If

(f*, Lf) > 0, the operator is positive definite (2.106a)
> 0, the operator is positive semi-definite (2.106b)
< 0, the operator is negative definite (2.106¢)

Adjoint Operators.  The adjoint of an operator, L defined as

(Lf, &) = (f, L) (2.107)

for all functions [ in the domain of L. The adjoint operator corresponding to the
Sturm-Liouville type operator

2

d d
L =P0(x)w+l71(x)a+pz(x) (2.108)
is given by [10, p. 498]
L=p d—2+(2p’—p)i+(z)”—p’+p) (2.109)
dez 0 1 dx 0 1 2 .

An operator is said to be self-adjoint if L? = L, and naturally the domain of L is
that of L. Comparing (2.108) and (2.109), one finds that the operator L is self-
adjoint if the following condition is satisfied:

po(x) =pi(x) (2.110)
We illustrate these properties next.

Example 2.2.  Consider the differential equation

2

U
~

=g, 0<x<1 (2.111)

QU
o

X
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with the boundary conditions f(0) = f(1) = 0 [9].

2
The operator in the given differential equation is L = —— . The eigenfunctions
x
Zw
of the operator are obtained by solving the eigenvalue equation — L=\,
x*

subject to the boundary conditions stated above. The normalized eigenfunctions
are found to be {\/Z sin(nwx),n=1,2,3,... } These eigenfunctions are orthog-
onal, span the space, and can be used as the basis functions to express any arbitrary

function in the space. This set is complete also.
2

The operator is a real operator, since Lf = —d— (sin(nmx)) =

2 2
7 n T
X

is real.
The set of eigenfunctions given above describes the domain as well as the range
of L. Also, L is a positive definite operator, since

1
2
(1) ==[ 1 ds

f d df*
I dx dx (2.112)

0

—

2
= J' ‘%‘ dx by virtue of the boundary conditions on f

>0
Adjoint Operator of L.
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by virtue of the boundary conditions on f. If we choose g(0) = g(1) = 0, then

dzg

f—dx=(f,—@

L =— = L 2.113
(Lf, o) de) (f, Lg) (2.113)

dx?

O%)—k

Comparing this expression with the definition of adjoint operator, (2.107), we find
that in this case

. d*
L'=L=-— (2.114)
dx

The conditions g(0) = g(1) = 0 imply that the domain of adjoint operator is the
same as that of L.

The self-adjoint nature of this operator is also evident from the fact that the
condition (2.110) is satisfied by L = —d*/dx* (po = 1 and p; = 0).

A self-adjoint operator is also called Hermitian operator with the important
property that the eigenfunctions of a Hermitian operator are orthogonal and they

form a complete set. Since the operator L = —d*/dx” is Hermitian, its eigenfunction
set {\/i sin(nwx),n=1,2,3,... } is orthogonal over (0, 1) and is a complete
set. This has been proved independently earlier.

Integral Operator or Inverse Operator of L. By definition, inverse operator for
Lf = g is given by f = L™'g. The inverse operator in electromagnetics can be
described as the Green’s function G for the operator L and is denoted as

1
L7 = J dx’G(x, x’) (2.115)
0

Sometimes, Green’s function is also called the Green’s operator. Methods to obtain
Green’s function for a given differential equation are discussed in Chapter 3. For

L= —dz/dxz, the Green’s function is given by (3.17)

x(1-x"), forx<x’

Glx; x”) ={ (2.116)

x'(1-x), forx>x’

Boundary conditions are not required for the domain of integral operators, because
these are built into the Green’s function. The inverse operator is self-adjoint and
positive definite whenever L is self-adjoint and positive definite [9, p. 5]. The
eigenfunctions of the differential operators are also the eigenfunctions of the integral
operators and vice versa [7, p. 23]. If the eigenvalues of differential operators are
Ay, the eigenvalues of the integral operators are 1/4,, [7, p. 23].

The Poisson equation —eV2 ¢ = p is a well-known example of the three-dimen-
sional version of the differential equation (2.88). The operator here is L = —eV?>.
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This operator is positive definite and self-adjoint [9]. The inverse problem corre-
sponding to the Poisson equation is the integral equation

olx, v, 2 J” P, y ) dxr dy de (2.117)

where R = \/(x - x’)2 + (y - y')2 + (z - z’)z, and 1/(4meR) is the Green’s func-
tion. The inverse operator to L = —€V? is therefore

Lt =J” dx’dy'dz'47T1€R (2.118)

2.6.2 Matrix Representation of Operators

We have discussed the vector representation of a function, (2.95). If the operator
L can be represented by a matrix, the operation Lf may be carried out using matrix-
vector product. Using (2.94) for £, the operation Lf may be written as

Lf= L( D a,lpj) (2.119)
j=1

L;

Il
|

1

]

assuming the operator to be linear. This expression implies that the operation L
on any function is completely specified by the effect of L on the basis. Let the
operator L transform the basis #; to the function b;; that is,

L(¢) =h; (2.120)

Also, the function b; can be expanded similar to (2.94) as

n

hiZECZﬂ'lﬁ]‘ i=1,2,3,...,7’l
j=1

or

n

L(gi)= Y ajy; i=1,2,3,...,n (2.121)
j=1

The above expression signifies that the operator L can be described in terms of n?
numbers a;;; i, j =1, 2, 3, ... n, which can be arranged in the form of a matrix
as
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a1 412 .- . Ay
a1 ap . . Ay
[A] =
L dnl An2 - - Appd
T (2.122)

vector ay = Luy

The matrix A is the discrete form of operator with matrix elements a;;.
Employing the matrix representation of the operator L, we can now determine
g = Lf in the vector form as
[g] = [A][a]’ (2.123)

With the choice of eigenfunctions as basis functions, the functions f and g can be
represented by column vectors as

f=lar a a3 ... a,] (2.124a)
g=[B1 B2 B3 ... Bl (2.124b)
and the operator L. now becomes a diagonal matrix A
Ay 0 O 0]
0 A, O 0
0 0 A3 0 . O
A=] . S (2.124c¢)
L0 0 O Ay -

with A, (n=1, 2, 3,...) as the eigenvalues.
The operator equation Lf = g may now be written in matrix form as
[A][e] = [B] (2.125)
For a given problem [A] and [ 8] are known, and the unknown [«a] is obtained
as
[a] = [A]"[B] (2.126)
Specifically, if the eigenfunction set is employed as the function space, the matrix
A is diagonal as described by (2.124c¢). The inverse of a diagonal matrix is also
diagonal with nonzero elements a; = 1/A;. The vector [«] is therefore given by

a; = ﬁi//\i (2127)
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and the solution
flx)= a;pi(x) (2.128)
i=1

This expression is identical with (2.86). The vector-matrix form of the present
solution is very convenient for computer implementation.

The use of eigenfunctions as the basis for the function space limits the applica-
tion of this concept to only those problems for which eigenfunctions can be deter-
mined. This leaves out a large number of useful geometries and requires that the
eigenfunctions be determined first. The expression (2.122) is general and holds for
any type of basis functions. The coefficients a;; in (2.121) can be determined by
employing inner product and this is discussed in Chapter 6. The matrix repre-
sentation of operators based on subdomain function space is discussed in Chapter

6.

Relationship Between Operators, Eigenvalues and Matrices.  The operators are
characterized by eigenfunctions and the corresponding eigenvalues. Some of the
important operators and the properties of their eigenvalues (1) are given in Table
2.1 [11, p. 32].

An operator can be described by its matrix, and is diagonal if eigenfunctions
are employed as basis. Otherwise, the matrix is nondiagonal. Some of the common
matrix types characterizing the operators are listed in Table 2.2.

Table 2.1 Operators and the Properties of
Their Eigenvalues

Operator Type Properties of Eigenvalues
Hermitian Real eigenvalues and > 0
Positive semi-definite Eigenvalues > 0

Positive definite Eigenvalues > 0

Negative definite Eigenvalues < 0
Nonsingular A =0 is not an eigenvalue

Table 2.2 Matrix Types

[A] = [A] Symmetric matrix
[A] = [A*] Hermitian (or self-adjoint) matrix
[AT[A] = 1] Orthogonal matrix
A;>0 Positive definite matrix
A;i=0 Positive semi-definite matrix
N
Aji> 2 |Aj| for all i Diagonally dominant matrix
j=1,i%]
Aj=0ifi#j Diagonal matrix

Aji=Aj Toeplitz matrix
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2.6.3 Generic Solution of Sturm-Liouville Type Differential Equations

The homogeneous differential equations of SL type were solved in Sections 2.4
and 2.5, and the solutions consisted of eigenfunctions ,, and the corresponding
eigenvalues A,. The eigenfunctions are orthogonal and most of the differential
equations of electromagnetics belong to the SL type. The eigenfunctions may be
employed in the solution of corresponding inhomogeneous differential equations
denoted as L(f) = g. However, availability of eigenfunctions limits its range of
applications to problem geometries which can be described by separable coordinate
systems. Harrington has determined the eigenfunctions for irregular shaped geome-
tries also [12, p. 52]. This extra effort is not necessary because one can solve the
operator equation without using eigenfunctions as basis functions for f, g, and L.
The methods employed are Raleigh-Ritz method and the method of weighted-
residuals, and these form the basis of computational methods. The governing
equations are in the form of functionals for the Raleigh-Ritz method, and the
integral or differential equation for the method of weighted residuals. The expansion
functions are generalized to include subdomain piecewise continuous functions.
The computational methods are discussed later.

2.7 Delta-Function and Source Representations

We come across Dirac é-function as a part of many inhomogeneous differential
equations such as Green’s function equation and impulse-response equation. The
Green’s function equation corresponding to (2.79) is

d>G(x; x7)

222 4 R2G s x7) = =8(x — x7) (2.129)

dx

where x” is the source coordinate and x is the field coordinate. Equation (2.129)

can be solved in a manner similar to (2.79) by expanding the §-function in terms

of complete set of eigenfunctions of the operator. We define the §-function first.
The Dirac delta function is defined as

S(x—a)=0, forx # a (2.130)

such that
f Fx)8(x - a) dx = f(a) (2.131)

where f(x) is any continuous function. The property (2.130) specifies that
&-function is a highly localized or peaked representation of a distribution. Equation
(2.131) defines the sifting property; that is, §-function acts like a sieve and samples
the value of f(x) at the point x = a. It follows from (2.131) that, for f(x) =1,
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f Slx—a)dx=1 when the range R contains the point a (2.132)

R

Dirac §-function is not physically rigorous. It is an idealized version of many
physical functions like a pulse, physical blow, and so on. Because of the idealization,
S-function is a good mathematical concept and is used to represent highly peaked
sources in Green’s function determination, impulse response, and so on. Generally
speaking, there are three requirements that must be satisfied when representing
volume source densities (charges or current) that are singular in nature [13]. These
representations must: (1) be dimensionally correct, (2) locate the source exactly,
and (3) give the correct total source strength (charge or current) after integration.
The one-dimensional representation of 8-function given in (2.130) may be
generalized to vector representation and written as 8(r — r’), where r and r’ are
vectors. In two- and three-dimensional rectangular coordinates we may write

S(r—r')=6(x—-x")é(y—-9v") (2.133a)
Sr—r")=8(x—-x")8(y—-y")8(z—-2") (2.133b)

Delta-function expressions in polar coordinates ( p, ¢, z) may be derived as follows.
In two-dimensional polar coordinates (p, ¢), let us write

S(r—r")=Ci8(p-p’)o(¢— &) (2.134)

The constant C1 is determined by using the property (2.132) and the surface element
ds = pdpdd; that is,

27
0

One obtains Cy = 1/p and, therefore,

C18(p—p')o(¢p— ¢")pdpdp =1

o —3

1
5(f—f')=;5(;0—,0')5(¢—¢') (2.135a)
This may be extended to three-dimensional cylindrical coordinates (p, ¢, z) as
1
5(f—f')=;5(P—p')5(¢—¢')5(z—z') (2.135b)

The delta function in spherical coordinates is given by (dv = rd¢r sin 6 d@ dr)

O(r—r")8(0—0")6(p— @) (2.136)
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Representation of Surface/Sheet Sources in Terms of 5-Function: — Delta function,
as defined by 8(z — z’), is a highly peaked function at the point z = z’. In three-
dimensional space, the point z = ¢’ represents a plane perpendicular to the z-axis.
The delta function §(z — z”) can therefore be used to represent a highly peaked
function in the z-direction. This may be the surface density of charge or current,
which will have no thickness along z. An example of this representation is shown
in Figure 2.9. Mathematically, if ps is the surface charge density at the plane
z = 2, the corresponding volume charge density is given by

pu(x, 7, 2) = pslx, ¥) 8z —2')  C/m® (2.137a)

For the charge distribution on a spherical surface » = a with surface charge
density ps(6, ¢), the volume charge density is expressed as

pu(r, 0, ¢) = ps(6, )8(r —a)  Chm’ (2.137b)

Similarly, if the surface charge is distributed on an infinite cylindrical surface
p = a, then the correct expression for the volume charge density is

pu(p, @, 2) = ps(@, 2)8(p—a)  C/m’ (2.137¢)

It may be noted that although the surface charge density is finite, the volume charge
density is infinite because of the d-function in p,. The total surface charge, which
is identical to the total volume charge in this case, is obtained as [13]

Q=fpu dv=” ps(x,y) dxdyf(?(z—z’)dz

ke

P, (x, )

X

Figure 2.9 Sheet source representation as a §-function, p, = ps(x, y)8(z - z°).
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or

Q= JJ ps(x, y) dxdy, because J Sz—2")dz=1 (2.138)

Representation of Line Sources in Terms of 8-Functions.  The line charge density
is a filament of charge having a length but no thickness. In certain cases, the
charge distribution on a finite diameter conducting wire can be approximated by
a filamentary line charge density. The wire must look like a filament to an observer
who is located several meters away from it. Since geometrically a line is the result
of intersection of two sheets or surfaces, the line source is a distribution which is
highly peaked in two directions mutually perpendicular to the line. Therefore, its
representation should be in the form of product of two &-functions along these
directions. For the line charge drawn in Figure 2.10, the volume charge density is
given by

P, y,2) = pi(2) 8y =y ) 8(x = x')  Clm’ (2.139a)

where pj is the linear density of the source. The volume density is again infinite.
For a line charge running parallel to the z axis and passing through the point
(p’s¢’, 0) in the z = 0 plane with line charge density p;(z), the volume charge
density is given by

1
pu(ps @, 2) = ;pz(Z)(?(p— p)8le—¢’)  Cm’ (2.139b)

Representation of Point Sources in Terms of 6-Functions: ~ Let us consider a point
charge located at P(x’, y’, 2”). The point charge has zero volume but finite charge
O. Therefore, its volume charge density is infinite. The charge density associated
with it can be expressed as

Figure 2.10 Line source representation as product of two 8-functions,
pv=pi(x, ¥)8(z=2")6(y = y).
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pulx,y,2) = Qd(x - x")8(y = y') 8z —=2")  Clm’ (2.140a)

In cylindrical coordinates we have,

1
Pu(ps so,z)=;Q5(p—p’)5(¢—<p’)5(z—z’) C/m®  (2.140b)

and in spherical coordinates,

1

pulr, 0, 9) =—5——Q08(r = 1')8(6- 6")8(¢— ¢')  Chm’
(r)” sin 6

(2.140¢)

Similarly, a current element of infinitesimal length directed along the z-direction,
of unit strength, and located at P(x’, y’, z’) as shown in Figure 2.11 can be
represented by the following current density function:

J=28(x —x")8(y -y )8z —z")  A/m’ (2.141)

The dimension of §-function is reciprocal of its argument because of the unit
strength property of (2.132). That is, if x is measured in meters, then &(x) is
expressed in m™ .

Eigenfunction Expansion of Delta-Function

Let us assume that it is possible to find a complete set of orthonormal eigenfunctions
¥, (x) of the homogeneous differential equation corresponding to (2.129). These
functions are the natural modes of the system under consideration (e.g., modes of
a rectangular waveguide, modes of oscillations of a vibrating string, and plane
waves). We can use this set to expand the delta function of (2.129). We assume
an expansion of the form

Sx—x")= i an(x") i, (x) (2.142)
n=1
z
4 P(x',y',2")
Y

X

Figure 2.11 Representation of an infinitesimal current source as product of three §-functions,
J=28(x=x")o(y —y')8(z - 2').
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The value of the coefficients a,, is obtained by multiplying both sides of (2.142)
by #,(x) and integrating over the domain of x, say (a, b),

b
Ap(x’) = f S(x — x" )y, (x) dx (2.143)

by virtue of the orthonormality property of i, (x). Using the sifting property of
S-function, (2.143) becomes

am(x") = thn(x) (2.144)

Therefore,
Sx—x") = Y, nlx")hulx) (2.1495)

It may be verified that the above expansion satisfies the properties of the
S-function; for example,

ff(xwx—x') dx=f2anwn<x> S Yl ) () dx (2.146)

by expanding the functions f(x) and 8(x — x”) in terms of the set ,,(x). The above
expression can be rearranged as follows:

f F) o —x) dx =3 S aythlx’) f:,bm(x)wn(x) dx
=YY antu(x’) Spun (2.147)
= 2 anthn(x’)

=f(x")

Following the above procedure one can obtain the series expansion for the
S-function as

5(x) = % + % E’o cos<”7l”) for I <x <l (2.148a)
Slo— o) = iﬂ Y o nle=¢) (2.148b)

Some of the useful representations of -function are listed next.
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Plane Wave Representation or Integral Representation.
Slx —x') = s [ o3 g (2.149a)
2 )
that is, §-function is composed of an infinite number of plane waves with different
k-values but same amplitude. The sine and cosine representations equivalent to
the plane wave representation of (2.149a) are given as
L2 .
Slx —x")= g sin (kx) sin(kx") dk (2.149b)
0
L2 ,
Slx—x")= g cos (kx) cos(kx’) dk (2.149¢)
0
The Fourier transform of the -function is defined as
F{5(x)} = f S(x)e™ dx = e | _y=1 (2.150)
That is, all the Fourier components have the same amplitude.
Bessel Integral Representation [10, 14].
S(x —x') = x f]n(ax)]n(ax') ada (2.151)
0
where J,(.) is nth order Bessel function. This expansion is useful in developing
Green’s function in terms of Bessel functions.
There are other types of expansions and representations of §-function. For
these, the reader is referred to [10, 14].
2.8 Summary

This chapter summarizes the popular method of separation of variables, and empha-
sizes the properties of orthogonal functions. The concept of orthogonality is central
to the analytical and computational methods. Orthogonality of functions is intro-
duced as an extension of orthogonality of vectors. Fourier series expansion is
used to illustrate orthogonal function expansion. The solution of Sturm-Liouville
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differential equation is discussed in terms of orthogonal function expansion. Vari-
ous types of differential equations that can be represented by Sturm-Liouville type
are enumerated. Examples of orthogonal functions in the form of trigonometric
functions, polynomials, series expansion, and so on, are given. Orthogonal function
expansion of the unknown function is discussed and applied to the solution of
nonhomogeneous differential equations in a very general manner.

The notable part of this chapter is the eigenfunction-based framework of func-
tion spaces. The eigenfunction approach is used to make the subject interesting and
simple. Concepts like completeness of a set, convergence of series, eigenfunctions of
the operator, vector representation of function, matrix representation of an operator
are illustrated through the solution of one-dimensional differential equation. Limita-
tions of the eigenfunction-based function space are brought out and the generic
solution in terms of subdomain basis functions is suggested. The delta function is
essential to the development of Green’s function. Various expansions of Dirac delta
functions such as Fourier cosine series expansion, plane wave expansion, and Bessel
function expansion are listed. The last section describes delta function in terms of
eigenfunction expansion and prepares the background for the next chapter on
Green’s function.
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Problems

P2.1. Write down the periodic function f(x) satisfying the following boundary
conditions:

(x)=0atx=0,a.
(x) =0 at x = *a/2.
(x)=0atx=0,a,and of/dx =0 at x = 0.
(x) =

x)=0atx=0,a/2,and If/dx = 0 at x = —a/2.

1. f
2. f
3. f
4. f
Normalize the functions for the cases (1) and (2) above.

P2.2. Determine the Fourier cosine series (or Fourier sine series) expansion of the
function 8(x — x¢) over the interval —a < x < a, —a < x(¢ < a and use this expansion
to show that

f5(x—x0)dx=1

—a
Hint: Expand 1 also in Fourier sine series.

P2.3. Consider the mode functions

U (x, y) = sin<m2x> sin(%) myn=1,2,3,...

defined over the interval 0 < x <a, 0 <y < b.

1. Show that the mode functions are orthogonal.

2. Normalize the mode functions.

3. Use the normalized mode functions to expand the function f(x, y) = cin a
series.

P2.4. Express the following functions in terms of orthogonal functions given against
each:

1. f(x)=2x/a, 0 < x <a/2 in terms of sin(nm7x/a).
2. f(x) =sin(nmx/a), 0 < x < a in terms of cos(nmwx/a).

P2.5. Determine the solution of differential equation
—5 =-1 0<x<1

subject to the boundary conditions y(0) = 0 = y(1) by direct integration. Express
the resulting solution in Fourier sine series.
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Green’s Function

3.1 Introduction

Green’s function is one of the very useful tools for solving problems in electro-
magnetics. It has the same meaning and importance for electromagnetics as the
impulse response for circuits. Green’s function describes the response of an electro-
magnetic system to a delta function source. Once the Green’s function is known,
the response to an arbitrary excitation can be obtained using superposition. Green’s
function is an important part of analytical tools in electromagnetics. The efficiency
of the method of moments solution of open region problems such as in radiation,
scattering, and planar lines is mainly due to the Green’s function. We shall first
illustrate the meaning of and than describe methods to construct Green’s functions.
Let us consider the Poisson equation of electrostatics:

v2g(r) = 2 (3.1)
Its solution in the form of an integral equation is given by
_ __1 [ _plr2)
@(ry) = f dop = 113l dr (3.2)

T

According to (3.2), the net potential ¢ at rq is due to the superposition of d¢,
produced by the elemental charge p(r;)d7 located at rq — ry. This is shown in
Figure 3.1. The effectiveness of the charge p(ry)dr depends on the factor
{477'|r1 - 13| }_1. For this reason, {47T|1'1 - 13| }_1 is often called the influence func-
tion. This is also called the Green’s function G(rq; ry); that is, it represents the
influence or effect produced by unit charge and we write (3.2) as

1
€

(r1) = f Glr1s r2) plrs) dr (3.3)

where

Glr: - -
(rlarZ) 47T|I‘1—I'2|

71
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Figure 3.1 lllustration showing the region with charge and the potential produced at a distance
n-rp.

In general, we may define the Green’s function as the effect produced by a source
of unit intensity. It has the same significance in electromagnetics as the impulse
response in circuit theory. We shall denote source position by primed coordinates
and field position by unprimed coordinates.

The Green’s function can be expressed in the closed form, in the form of a
series expansion, or in the form of an integral depending upon the boundary
conditions. For example, if the boundary conditions are either Neumann or Dirich-
let or mixed type it is possible to attempt closed form and series solutions. However,
the open boundary case is best solved with an integral form of Green’s function.
We shall describe the closed form solution using the direct construction approach
and the series form of solution based on eigenfunction expansion. The integral
form of Green’s function is described in Chapters 5 and 11.

3.2 Direct Construction Approach for Green’s Function

We shall illustrate this method through an example. Consider a stretched string
of length L tied with the nails at the two ends as shown in Figure 3.2(a). The string
is at rest under an external distributed load given by F(x) (force per unit length). The
deflection y of the string is described mathematically by the following differential
equation:

2
%:i;f)zf(x) for0<x<L (3.5)

Here, T is the tension in the string. The boundary conditions to be satisfied by
(3.5) are: y(0) = y(L) = 0, the deflection at the end points is zero because the string
is tied there.
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(a) R
(b)

d*y 1
(c) e

Figure 3.2 lllustration of a stretched string under concentrated Ioad (a) deﬂectlon y(x) of the
string; (b) slope of the string, dy/dx; and (c) derivative of the slope, d? y/dx

Before solving (3.5) let us first solve the corresponding problem for a concen-
trated unit load at the point x = x”. The solution to the concentrated load case is
the Green’s function, and the associated differential equation is obtained by replac-
ing y(x) by G(x, x”) and f(x) in (3.5) by the Dirac delta function,

d>G(x; x7)

12 =8(x —x’) (3.6)

The boundary conditions on G are the same as that on y(x); that is,
G(0;x")=G(L;x")=0 (3.7)
We expect the shape of the string to look like the one shown in Figure 3.2(a).
Solution.  First separate the problem region or domain 0 < x < L into two
subregions, isolating the singularity at x = x’. Let us call 0 < x < x” as region I,
and x” < x < L as region II. The Green’s function in these regions satisfies the

homogeneous differential equation corresponding to (3.6) because the source point
x = x’ is not included in either region; that is,

d>Gx; x7)

! =0, for x # x’ (3.8)

Solution in Region I.  The solution of (3.8) must have the form

Gi(x; x’) = Ax + B, for0<x<x’ (3.9)
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Also, the boundary condition at G(0; x”) = 0 implies B = 0. Therefore,
Gylx; x") = Ax, for0 <x <x’ (3.10)
Solution in Region II.  Let us write
Girlx;x’)=Cx + D, forx’<x <L (3.11)
The boundary condition G(L; x”) = 0 implies CL + D = 0. Therefore,
Grlx;x")=C(x - L), forx’<x <L (3.12)

The unknowns A and C of (3.10) and (3.12), respectively, can be determined using
two conditions:

1. Since G(x; x”) represents the shape of the string, it must be continuous at
x =x"; thatis, Gy = Gyat x =x’, or

Ax’

Ax’ = C(x - L) or C ZW (313)
and
"o ,x—L
Griles x”) = Ax' — (3.14)

2. There is a discontinuity in the slope at x = x’, see Figure 3.2(b). To determine
the magnitude of this discontinuity we integrate (3.6) over the range of x:

L
dxzf S(x — x’) dx (3.15)
0

d2
Since y (2; =0and §(x — x") = 0 except at x = x’, from (3.8) and (2.130), respec-

X
tively, the contribution to the integrals arises near the point x = x”. Equation (3.15)
may therefore be written as [5, p. 9]

x'+e 5 x'+e€
f d G(xz;x )dx: f 8(x_x,) dx
dx
x'—€ x'—€
or
dGr dG _ . .
x| el 1, using (2.131) for S-function
x'+e x'—€
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or
Ax’ x" =L
1A=l =A="—7 (3.16)
Substitute for A in Gy and Gy to obtain
C , x(x" = L)L forx<x’ 317
s x7) = x’(x — L)L forx>x’ 3.17)

Using the superposition principle and the Green’s function, we now obtain the
solution for (3.5) as

L
y<x>=fc<x;x'>f<x'> dx’ (3.18)
0

From the above example we can list the following properties of the Green’s function:

1. It is a continuous function of variable x.

2. It satisfies the same boundary conditions as y(x).

3. Green’s function is symmetrical in the source point x” and field point x;
that is, G(x; x”) = G(x’; x).

4. dG/dx and d>G/dx?* are continuous in the interval (0, L) except at the
source point x = x’.

3.2.1 Green'’s Function for the Sturm-Liouville Differential Equation
Sturm-Liouville differential equation is a generalized version of the second-order
differential equations employed in electromagnetics. This differential equation in
one variable was defined in Chapter 2 and in operator form is given by

L{y} + Aw(x)y(x) = £f(x) (3.19)

where f(x) is the source function and the operator L is defined as

Liy} = % [p(x)y"(x)] = q(x)y(x) (3.20)

Here y’(x) stands for dy/dx. The boundary conditions ensure unique solutions.
The Green’s function differential equation corresponding to (3.19) is obtained
by replacing the source term f(x) by the §-function and y(x) by G(x; x’),
L{G) + Aw(x)G(x; x") = +8(x — x”) (3.21)

where L{G(x; x”)} is obtained from (3.20) by a similar substitution,
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L{G (x5 x")} = 7~ [p(x) G"(x5 x)] = q(x) G (x; x) (3.22)

The direct construction approach can be used to derive Green’s function for (3.21),
after p(x) and g(x) have been specified. We apply continuity of G and discontinuity
of dG/dx at x = x’ to determine the unknowns in the expansion of G(x; x") [1,
p. 508]

Gily =G

v (3.23a)

dx

dGj
. dx

X

,:ip(x’) (3.23b)

Procedure for Finding G(x; x”)

1. Divide the domain of the variable x, say, (@, b) into two regions
a<x<x’"and x’ < x < b, leaving out the source point x = x’. Call these
regions I and II.

2. Find two linearly independent solutions of the homogeneous differential
equation L{G} + Aw(x)G(x; x”) subject to the given boundary conditions,
and call them Gjand Gy;. Linear independence is ensured if the wronskian
W = G;Gj; — G{ G # 0. Due to the requirement of linear independence,
we cannot choose the solution G;= G;=sin(nax/L) for the string problem.

3. Apply the conditions (3.23) at the source point x = x” to determine the
unknowns of the solutions.

Exercise.  Show that the solution to

2
d—(2;+k2G:5(x—x') 0<x<L
dx

subject to G(0; x”) = G(L; x”) = 0 is given by

sin k(L — x”) sin (kx)

o E sin (RL) for x < x* s
(3 x7) = sin k(L — x) sin (kx”) ¢ o (3.24)
k sin (kL) orx=x

3.2.2 Green'’s Function for a Loaded Transmission Line

Consider a transmission line of characteristic impedance Z, propagation constant
v, and length L. The voltage v(z) and the current (z) in the transmission line are
governed by the following telegraphist’s equations:

dv

4, = Zi (3.25a)
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and

j—; =-Yv (3.25b)
where Z = R + joL and Y = G + jwC are the impedance per unit length and
admittance per unit length, respectively, for the transmission line. R, L, G, and
C are the resistance, inductance, conductance, and capacitance per unit length,
respectively, of the line. They are also called the line parameters because they define
the characteristics of the transmission line, for example,

Characteristic impedance Zy =+/(R + joL)/(G + joC) =~JZ/Y  (3.26)

Propagation constant ¥ =+/(R + jwL)(G + joC) =[ZY (3.27)

Let the transmission line be excited by a current source iy(z”) as shown in Figure
3.3. Due to the presence of source, (3.25b) will now get modified as

dv .
o —Zi (3.28a)

and

j—; = Yu+ip(z’) (3.28b)
One of the ways to solve the above equations is the Green’s function method.
For this, equations (3.28) are reduced to a second-order differential equation in a
single variable v or i first. It means that one of the variables from (3.28) should
be eliminated, which requires (3.28a) or (3.28b) to be differentiated. At times,
however, the source distribution is discontinuous or has discontinuous derivatives.
In the present case, this can be avoided by differentiating (3.28a) with respect to
z and eliminating di/dz; one obtains

2
v = Zigk')  since YZ= 42 (3.29)
dz
_C
Z Zysy @D i) 7
)
7z=10 Z=7Z z=L

Figure 3.3 Current source excitation of a transmission line terminated at the ends.
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Remark.  1f both the voltage and current sources are used for exciting the trans-
mission line, (3.28a) will have a voltage source term v((z”) on the right side. So,
we cannot differentiate this equation without running into the problem of source
discontinuity. A solution to this problem is to invoke the linearity of telegraphists/
transmission line equations and use superposition; that is, we work out two prob-
lems; one with the current source as above, and the other with the voltage source
alone. The voltage and current distributions obtained from the two solutions are
added to obtain the final result [2].

The Green’s function is used here to solve (3.29). The first step is to replace
the excitation 7o (z”) by the delta function, and (3.29) becomes for Green’s function

dv ,
?— Y Z/Z_Z(S(z_z ) (3'30)

For simplicity we assume that the transmission line is terminated in short circuits
at 2 =0, and z = L; that is, Z1 = Z; = 0. We shall determine v for this problem
using the direct construction approach. Next we divide the region 0 < z < L into
two subregions I and II such that

Region I: 0 <z < 2’ Region II: 2" <z < L

Now write down the solution of source free differential equation,

2
627’;_ Y20 =0 (3.31)

in the two regions. The general solution is
v =Ae” + Be % (3.32)
where t7y are the solutions of (3.31). For region I, we can express (3.32) as
vi=vye +vpe ? (3.33a)
Similarly, for region II,
vy =vy1e +vye * (3.33b)

The four unknowns v11, v12, v21, and vy are determined from the boundary
conditions and the conditions at the source point.
The boundary condition v1 = 0 at z = 0 gives rise to v12 = —v11, and therefore

vy = 2v1q sinh(yz) (3.34a)
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Similarly, the use of boundary condition at z = L yields
vy = vy (7 — e Y2V (3.34b)
The continuity of voltage across the current source at z = z” means
v1(2") =v2(2") (3.35a)

The discontinuity of current at z = z” implies

dvy dvy| _
&, |, T4
Z Ve

or

-1 dvy 1dvy| _

Zd |, 7|,
or

i(z") —i1(z") =1 (3.35b)

Use of conditions (3.35) in (3.34) leads to the simultaneous equations:

vr1(e? — 2=y _ 2y sinh(yz’) = 0 (3.36a)

, L z
vr1(e” +e2" 77y — 204 cosh(yz’) = -5 =2 (3.36b)

solution of which yields

Zo1- e 27&’=1) Zy ¥ _ oW 2L

-z’ __z0¢c —°
) e ¥, and vy = 2 1t e (3.37)

Substituting for v11 and v, in (3.34) produces the following Green’s function for
the current excited voltage on the transmission line:

’

VRGN -2yL

vy = Z sinh(yz) 27 0<z<z (3.38a)
' e VR _eyz—ZyL
vy = Zg sinh(yz’) L 2’<z<L (3.38b)

It may be noted that the voltage is symmetric in z and z”. It is due to the reciprocity
property of the passive network.
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3.3 Eigenfunction Expansion of Green’s Function

This is the most popular method to determine the Green’s function. Due to the
analytical difficulties, however, this method is applicable to regular shaped geome-
tries for which the eigenfunctions can be obtained analytically. We shall illustrate
this method by an example.

Determine the solution of

d*G(x; x”) ) ub : :
T = 8(x — x”) subject to G(0; x") = G(L;x") =0 (3.39)

X
employing the method of eigenfunction expansion. For this, we first determine
the eigenfunctions (of the operator d*/dx”) by solving the eigenvalue differential
equation corresponding to (3.39). The eigenvalue equation is

2
% = Ay subject to y(0) = y(L) = 0 (3.40)
X

The eigenfunctions vy, (x) for this problem are: y, (x) = sin(nwx/L), n =1, 2, 3,
..., with the eigenvalues A, = —(1/!7T/L)2.

Since the eigenfunctions satisfy the same boundary conditions as the original
problem they can be used to expand the unknown Green’s function. We therefore
write

Glxix') = Y aylx’)yal) (3.41a)
n=1
Substituting this expansion in the Green’s function equation (3.39) gives
- no\t . [(nwx
—El an(x’)<T> sm(T> = 8(x - x’) (3.41b)

The coefficients a,, are determined by using orthogonality constraint of eigenfunc-
tions; that is, multiply both sides of (3.41b) by sin (max/L) and integrate over the
range of x to obtain

L L
2
an(x')<n%> fsin2 <$>dx= f sin<mLTx)5(x—x')dx
0 0
or
2L . (nwx’
a, = (n7r)2 sm( T ) (3.42)
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Therefore,

Glx; x') = 2L i 1)2 sin(nzx> sin<””£x'> (3.43)

n=1 (nm

As an extension of (3.43), it can be shown that the solution to

2
d_C2¥+sz: Sx — x7) (3.44)
X

subject to G(0; x”) = G(L; x”) = 0, is given by

(3.45)

Out of the two alternate solutions (3.24) and (3.45), the solution (3.24) does not

involve any summation, and is therefore computationally efficient. The solution

d*G(x; ')
2

is because the operator d/dx” is the same in both the differential equations. This

observation is true only for the solutions of inhomogeneous equations.

(3.45) reduces to the solution of = §(x — x’) in the limit k¢ — 0. This

Exercise.  Show that the alternate solutions (3.24) and (3.45) to the differential
2 s
equation % + k%G = 8(x — x’) are equivalent.
X

3.4 Green’s Function in Two Dimensions

Let us consider a line charge in an infinitely long rectangular metal pipe. Cross-
section of the geometry is shown in Figure 3.4. The distribution of static potential
¢ in the pipe is governed by the Poisson equation

vig= —g (3.46)

where p is the charge density. The metal pipe is infinitely long and uniform along
the z-direction. The boundary conditions are also invariant with z. Therefore, the
potential V is invariant with respect to z, that is, d¢/dz = 0 and the Laplacian v?
reduces to

(3.47)
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|[<— o —

Figure 3.4 Cross-section of a rectangular metal pipe of size a x b excited by a line source of charge.

where Vtz is called the transverse Laplacian operator. For the two-dimensional
problem, the line charge becomes a point charge located at (x”, y”) (Figure 3.4). The
solution to the original problem can be obtained if we determine the corresponding
Green’s function, which is defined as follows:

’G 9’G 1

T o s —x')8(y—y) (3.48)
ox? ayz € Yoy

subject to the boundary conditions
G(0,y;x",y") = Gla, y;x',y") =0 (3.49)

Glx, 0;x,y") = Glx, by x’,y') =0 (3.50)

Here we have fixed the potential at the four walls to be zero. For an arbitrary
potential V() on the walls the solution is given by adding V| to the solution of the
above problem. The partial differential equation (3.48) is next solved employing
double series and single series expansions of Green’s function.

3.4.1 Double Series Expansion Method

Let us expand the Green’s function in terms of the eigenfunctions ¢,,(x, y) of the
operator Vt ; that is,

G, y3 x5 9") =2 D Amnbn(x, y) (3.51)

m n

The eigenfunctions are the solutions of the following eigenvalue equation,

V2 G (X5 ¥) = An B (%, 9) (3.52)

and the same boundary conditions as for the original problem,
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Gmn(x,y)=0atx=0;x=a;y=0;y="0> (3.53)
The orthonormal eigenfunctions are obtained as

nry

2 mmx
D (X, ¥) = sin sin n,m=1,2,3,... (3.54)
() ()

with eigenvalues

2 2
Asn (%, y)=—[<%> + <%) :| (3.55)

Therefore, (3.51) can be written as

Glx, y; x’, y') :\/% TS am sin(mzx>sin<nzy> (3.56)

m=1n=1

Each term of G satisfies the boundary conditions at the four walls. To determine
the expansion coefficients a,,,, we substitute (3.56) in (3.48) and obtain

2 & & [(ma (nw\ . (max\ . (nmwy\ 1 ) ,
szz'ln; [<7> +<7>]a’”nsm< a >Sm< b >=;5(x—x)5(y—y)

(3.57)

To remove the double summation from the left side and hence to obtain an expres-
sion for a,,,, we multiply both sides of (3.57) by sin(m 7x/a)sin(n’my/b) dx dy
and integrate over the range of x and y. Use of the orthogonality condition of the
functions sin (marx/a) and sin(m’7x/a), and sin(n7y/b) and sin(n’7y/b) yield

2 2 ’ ’
@ 2Ty (2T An =1sin MY\ sin (222
2 a b € a b

or

ooz D)
EEGI

Now substitute this expression in (3.56) to obtain

(3.58)



84 Green’s Function

mmx\ . (nmTy
4 sm( J )sm( A > _— oy’
Glx, y;x'yy") _1922 sin( J )sin( 4 )

(3.59)
Corr.: Green’s function for the Helmholtz equation
2 2
a—(2;+a—cz;+k2G=5(x—x')5(y—y') (3.60)
0x dy

may be obtained in a similar manner. The final result can also be obtained by

2 2 2 2
replacing (—[<g> + <n777> ]) by k% - [(g) + <n777> ] and € by (-1) in

(3.59). One obtains
. <m7rx> . <n7ry>
sin sin
a b
ab Z 2 2

G(x,y;x",y")

(3.61)

3.4.2 Single Series Expansion Method

The eigenfunction expansion (3.61) is in the form of double Fourier series, computa-
tion of which requires more computer resources. We next show that the solution
for the same problem can be attempted in the form of a single series, and is therefore
less computational intensive. For this, we shall use direct construction method of
Section 3.2 along one of the directions.

Let us start by satisfying only two boundary conditions, namely, those at the
edges y = 0 and y = b. This can be done by representing the Green’s function as
a single Fourier series with respect to y:

Glx,y;x',y") = 2 g sin(%) (3.62)

The coefficients g,, are therefore functions of x, x” and y’. An alternative to (3.62)
is obtained by satisfying the boundary conditions at the planes x = 0 and x = a.
Now, substitute the above series in Green’s function partial differential equation
(3.48), multiply by the factor sin(may/b), and integrate over the y variable to
obtain

2 ’
T) gmlx, x7,y') =Esin<mzy >5(x—x’) (3.63)
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This ordinary differential equation shows that the expansion functions g,, are one-
dimensional Green’s functions in their own right. We can obtain these functions
using the method of direct construction. For this, we divide the range of x into
two regions, and find the solution of

2 2
{ézﬁ-<fgz> gm(x) =0 (3.64)

subject to g,,(0) = g,,(a) = 0. The solutions of (3.64) are described in the form of
exponentials or hyperbolic functions because of the second term with negative sign.
In order to satisfy the boundary condition at x = 0, we may choose the following
form:

mix

g,In(x) =A, sinh( A ) for x < x’ (3.65a)

Similarly, boundary condition at x = a leads to the following form:

mi(a — x)

g,I,f(x) = B,, sinh <T> for x > x’ (3.65b)

Continuity condition at the source, g,ln (x’) = g,li(x'), gives

Amgm«ﬂ%i>=3mgm«ﬂz%fﬁl> (3.66)

The following condition derived from integration of (3.63) gives
I ’

dg., B ﬁ . (my

A

X’ dx

dg!!
dx

X

or

—% [Bm cosh <M> + A,, cosh (mz'x >] = % sin <m7;y >

(3.67)
Solving (3.66) and (3.67) for A,, and B, yields

2 . (mmy’\ . mar(a — x”)
sin sinh | ———
emm ( b ) ( b )
A, = (3.68a)

sinh (me>
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2 . (mmy’\ . (mux’
emwsm< A >smh< A )

B, = (3.68b)
) ma
smh( b )

Use of these constants in (3.65) provides the following expression for the Green’s
function:

Glx,y;x°,y") =

ma(a — x’ mimx
sinh [ ———— | sinh [ ———
. , inh (778 =30 i (717
2 . (mmy’\ . [(mmy
2 sin sin
mare b b . mira
m=1 sinh A

- , sinh (—mﬂ-(?? — x)> sinh <m7l;x )
z 2 sin (mw'y ) sin <m ﬂy)
- € b

sinh <m;m )

for (x < x”)

for (x = x’)

(3.69a)

It may be observed that the Green’s function is symmetric in x and x”; and y and
y’. The advantage of single series expansion of (3.69a) over the double series
expansion of (3.61) lies in the computational speed for the single series. Also,
expression (3.69a) can be easily generalized to the parallel plate case. The given
rectangular pipe geometry, Figure 3.4, will reduce to the parallel plate geometry
as a — oo. In the limit, (3.69a) reduces to

Glx,y;x', ") =

(3.69b)

A formula similar to (3.69a) can be obtained by representing the Green’s function
as a single Fourier sine series with respect to x. The solution is
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Gx,y;x,y') =

) mm(b -1y’ ) mir
- , sinh M sinh mry
2 . [(mwx . [(mwx a a
2 sin sin for (y <y’)
mare a a ) marb
sinh

m=1

sinh (—mﬂ-(b — y)> sinh <_m7ry )
i 2 . (mwx"\ . (mux a a for (y 2 y)
- mire il i W™ ) marb orly=y
m=1 smh( )

3

(3.70a)

Generalizing (3.70a) to a parallel plate case with plate separation a (b — o), one
obtains

Gx,y;x,y") =

2 . (mwx’\ . [mwx\ . mary —-my’ ,
esm< P >s1n< )smh( p )exp( P )for(yéy)

o m a
2 sin <m77'x ) sin (mw-x) sinh <m77'y ) exp( mwy) for (y 2 y’)
& me a a a a

(3.70b)

The Green’s functions derived above can be used to determine the potential distribu-
tion in the pipe for an arbitrary excitation. The principle of superposition may be
used for this purpose. The free space Green’s functions for the Laplace and Helm-
holtz equations are listed in Section 3.6.

3.4.3 Green'’s Function in Spectral Domain

For geometries with layered dielectrics (e.g., planar transmission lines), it is not
possible to obtain the Green’s function in closed form in the space domain. How-
ever, when the analysis is carried out in spectral domain one can determine the
Green’s function in a closed form. The procedure is described for microstrip line
in Chapter 5.

3.5 Green’s Function for Probe Excitation of TE-Modes in
Rectangular Waveguide

The Green’s function may be used to determine the distribution for an arbitrary
excitation using superposition such as (3.3). We shall illustrate the procedure for
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probe excitation of modes in rectangular waveguide. A waveguide may support a
large number of modes but the actual excitation of the modes is decided by the
distribution of excitation current. Depending on the source function (concentrated
or distributed) some of the modes may be excited with large amplitudes whereas
the other modes may not be excited at all [3, 4]. We analyze one such problem
next.

Consider a uniform, unit strength line current extending across the rectangular
waveguide, parallel with the y-axis and located at (x’, z’) as shown in Figure 3.5.
The line current is an approximation of the excitation produced by a coaxial-to-
waveguide adapter. The current is assumed to be uniform along the y-coordinate,
that is, it does not vary with y. The field produced by this current does not vary
with y because the excitation current and the waveguide dimensions are uniform
along the y-direction. Mathematically, it means d/dy = 0; and the problem may be
treated as two-dimensional. The operator Vz, therefore, becomes

, o, 2R

vievia 2o 5 3.71
N N ( )

For simplicity, we shall follow the vector potential approach to determine the field
components. The potential A and the excitation current J are related through
(1.39a); that is,

(V}+ k*)A = —uJ(x’, 27) (3.72)
Since J = §],, (3.72) reduces to the following scalar equation:
(Vi + k%) A, = —uly(x’, &) (3.73)

The unit strength excitation current, located at (x’, z”), is represented by the
delta function as

X
y " a
b | , i
Region Il ox'
z T :
! | Region |
o X e mmmaa Z
x' a z'
(a) (b)

Figure 3.5 Line source excitation of TE-modes in a rectangular waveguide: (a) cross-sectional view;
and (b) top view.
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Jy=06(x-x")6(z-2")  amp/m (3.74)

Substituting for Vt2 and ], in (3.72) one obtains the PDE for the Green’s function
as

ot
(§+a—z2+k )Ay:—,u6(x—x’)5(z—z') (3.75)

Field Components Produced by A,
From (1.40a), we know that E = —jwA; therefore, E, = —jwA,. Also, uH=V x A
implies

__aAy
Tz

— aAy

7 0x

wH, wH (3.76)

All other field components are zero because 0/dy = 0. The modes described by E,,
H, and H, can be classified as TE-to-z or TM-to-y modes.

Boundary Conditions on A,
Because E, is proportional to A, and E, is tangential to the waveguide walls at
x =0 and x = a, the boundary conditions on A, are

Ay=0atx=0,a (3.77)

Conditions on A, for Large Values of | z|

The fields propagate away from the excitation source along the z-direction. There-
fore, the solution of (3.75) for large values of z can be written as (using single
series expansion of Section 3.4.2)

I - . (mmax\ ,
Ay=Y By, 51n< ; )e ¥ forz>z (3.78a)
m=1
I - . (MTXN ke ,
Ay = mz::l C,, sin <—a >e 3 forz <z (3.78b)

The factor sin(mmx/a) accounts for the boundary conditions (3.77). The relation-
ship between k, k3 and ma/a can be determined by substituting (3.78) in the
source-free PDE corresponding to (3.75). One obtains

k3 =\(mmla)* — k* (3.79)

The coefficients B,,, and C,, of (3.78) may be determined by satisfying the conditions
at the source. These are as follows:

1. The magnetic field is discontinuous at the current source. This discontinuity
is
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ax (H -H") =] (3.80a)
2. The electric field is continuous across the current source; that is,

ax (E'-E") =0 (3.80b)
Using fi = Z we obtain at z = 2/,

I II

~ | NN I 1 11
ixE'=2xE" S EJ=E or A} = A] (3.81)
and
sx (H' - HY) = yus(x —x') = HL - HY = pu5(x — x7)
or
A} 2Al 5 , 5
5 T or = Mdlx —x7) (3.82)

These source conditions can also be obtained by following (3.66) and 53.67), that
is, without invoking electromagnetics. Substituting for A} and A, in (3.81)
and (3.82) gives

y 1

B, e % = ef% (3.83a)

and

— L (maAXN\ by s . (max , ,
— . k3B, sm( y )e kszl _ Y k3C, sm( y >ek3z = —ud(x — x’)
m=1 m=1
(3.83b)

We multiply (3.83b) by sin(m’m7x/a) and integrate over (0, a) to remove the
summation sign

_k3 % (Bme—kﬂ' + Cmekazl) =—u sin <mZx ) (3.84)
From (3.83a) and (3.84) one obtains
B¢t = aMTs sin<mZx ) (3.85)

The Green’s function for the probe excitation is therefore obtained as
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. (max\ . (max’
. sin sin
£ > ? T o Hhsle-2]
a

k3

Aylx, z5x°,2") = (3.86)

m=1
The Fourier transform solution to the above problem is discussed in Section 5.2.

Special Case.  Let us consider the case in which the waveguide is short-circuited
at z=0. This situation is very similar to that which occurs in a coaxial-to-waveguide
adapter. Due to the boundary condition imposed by the short, the expression for
(3.78b) is modified and we write

Ai = ), B, sin <mzzrx ) e forzsz (3.87a)

”) sinh(k3z)  forz <z’ (3.87b)

Applying the conditions at the source point, one obtains

B, =pu Smha(]f;z ) sin (”“;x ) (3.88a)
—k3Z ’
C, = p eak3 sin <mZx ) (3.88b)

Therefore, vector potential Green’s function for a waveguide short-circuited at one
end and excited by a filamentary current parallel to the height of the waveguide

can be written as
. (max\ . (max’
. sin sin
© 2 a a N
a
m=

3 e % sinh(k3z’) for z > 2’
1 3
Aylx, z5x°,2") = ) . (mmx\ . [(mmx’
el i Ta ) e k¥ sinh (k3z) for z <z’
a k3 3 -
m=1
(3.89)

The electric field Green’s function is obtained by using E, = —jwA, and the expres-
sion for A, (x, z; x’, 2°).

Excitation Coefficients for Various Modes
The expansion coefficient B,, represents the coefficient of excitation for the various
modes at z = z”. It is given by (3.88a) with
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k3 =(mmla)* — k* (3.90)
Let us select x” = a/2. Then,
B, = Sh(ks2) o) (3.91)
ak3

Equation (3.91) suggests that only modes with odd-m are getting excited. To
maximize the excitation of a particular mode we should choose z” suitably, and
to determine this value let us calculate sinh (k3z"),

sinh (k32’) = sinh{z’\/(mw-/a)2 - kz}

or
sinh(k3z’) = sinh{kz'\[(mA/2a)* =1} for k = 2m/A (3.92)

For m =1 and A < 2a,

sinh (k3z’) = j sin{kz’A[1 - (A/2a)* } (3.93)

The factor sinh (k3z”) is maximum when kz’~/1 - (A2a)? = @/2.

For m = 3, k3 is positive and e 7R represents a decaying wave. Therefore,
when the current source is located at x” = a/2 it excites only TE{p-mode. All other
modes are evanescent for A < 2a.

We have determined Green’s function for the problems when the domain is
bounded and the solution is in the form of series expansion. It provides an alternative
to the eigenfunction expansion method of Section 2.5 for the solution of inhomoge-
neous differential equations. In the language of operators, the inhomogeneous PDE
may be written as

L(f)=g (3.94)

The corresponding Green’s function PDE is obtained by replacing the excitation
term by the delta function

LG(r;r’)=68(r—1') (3.95)
where r is the field position vector and r” is the source position vector. Once the

Green’s function has been obtained, the solution to the inhomogeneous PDE of
(3.94) in terms of Green’s function is expressed as

Fr) = j G(r;r')glr’) dr’ (3.96)

T
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This is an integral equation. Green’s function, therefore, provides a useful link
between the differential and integral equations.

3.6 Green’s Function for Unbounded Region

The real advantage of Green’s function lies in solving problems with unbounded
regions, and as a consequence the literature on radiation and scattering problems
is replete with examples of Green’s functions. Due to the constraint on computer
resources, the unbounded region in computational methods is handled by imposing
either absorbing boundary conditions or radiation conditions. This approach
requires extra computing resources. The use of Green’s function does not require
any such termination and provides the most efficient solution. However, con-
structing Green’s function for inhomogeneous dielectric configurations is a limita-
tion. The method of moments (MoM) analysis, Chapter 11, is based on the
availability of Green’s function.

Free space Green’s functions for the Laplace and Helmholz PDE are given next,
and are derived in Chapter 5 employing the Fourier transform method.

One-Dimensional Cases
For the one-dimensional Laplace equation defined as

—5 =06(x —x’) (3.97a)

Green’s function does not exist for the open region problem [7, p. 295]. For finite
values of x and x’, the Green’s function is given by

Gx;x')=|x—x"|/2 (3.97b)

For the one-dimensional Helmholtz equation defined as
4 k2G = —(x - x7) (3.98a)
the Green’s function is given by
A ] . ’
G(x; x )—ﬂexp(]/dx—x |) (3.98b)

Two-Dimensional Cases (Line Sources)
For the two-dimensional Laplace equation defined as

T —8(p-p’),  where p=/x? +y? (3.99a)
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the Green’s function is given by

1
Glps p') =5 -In|p-p'| (3.99b)

For the two-dimensional Helmholtz equation defined as

1d d 2 L _5(/0_.0,)
[;%(p%) k}cm,p)-—hp (3.100)

the Green’s function for outward propagation waves is given by
N T ,
Glps p') =7 H (klp—p)) (3.101)
(2)

where H( ' (.) is a Hankel function of the second kind. The asymptotic value of
the Green’s function for large |p — p’| is

_ 1 , 2 k| p—p’
im  G(p;p’) =+ A| ————e lp—p'| (3.102a)
lp=p'l = e 4 Nimklp=p']
For small values of |p — p’|,

lim  G(p; p’) = (1 +151nM) (3.102b)
lp=p'1—0 &

A=

where y=1.781 ... is Euler’s constant.

Three-Dimensional Cases (Point Sources)
For the Laplace equation in three dimensions defined as

ViG=68(r-r1') (3.103)

the Green’s function is given by

o -1
G(r;r )——4W(r_r,) (3.104)
For the Helmholtz equation in three dimensions defined as
VG + k2G = 8(r —17) (3.105)

the Green’s function is given by

’ -1 . ’
G(r;r )=mexp(]k|r—r ) (3.106)
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3.7 Summary

Green’s function is one of the very useful tools for solving problems in electromag-
netics. It has the same meaning and importance as the impulse response for circuits.
Green’s function describes the response of an electromagnetic system to a delta
function source. Once the Green’s function is known, the response to an arbitrary
excitation can be obtained using superposition. Two well-known techniques for
determining the Green’s function are illustrated through a number of examples.
These techniques are direct construction approach and eigenfunction expansion.
Green’s functions for the unbounded region are listed at the end. These Green’s
functions find application in the method of moments solution of boundary value
problems.
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Problems

P3.1. Use the Green’s function method to solve the following differential equation:

with

g 1 for0<x<1
(x) = 0 otherwise
subject to the boundary conditions ¢(0) = 0; ¢(1) = 2.

P3.2. Consider a transmission line of characteristic impedance Z, and propagation
constant 7y terminated by loads at its two ends. This line is excited by a point-
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current-source at z =z’ as shown in Figure 3.3. Show that the line voltage is given

by
zZ e 4 py e 2
70(67z+ple %) P2 L forz <z
@) 1-pipre
v(z) =
Z ;e 4 pye?i2l)
To(eyz +pre %) P2 =) for z >z’
1-pipre

where pq1 and p; are the reflection coefficients of the loads Z1 and Z;, respectively.

P3.3. A two-section transmission line with a unit-current-source at the plane
z = b and short-circuits at the two ends is shown in Figure 3.6. The lengths and
the characteristic impedances of these sections are also shown there.

1. Write down the differential equation and boundary conditions satisfied by
the voltage Green’s function.
2. Derive an expression for the current at the plane z = a.

P3.4. Consider a three-section transmission line with a current source I at the
plane z = by and the short-circuits at the two ends as shown in Figure 3.7. The
lengths and the characteristic impedances of the three sections are: Zy1, h1; Z2,
hys Zos, h3.

1. Write down the differential equation and the boundary conditions satisfied
by the voltage Green’s function.

2. Derive the expression for the Green’s function at the plane z = b1.

3. Use the result of (2) to show that the Green’s function at the plane z = by
+ b, is given by

o-2hs , 203 tanh(y3h3) = Zos R
Zo3 tanh(y3h3) + Zgp
Zo3 tanh (y3h3) = Zpp
Zoz tanh(y3h3) + Zpn

G(h1+hy)=G(hy)

1+

) () ()]
Zm.}ﬂ T‘S(Z“h) 202‘72

(0] ) ()]

z=0 z=h —

Figure 3.6 Current-source excitation of two-section transmission line shorted at the ends.
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“ h —> hy —>< h >
) () [@) [{)}
Zy 7, T Zy,7s ANE
[0} (W) (@) {
z=0

Figure 3.7 Current-source excitation of three-section transmission line shorted at the ends.

where G(hq) is the Green’s function at the plane z = 1. The result of this
problem is useful in a three-layered planar transmission line when the spec-
tral domain approach is used to determine the Green’s function.

P3.5. Consider a transmission line of characteristic impedance Z(, and phase
constant B terminated by source impedance Z at one end and load impedance Z|,
at the other end. This line is excited by a point-voltage-source Vy at z = 0 as shown
in Figure 3.8. Show that the line current for z > 0 is given by

Vo [ ise Zo+ZL 20
I(Z):——O |:e/ﬁz+ﬁ62/ﬁf 7'82:|

27,
P3.6. Consider an electric line source radiating in free space above a grounded

dielectric sheet of thickness /, and as shown in Figure 3.9. Assume the line source
to be time harmonic and uniform in the z-direction.

1. Write down the Helmholtz equation satisfied by the magnetic vector poten-
tial A.

2. Derive an expression for A.

N
) A~ L [()]
S~
Vo
Z, Zc,fﬁ Z!_
[(n) )]
I

Figure 3.8 Voltage-source excitation of a transmission line loaded at one end and terminated in
matched load at the other end.
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Jz(x())yﬁ)

Figure 3.9 Line source excitation of a grounded dielectric slab.

P3.7. Consider a uniform transmission line of characteristic impedance Z( and
propagation constant yterminated in matched loads at both ends. The transmission
line has a unit-point-voltage source at z = a (i.e., V, = 8(z — a)), and a unit-point-
current source at z = b (i.e., I, = 8(z — b)), as shown in Figure 3.10. Show that

that is, the current at the point z = a due to a unit-point-current source at z = b
is the negative of the voltage at z = b due to a unit-point-voltage source at z = a
(Reciprocity Theorem).

P3.8. Excitation of modes in a parallel plate waveguide |3, p. 194]. Let there be
a sheet of x-directed current J, over z = 0 plane of a parallel plate waveguide
formed by conductors over the y = 0 and y = b planes as shown in Figure 3.11.
The guide is matched in both the +z and —z directions. Show that the field produced
by the current sheet is

Z B, sin(nwy/b)e izl 7,3 = (nwlb)* - k(z)

where

(-
p—
Vﬂ
Z
: Zyy IhI %
0 : 1]
] z=b
Z=8

Figure 3.10 Voltage and current source excitation of a transmission line.
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Figure 3.11 Current source excitation of modes in a parallel plate waveguide.

b

B, =1 f Txly) sin(nmy/b) dy

0

Use ], (y) =1y 8(y —d), and determine the value of d/b for which B, the amplitude
of TE( mode, is maximum.

P3.9. Consider the mode functions ,,,,, = cos (mmx/a)cos(nmy/b); m,n=0, 1, 2,
3... defined over the interval 0 < x <4, 0 <y < b, 0 <z <d in a microstrip
rectangular cavity with magnetic walls at the four sides and electric walls at the

top and bottom.

1. Show that the mode functions are orthogonal.
2. Normalize these mode functions.
3. Use the normalized mode functions to expand the function

flx,y)=jougddx —x")6(y —y’)

4. Employ this expansion to show that

Sx—x")8(y—y")dx"dy =1

S —
S —

P3.10. Write down the eigenfunctions for the Laplace’s equation
VZh(x,y)=0 0<x<a,0<y<b
subject to the following boundary conditions:

$p=0aty=0,b
$p=0atx=a
0dldx =0atx =0
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1. Use these eigenfunctions to obtain the solution of
V2 é(x, y) = sin(2my/b)
2. Verify that the solution satisfies the differential equation and the boundary
conditions.
3. Solve the differential equation in (1) above using the Green’s function
approach, and compare the two solutions.
P3.11. Solve the following Poisson’s equation:
2 _
Vig(x,y)=-1
in the range 0 < x < a, 0 <y < b, subject to the condition ¢ = 0 on the boundary.
P3.12. Consider a rectangular waveguide with a line source of magnetic current
J” located at (x’, y’). The magnetic current is z-directed and uniform along z (i.e.,

0/0z = 0). The vector potential A” will have z-component only and satisfies the
following differential equation:

2 2
VAT (x, ) + kAT (x, y) = =T
and the boundary conditions

m m
94z =0atx =0, a; 04,
ox

=0aty=0,b
Assuming the current density to be
JZx y') = Joblx — x") 8(y = y”)
obtain the expression for A} using the direct construction approach.
P3.13. Consider a rectangular waveguide with a line source of electric current ]

located at (x’, y”). The electric current is z-directed. The vector potential A will
have z-component only and satisfies the following differential equation:

2 2
v Az"' kOAz :_MO]z

The boundary conditions to be satisfied by A, are: A, =0atx=0,a;y=0,
b. Assuming the current density to be

]Z(x’a yla Z) 2]06(9(' —x')6(y —y’)e_jﬂz

obtain the expression for A,.
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P3.14. Consider the excitation of TE-modes by a probe in a rectangular waveguide
of Figure 3.5. Assume the current on the probe as

Jy(x,y,2) = 8(x —x")6(z — ") cos(qy)

What are the mode amplitudes that are excited by this probe? Where should one
place the probe to achieve maximum excitation for the TE{p-mode [6, p. 210]?

P3.15. A strip transmission line consists of a metal strip sandwiched between two
parallel plates as shown in Figure 3.12. Assume that the strip is infinitely thin of
width W and the plate separation is b. The space between the parallel plates is
filled with a homogeneous medium characterized by €( €, and (. Solve the Poisson
equation to determine the potential Green’s function and show that it is given by

1 < 1 . (nay\ . (nwy’ -nw|x-x’'|/b
Glx,y;x’,y') = —sm< >sm< )e
eon b b

TE() €,

P3.16. The free space one-dimensional Green’s function for the Helmholtz equation
is the solution of

2
‘ZTCZ;+ k3G = —8(x — x7)

subject to the radiation condition G(zeo, x”) = 0. Use direct construction method
and

Ae®o*  for x> x!
Gx;x") = -
’ Be R0 for x < x’

to show that [8, p. 189]

Figure 3.12 Geometry of a strip line.
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Contour Integration and Conformal
Mapping

Our interest in the functions of a complex variable is because of their applications to
solving improper integrals and the solution of Laplace equation based on conformal
transformation. In this chapter we first review the fundamentals of functions of a
complex variable, including analytic functions, calculus of residues, Cauchy’s inte-
gral theorem, and improper integrals. Then we discuss conformal mapping and

Schwarz-Christoffel transformation. Applications to planar transmission lines are
included.

4.1 Introduction

The lossless systems are idealizations of real-world systems which are lossy in
nature. While the characteristics of the lossless system are described by real numbers,
the losses are accounted for by adding an imaginary part to the characteristics and
therefore represented by complex numbers. For example, a lossy transmission
line is described by characteristic impedance and propagation constant which are
complex in nature. When the losses are small, perturbation approach may be
employed to include the effect of losses. Complex numbers may be considered as
variables if either its real part or the imaginary part, or both, vary.
A complex variable z may be expressed in the Cartesian form as

T=x+7jy (4.1)
where x and y are real variables. Polar form of the complex variable is given by
z=rel’ (4.2)

These representations are shown in Figure 4.1.

Representation of a Function of Complex Variable
A function of a complex variable z may be represented as

f(z) =f(x,y) (4.3)
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Jy
r (x.y)

y ¢ x, 6 =0line

Figure 4.1 Cartesian and polar representations of a complex number.

Analogous to the complex variable (4.1), the function f(z) may be written as
a sum of two functions #(x, y) and v(x, y), each of which is a function of two
real variables x and y, and is defined as

f(z) =ulx,y) +jv(x,y) (4.4)

Applications of Complex Variables
(i) For an analytic function f(z) (defined later), the functions # and v satisfy the
Laplace equation,

VZu=0,and Vv=0 (4.5)

Let the function # describe a two-dimensional electrostatic potential. The function
v, which describes a family of curves orthogonal to the function #, may then be
used to describe the electric field E.

(ii) In many problems, mapping in the complex plane permits us to create a
geometry that is easier to analyze. For example, conformal transformation has
been used to transform coaxial line, and planar lines to parallel plate geometry. It
is easier to determine the capacitance for a parallel plate line.

(iii) Some second order differential equations may be solved by the power series
expansion. The same power series may be used in the complex plane. Taylor series
expansion and analytic continuation can be used for extending the region in which
the solution is valid.

(iv) The integration in the complex plane has a number of useful applications.
These include: evaluation of definite improper integrals, obtaining asymptotic solu-
tions of differential equations, and inverting integral transforms.

Next, we define some of the important properties of f(z).

4.1.1 Analytic Function

A function f(z) is said to be analytic at a point z = z) if the derivative f’(z) exists
at zo and in some small region around z(. The definition for f’(z) is identical in
form to that of the derivative of a function of a real variable; that is,
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f(zo0 + Az) = f(z0)

(z0) = Lt 4.6
f'(zo) 2 Az (4.6)
_ gy ot Ax, yo+ Ay) +jvlx + Ax, yo + Ay) = ulxo, yo) = ju(x0, ¥o)

Ax -0 Ax +jAy
Ay—0

The limit involved is two-dimensional in nature because Az = Ax +jAy. There-
fore, many results from the calculus of real variables do not carry over to the
calculus of complex variables [1]. Use of Taylor series expansion in (4.6) shows
that f’(z) exists if

Ju Jv
* " ay (4.7a)
and
ou o
¥y~ ox (4.7b)

The expressions (4.7) are called Cauchy-Riemann conditions for a function to
be analytic [1-5]. In words, a function f(z) is analytic at z = zg provided: (1) the
first-order partial derivatives of # and v exist in the neighborhood of z(, (2) these
partial derivatives are continuous, and (3) satisfy (4.7) at zg. A function f(z) is
not analytic at zg if: (1) z = z¢ is a singular point, or (2) z = z¢ is a branch point
or if f(z) is multivalued at z(, or (3) the derivatives of all orders of f(z) do not
exist at zo. Henceforth, it will be assumed that we are working with analytic
functions.

4.1.2 Analytic Continuation

Analytic continuation is a process of extending the region in which the function
is defined. The function can be extended indefinitely, through analytic continuation,
if the function has isolated singularities only [2]. Let D1 and D be the two regions
that overlap (i.e., D1 N D, # 0 as shown in Figure 4.2). If {7 is analytic on D1,
f7 is analytic on Dj, and f{(z) = f2(z) on D1 N D, then f; is called the analytic
continuation of f1 from Dy into D;. In practice, we determine a single function
F(z) such that

F(z) =f1(z) when z is in Dy (4.8a)
=f2(z) when z is in Dy (4.8b)

and is analytic in the domain Dy N D,. We shall use analytic continuation to
determine improper integrals along the real axis.
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Figure 4.2 Definition of analytic continuation.

4.2 Calculus of Residues

4.2.1 Poles and Branch-Point Singularities

A function of a complex variable may have two types of singularities: pole singular-
ity and branch-point singularity. The pole singularity is characterized by the value
of the function blowing to infinity at the singular point. Mathematically, a function

f(z) has pole at z = zp if It |f(z)] = . A pole is of order m if f(z) is of the
22,

form f(z) = b/(z — z¢)". A pole of order m = 1 is called a simple pole.

The branch-point singularity is associated with the ambiguity produced by the
multivalued nature of the functions such as f(z) = (z — z¢)“, where |a| < 1. The
branch-point is determined by setting f(z) to zero and the number of values of the
function is given by 1/|a|. For example, the function f(z) = 2" has branch-point
at z = 0. The function is double-valued because for any value of z defined as
z = (p, ¢ + 2nm) in the neighborhood of z = 0, there are two distinct values of
f(z). The double value behavior is a complex analogue of y2 = x in which two
values of y, ty correspond to each value of x. Similarly, the function f(z) =

22— 1) s triple-valued with branch points at z = +1.

4.2.2 Cauchy Integral Theorem

If a function f(z) is analytic in some region R (see Figure 4.3), then for every closed
path C in R the line integral of f(z) around C is zero; that is,

3€f<z> dz=0 (4.9)

Conventionally, the positive direction of the line integral is taken to be counter-
clockwise direction, as shown in the figure.



4.2 Calculus of Residues 107

Figure 4.3 Closed contour C within a region R in which the function f(z) is analytic.

Corollary: Cauchy Integral Formula
If a function f(z) is analytic on a closed contour C and within the interior region
bounded by C, then

2if (2 if z¢ is interior to C
[a) g, [2millzo) ifzo s inter (4.10)
2= 20 0 if zg is exterior to C
Cc
For the point z( interior to C, (4.10) gives
1
f(z0) = f dz (4.11)

277 T 2 - 20

4

This expression may be interpreted to mean that the value of an analytic function
at an interior point zg can be determined once the value of the function on the
contour is specified.

Proof.  Although f(z) is assumed analytic, the integrand f(z)/(z — z¢) is not
analytic at z( because z = zq is a singular point. The contour may be deformed as
shown in Figure 4.4 to avoid the singularity. It need not be circular as shown. The
circle C; is of radius p. In the limiting case of p — 0, the modified contour will
approach the original contour. The function f(z)/(z — z¢) is analytic over the
deformed contour and the Cauchy integral theorem can be applied. The contour
integral may be split into a number of line integrals as

C A
f&) dz = Mdz+j fz) dz — J
2 =20 2 =20 2—X0 Z—zo —Z()
D B

c C,

(4.12)

The value of the integral is set to zero because the point z( is outside the
contour. The line integrations over DC and BA, being parallel to each other and
oppositely directed, cancel each other. Therefore,
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]
<

o i S

Figure 4.4 A possible construction of contour for evaluating a contour integral with pole at
z= 2.

J fz) dz—f &) 4 _o (4.13)
ol c,

In the limiting case when the lines CD and AB merge, the contour C; becomes the
original contour ¢, and C) becomes a circle. Therefore, (4.13) may be written as

f(z) dz — f(z) dz=0 (4.14)
Z—20 Z—20
c C,

The second integral can be evaluated easily because contour C; is a circle by
construction. Let the points on the circle be defined as

z=zo+pe/0 dz=jpei0d6 (4.15)

Polar representation for z is used here because of the circular shape of the contour.
Here p is small and will eventually be made to approach zero. We have,

27
7e .
Mdz= Lt j Mpeledﬁ
Z-20 P50 pe’?
C 0
2w
= if20) f d6 (4.16)
0
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Substitution in (4.14) yields

22—

3§ fz) dz = 27f (20) (4.17)
C

In the Cauchy integral formula, the integrand has a simple pole at z = zg, and
f(z) was analytic over the contour. What about those integrals where the integrand
cannot be expressed in such a simple form? Residue theorem provides the solution
in such cases.

4.2.3 Residue Theorem

Let C be a closed contour within and on which a function f(z) is analytic except
for a finite number of poles at z1, 2, 23, . . . interior to C as shown in Figure 4.5.
The shape of the contour is arbitrary so long as it passes about the poles as shown.
If Ky, K3, K3, ... K, denote the residues of f(z) at these poles, then

fﬁf(z) dz=2m/(Ki+ Ko+ K3 +...+K,) (4.18)
C
where the integral is taken counter-clockwise around C. To apply the residue

theorem to a given problem the contour should be drawn to avoid the poles as in
Figure 4.4.

Determination of Residues Corresponding to the Simple Poles
For this purpose, the given function f(z) is expanded in Laurent series about the
pole. For a pole at z = z(, the Laurent series can be written as

fR)=Y au(z-zp) (4.19)

N =—o0

For a simple pole the coefficients for #n < —1 are zero. Therefore,

Figure 4.5 Modification of the contour of Figure 4.4 when there are a number of poles.
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flz) = Z“_‘LO tag+ Y anlz-z)" (4.20)

n=1

The coefficient a_q is called the residue corresponding to the simple pole, and
is determined as

a-1=[(2)(z = 20)|;=¢, (4.21)

since all other terms of f(z)(z — zo) become zero at z = z(. Residue for a simple
pole at z is therefore given by

Residue = f(z)(z — zo)|z=z0 (4.22)

Example 4.1.  Determine the poles and corresponding residues for the function

f(z):(z2+ 1)

Solution.  The function f(z) has simple poles at z=47. The corresponding residues
are:

. ) ) 1 1
Residue atz=]:f(z)(z—l)|z:i:sz T2 (4.23a)
z=j
. . . 1 1
Residue atz=—/:f(z)(z+/)|z:_i=z—_l. =3 (4.23Db)
z=—j

We now use the Cauchy integral formula and the residue theorem to determine
improper integrals.

4.3 Evaluation of Definite Improper Integrals

We come across improper integrals in the solution of partial differential equations
(PDE). For example, the solution of inhomogeneous PDE using the Green’s function
method (Chapter 3) may be expressed as

d(x) = f G(x;x")f(x") dx’ (4.24)

Similarly, the use of Fourier transform method (Chapter 5) gives rise to a solution
in the form of inverse Fourier integral:

f(x):\/%Jf(a)e_jax da (4.25)
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In the above cases, the integration is carried out along the real axis, and some of
these integrals are improper integrals in the sense that the integrands may have
poles and/or branch-point singularities over the range of integration. Such integrals
can be evaluated by means of contour integration in the complex plane.

4.3.1 Improper Integral Along the Real Axis

Let us consider the following integral:

I= f f(x) dx (4.26)

—oc0

where the function f(x) has a pole at x = x(. One may write the above integral
as

R
1= b f Flx) dx (4.27)
R

There is a similarity of form between the integrals of (4.18) and (4.27). In both
the cases, the integrand is singular. However, the integration in (4.18) is carried
out over a contour in the complex plane, whereas it is carried out along the real
axis in (4.27). In order to solve (4.27), we modify the integration along the real
axis into a contour integral in the complex plane such that the real axis is included
in the contour as in Figure 4.6(a). Also, the function f(x) is analytically continued
into the upper half plane Im(z) > 0. Its analytic continuation is called f(z) and is
obtained by replacing the real variable x by the complex variable z.

R

The integral It f f(x) dx is therefore evaluated as 35 f(z) dz and the value

R—> o
-R C
of I determined. The closed contour facilitates application of Cauchy integral

Cr

(b)

Figure 4.6 (a) An improper integral with integration along the real axis, analytically continued in
the upper half z-plane for integration as a contour integral. (b) Contour of (a) deformed to exclude
the pole.
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formula and residue theorem. The curve C includes the range of actual integration,
and a semicircle Cg of very large radius; that is,

Sﬂﬂz) de= It ff dx+ff (4.28)
C

The above approach is applicable if the function f(z) satisfies the following
conditions:

1. f(z) should be analytic everywhere in the upper half plane defined by
Im(z) > 0, except for a finite number of isolated singular points.

2. f(z) should vanish as strongly as 1/z* for |z| = o0, 0 < 6 < 7. This condition
implies that the integrand approaches zero over the semicircle Cg, and the
contribution of arc Cy to the integral vanishes.

To apply the Cauchy integral formula, the integration along the closed contour
C is now deformed to exclude the pole at z = z¢ = x(, Figure 4.6(b). However, in
the immediate vicinity of the isolated pole the integrand is analytic so that the
deformation around the pole is in the form of a semicircle of vanishingly small
radius. With this construction, (4.28) may be expressed as

jgf(zmz I ff ) dz + Jf dz+ff ) dz + Jf
C

Zgtp

(4.29)
Of the various integrals we note that:

1. fﬁ f(z) dz = 271j X residue of f(z), for the pole included in the contour (by

C
Cauchy integral formula). The value of this integral is zero here, because

the pole is located outside the contour.
2. f f(z) dz = 0, in view of assumption 2 made above.
R —> oo 2
3. f f(z) dz = —jm x residue of f(z) at 2 = z9 = x¢. The negative sign on the

C

p
right-hand side appears because the semicircle Cp is traversed in the clock-
wise direction.

In view of 3 and the limit p — 0, (4.29) becomes
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R
fﬁ flz)dz= It f flx)dx+ It f(z) dz — jm X residue of f(z) at z = x|
R—ow R >
C -R Cp
(4.30)
Use of 1 and 2 gives
f f(x) dx = jm x residue of f(z) at 2 = x (4.31)

—oc0

Corr: In the above example, the contour may be deformed to include the pole
as shown in Figure 4.7, and the integral may also be evaluated using the procedure
described above. However, there are some modifications in the values of some of
the integrals. These are:

1. % f(z) dz = 271j X residue of f(z) at 2 = x(, because the pole is now

included in the contour C.
2. J f(z) dz = jm x residue of f(z) at 2 = x.
Cﬂ

Substituting the values from 1 and 2 in (4.29), one obtains the same value for the
given integral as (4.31).

Example 4.2.  Let us evaluate the following integral with a simple pole:

oo R
1 1
sza_kodazREmfa_koda (4.32)
e %

The integrand has a simple pole at @ = k(. Now, convert this integral into a contour
integral in the complex plane through analytical continuation and call it I¢; that
1s,

Figure 4.7 Contour of Figure 4.6(a) deformed to include the pole.
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1
IC = § m dac (433)
C
Here, a, is a complex variable with Re(a.) = @. The contour C may be drawn to

avoid the pole at @, = k¢, similar to that in Figure 4.6(b). The closed contour C
is segmented as follows:

ko=p
1
fﬁmd%:szw J g dae It f o dee (434
C Cy p=0 R
R
v da.+ It Ly
o o
p0 | ac—ko T RIS ac—ko €
C, P20 ki+p
Of the various integrals above, we note that:
. 1 :
(1) % ——— da, = 0, by Cauchy integral formula (4.35a)
a. — ko

C

and

. 1 . 1
(11) Rzm f m dac = 0, since P ko —>0as a, > o (4.35b)
Cr

Substituting a, = kg + pe’? and integrating, we obtain
(iii) Iz ! d ] (4.35¢)
———da.=—jm .
p—0 ac— ko ‘ !
C

P

Equation (4.34) therefore reduces to

ko—p R
It LA LI (4.36)
(67 A& =17 .
R > ac_kO ¢ R > ac_kO ¢~/
p—>0 _R p—0 ky+p

Applying the limits gives

1 .
f o da=jrm (4.37)
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4.3.2 Fourier Transform Improper Integrals

Fourier transform integrals appear as a last step in the solution of PDE based on

Fourier transform method (see Chapter 5). In general, these integrals have pole or

branch-point singularities. We determine these integrals analytically next.
Consider the following Fourier transform integral:

1= f flx)e ™ dx (4.38)

—oo

with a real and positive. Following the approach described in the last section, the
above integral can be formulated as

R—

+R
I= It ff(x)eiax dx (4.39)
-R

This integral can be treated as a portion of the complex integral

% f(z)e/“z dz evaluated over the contour C as shown in Figure 4.6(a). Here, f(2)

C
is the analytic continuation of f(x) in the upper-half complex plane. From the
construction,
R
fﬁ f(z)e!® dz = J flx)e ™ dx + j f(z)e! dz (4.40)
C “R Cx

In order to evaluate the second integral on the right side, the function f(z) should
satisfy certain conditions. These conditions are very similar to those described
earlier for the determination of (4.28). Specifically,

1. f(z) should be analytic in the upper-half plane except for a finite number

of isolated singularities.
2. f(z) should be uniformly convergent in the upper-half plane: that is,

If(2)] = |f(Re’’)| < e  for|z|>R

Under these conditions,

R—>eo

It f f(2)e/™ dz = 0 (4.41)
Cr

because the factor e/ decays exponentially with z.
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Using the contour shown in Figure 4.6(a), we have

oo

(residues of f(z)e/**

jax ]az —
ff(x)e dx+R_>wa dz=2m ]Zln the upper-half z-plane)

—oo

(4.42)

Since the second integral is zero, we have

f f(x)e!™ dx = 2mj Y (residues of f(z)e/* in the upper-half z-plane)

—o0

(4.43)

If there is a pole on the real axis, an additional term will arise due to the contribution

of the integral over the semicircle f f(z)e** dz.
p—0

Example 4.3.  Consider the following integral:

jar
I= f ¢ da k is a real number (4.44a)
a-k

—o0

The integrand has a simple pole at @ = k, thus I is an improper integral. We can
write the integral as

R ejarr
I:szfa_kda (4.44b)
-R
elacr
This integral can be treated as a portion of the complex integral fﬁ P da,
-

C
determined over the contour C as shown in Figure 4.6(a). To be able to apply the
residue theorem we avoid the pole at @, = k in some fashion. Let us do this by
means of a semicircle C, of small radius p in the upper-half z-plane as shown in
Figure 4.6(b). Then we can write

§ e i f -] =T

C C, ktp Cy

We can calculate the given integral in the limit R — o, p — 0 provided we can
determine the other integrals. Of the various integrals on the right side of (4.45),
we note that:
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jecr .
It ——da, = —jme fkr (-ve sign because of clockwise movement on C,)
p—0 a. -k ’

C/f
(4.46)
jar
(ii) f P da. = 0, because there is no pole on Cy
-
CR
gl
(iii) Similarly, § Py da.=0
C
In the limit R — o, we obtain from (4.45)
R
elar ik
Iszwfa_kdazﬁre (4.47)
“R
Example 4.4.  Let us consider the following integral with singularities:
“ aejar
1:[ pde k>0 (4.48)
a? -

—o0

This type of integral occurs in the solution of Helmholtz equation using Fourier
transform method (Chapter 5). The term k may represent the resonant frequency
of the resonator, for example. We use partial fractions to obtain separate integrals
for the singularities at a = +k; that is,

1 [ el 1 el
I=5dea+§fmda (4.49)
=1+

Now, the integrals are converted into integrals in the complex plane and the method
of contour integration can be used. There can be a number of possible contours
for this problem. These are discussed next.

Case 1. The contour is drawn such that it excludes both the poles, as shown
in Figure 4.8(a). From the contributions due to the analytical integrations about
the semicircles, we have
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-k +k

(a) (b)

(©)

Figure 4.8 Three different possibilities for the contour for an improper integral with two poles on
the real axis: (a) path going above the poles avoiding singularities; (b) the contour is drawn such
that it excludes one pole, and includes the other pole; and (c) path going below both the poles to
include both the singularities.

or
I =11+ I, = mj cos(kr) (4.50)

Case 2. The contour is drawn such that it excludes one pole, and includes the
other pole as shown in Figure 4.8(b). The contributions of integrals I and I, are
found to be the same as earlier. Therefore, I = 7j cos (kr).

Case 3. The new contour includes both the poles as shown in Figure 4.8(c).
This situation can be analyzed similarly as above, and the value of the integral is
found to be I = 7j cos (kr).

Remarks. In the problem discussed above, the contour C cannot be closed in
the lower-half a,-plane because ¢/” (a = a, — ja; in the lower-half plane) will
increase exponentially with ». However, the contour for the integral

oo

—jar
I=f%da (4.51)
a” -k

—oo

may be closed in the lower-half a,-plane.

The Fourier transform integral of (4.48) produced a standing wave solution
in the form of cos(kr). The propagating wave solutions for the same integral can
also be obtained. For this, we attempt a slightly different approach.

Let us assume that the medium is lossy so that k is complex with k& — k + je,
where € is positive but small and will eventually be made to approach zero; that
is,
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I(k)= It I(k+je) (4.52)

e—>0

Also, the contour along the real axis need not be deformed in this case because
the poles a = £(k + je) will now shift away from the real axis due to losses. The
contour for the integral

o — k?

—oo

- —jar
I= f 2 a (4.53)

is shown in Figure 4.9. This integral may now be written as

oo

—ja.r
I.= It f ZQL.Z da, = -27j x (residue at a, = —k — j€)
>0 ) al — (k+je)

(4.54)

The negative sign on the right side is introduced because of the clockwise
movement on the contour C. The residue at a, = £(k + je) is obtained as

e—j(—k —je)r e jkr

It = 4.55
e—0 2 2 ( )

Therefore,
[ =—mjelk” (4.56)

The above solution represents an incoming wave. Substituting £ — k — je would
have produced a solution in the form of an outgoing wave, e 7%, The standing
wave solution cos (kr) is an average value of these two solutions and is called the
Cauchy principal value of the integral; that is,

. —jar - —jar - —jar
PVI%d&Zl It J%dd+ It J%d&
a” -k 21 es0 ) % = (k+je) e>0 ) a” = (k- je)

(4.57)

Figure 4.9 Contour for an improper integral along the real axis when the medium is lossy. The
path need not be deformed near the poles.
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It is now proved that three different solutions for the same integral are possible.
This is true because the integral is an improper integral. The value of the integral
is not uniquely defined until we define the particular limiting process, for example,
averaging in this case.

Exercise.  Use the residue theorem to show that

o —3
—
+ |
2 ]
N
Il
3
2

4.3.3 Some Other Methods Useful for Solving Improper Integrals

The contour integration is perhaps the most commonly used method to solve
improper integrals. Some of the other methods that may be employed are given
next.

Singularity Subtraction Method

The details of this method are given in Appendix B at the end of the book. In
summary, the numerator in this method is modified by subtracting a term so that
the numerator and the denominator become zero simultaneously as the integration
variable approaches the singular point as described below

2c 2c 2c

f f1z) dzzf—f(z)_f(c) dz+fmdz (4.58)
Z—C Z—=cC Z—=cC

0 0 0

The first integral is well behaved and can be evaluated numerically. The second
integral is singular but simpler than the original integral; and is expected to be
evaluated analytically.

Example 4.5.  Let

2
I= f cos(z) 4. (4.59)
0
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Integration with Variable Substitution
In some types of improper integrals, substitution of the integration variable may
be used to remove singularity. For example, consider

eI dx (4.61a)

ff;
Z_ 2
-a

The integrand has poles at x = a, and can be removed by substituting x = a sin 6.
With this substitution, the integration yields

/2
I= f 10 o = 1o (aa) (4.61b)
—7/2
Other Method
A third method is as follows. Complete elliptic integrals of the first kind, and
defined as
/2
K(k) = f 40 (4.62)
) 1 - k?*sin® 0

may be expressed in a series form, and is discussed in Section 4.5.

4.4 Conformal Mapping of Complex Functions

The determination of distributed capacitance of a transmission line requires solution
of the Laplace equation in two dimensions. For some geometrical shapes, it is
difficult to solve Laplace equation in the natural coordinate system of the transmis-
sion line. Conformal mapping may be used in these cases to map the boundaries
of the transmission line into parallel plate configuration for which the solution can
be readily obtained. The conformal mapping method is equivalent to a coordinate
transformation and its applications to planar transmission lines are described.

4.4.1 Mapping

Let us first consider mapping in the real variable domain. The equation y = f(x)
describes a correspondence between points x on the x-axis and points y on the
y-axis; that is, points x are mapped onto points y. The graphical representation
of y = f(x) is a curve in the plane (x, y), and the shape of the curve is determined
by f. For example, the expression y = mx + ¢, where m and ¢ are real numbers,
represents a straight line in the x — y plane. In a similar fashion, we use a surface
to exhibit graphically a real-valued function y = f(x1, x3) of two real variables x4
and x;.
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Now let us consider mapping between two complex variables z = x + jy and
w = u + ju, and denoted as w = f(z). The function f performs mapping or trans-
formation between the complex-domains (x, y) and (#, v) according to a rule
described by the function f. Graphical representation of this mapping on a single
graph is not useful because each of the real variables # and v are functions of x
and y, and the mapped function in the complex-domain w may not represent a
useful shape. For simplicity, we draw two graphs; one for the z-domain with x
and y as the axis, and the other for the w-domain with # and v as the axis. Figure
4.10 illustrates the principle of mapping through the mapping of straight line
—m<x < 1, y=cin the z-plane into a corresponding curve in the w-plane according
to the transformation w = sin(z). For convenience in mapping we use the Cartesian
coordinates

w=u+jv=sin(x +jy) (4.63)
or
u = sin(x) cosh(y) and v = cos(x) sinh(y) (4.64)

The point-to-point mapping from A, B, C in the z-plane to the corresponding
points A’, B’, C” according to (4.64) is illustrated in Figure 4.10. Thus, the given
straight line is transformed into an ellipse by the transformation w = sin(z).

This example demonstrates that we can transform a straight line into a closed
curve through mapping. Alternatively, we can use the mapping function z =sin"' ()
to map the ellipse of Figure 4.10(b) into the straight line of Figure 4.10(a). In this
case a complex geometry is transformed into a simple shape.

4.4.2 Properties of Conformal Mapping

A transformation w = f(z) is said to be conformal at a point if the function f(z)
is analytic at that point. Conformal mapping or transformation preserves angles
between every pair of curves; that is, if two curves in the z-plane intersect at a
particular angle, the corresponding transformed curves will also intersect at the

1 jv
ijc L
A ! 2 ‘_ !
W W— S Joo =
-7 ; T :

(a) (b)

Figure 4.10 Mapping of the line segment —7 < x < 7, y = c using the mapping function w = sin(z):
(a) z-plane; and (b) w-plane.
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same angle, although the transformed curves in w-plane may not have any resem-
blance to the original curves. Any conformal transformation would, therefore,
transform parallel or orthogonal curves in the z-plane into parallel or orthogonal
curves in the w-plane, respectively. As an illustration of conformal mapping, we
consider the mapping w = In(z). For convenience we use polar form z = r exp (j0),
and obtain

u=1In(r) and v=20 (4.65)

This equation indicates that the mapping w = In(z) maps a circle in the z-plane
into a straight line parallel to the v-axis in the w-plane. Also, an annular region
ABCDEF is transformed into a rectangular region A’B’C’D’ E’F’ as shown in
Figure 4.11. Further,

1. The r = constant arcs AE and BD map onto the # = constant segments A’E’
and B’D’, respectively;

2. The orthogonal curves AB and BD map onto the orthogonal curves A’B’
and B’D’, respectively;

3. The parallel arcs AE and BD map onto parallel segments A’E” and B’D’,
respectively.

It may be pointed out that the boundary conditions remain unchanged under
conformal mapping; that is, Dirichlet boundary condition defined by, say,
H(x, y) = ¢ in the z-plane transforms into the curve H(u, v) = ¢ in the w-plane
[1]. This implies that instead of solving the boundary value problem directly in
the z-plane, we may transform this problem into a simpler one in the w-plane,
determine its solution, and transform back to the z-plane to obtain the solution
of the original problem. We shall prove next that the capacitance per unit length
of the transmission line remains unchanged under conformal transformation.

Consider the cross-section of a two-conductor transmission line shown in Figure
4.12. The medium between the conductors is assumed to be linear, homogeneous,
isotropic, and lossless with permittivity € and permeability x(. The energy per unit
length stored in the electrostatic field of this transmission line is given by

(@) (b)

Figure 4.11 Mapping of an annular region into a rectangular region using the transformation
w = In(z) and describing the properties of conformal mapping. The dotted region in the z-plane is
mapped into the dotted region in the w-plane. (a) z-plane; and (b) w-plane.
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s
e

Figure 4.12 Cross-section of a two-conductor transmission line.

1
We:zﬂ’ E|E|2 ds
S

(4.66)

where E is the electric field and S is the cross-sectional area of the transmission
line which includes the conductors S1 and S,. Since E = -V, ¢, with ¢ being the

1 2 t g
potential difference between the conductors, we can write

1
W6226JJ
Yy x

Use of Cauchy-Riemann equation (4.7a) gives
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This expression represents the electrostatic energy per unit length of the transformed
line in the w-plane. Since the energy stored in the original and transformed planes
is identical, the capacitance of the transmission line remains invariant under trans-
formation. It means that transformation back to the original plane for the calcula-
tion of capacitance is not required; the calculation of capacitance in the transformed

plane will suffice.
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4.4.3 Applications of Conformal Mapping

Conformal transformation has been employed frequently to determine the charac-
teristics of transmission lines, and discontinuities in them. The advantage of this
approach is that the analytical solution based on conformal transformation leads
to design equations. Also, an open geometry like that of planar lines is transformed
into a closed geometry. The limitation of this method is that it provides solution
for the static fields only, which may be used at best for the quasi-static cases. As
a next step we show that the real and imaginary parts of an analytic function
satisfy the Laplace equation.

Consider an analytic function w = u(x, y) + jv(x, y) which satisfies (4.7). Now,
differentiating (4.7a) with respect to x, (4.7b) with respect to y, and adding the
resulting equations, gives

a2

— + =0 (4.69)
ox? ayz

Similarly, differentiating (4.7a) with respect to y, (4.7b) with respect to x, and
subtracting the resulting equations, we obtain

Lo +5=0 (4.70)

Thus, the real and imaginary parts of an analytic function separately satisfy the two-
dimensional Laplace equation. Either of these functions may be used to represent the
potential distribution and the other for the static electric field. It implies that we
can solve for the potential and the corresponding static electric field in a transmis-
sion line structure by choosing an analytic function w(z), determine its real part
u and imaginary part v, and taking either # or v as the potential [6]. Boundary
conditions dictate the selection of # or v for the potential. If # = constant curves
coincide with the boundary of the structure, then u is selected as the potential
function. Once the potential and electric field distributions are known in the trans-
mission line, one can determine the capacitance per unit length of the line. Calcula-
tion of the capacitances of the transmission line with the dielectric present, and
that of dielectric replaced by air can be used to determine the characteristic imped-
ance and the effective dielectric constant as described in Section 1.13. In practice,
several transformations in sequence are needed to yield a geometry whose solution
is known or can be found easily.

4.5 Schwarz-Christoffel Transformation

The Schwarz-Christoffel transformations help solve an important class of boundary
value problems that involve regions with polygonal boundaries. Our interest in
this transformation is to use this technique for the design of planar transmission
lines.
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The Schwarz-Christoffel transformation maps the x-axis onto a polygonal
contour, and upper-half of the z-plane y > 0 onto the interior of the polygon as
shown in Figure 4.13. The polygon lies in the w-plane. Let the desired mapping
be described by w = f(z), and assume that its derivative is given as [7-10]

=3 = Ak -x M- mrt g™ @)

N
ﬂ (2 — x,) %

where A is a complex number, k, (n =1, 2, 3, ..., N) are real numbers, and x,,
(n=1,2,..., N) are points on the x-axis of domain D such that
X1<X2<...X;3<...XN-1<XN (4.72)

and are shown in Figure 4.13(a). One or two points out of these might be at
infinity. The mapping w = f(z) transforms domain D into a polygon G as shown
there. The vertices of the polygon are w,, = f(x,).

From (4.71), the argument or the angle of f’(z) can be obtained as

arg ['(z) =arg A — kqyarg(z —x1) — kyarg(z —xp) —...—-kyarg(z — xN)
(4.73)

Now consider a point z on the x-axis. Thus, z = x, and z — x,, is positive if z >
x,, and negative if z < x,,. If the positive sense of the x-axis is to the right, then

0 forz>x,
argle—xu) =1 n=1,2,3,...N-1 (4.74)
n

Figure 4.13 Schwarz-Christoffel transformation: (a) z-plane; and (b) w-plane.
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It may be emphasized that 0 < arg(z — x,,) for y > 0. Now assume that point 2
traverses to the right through different points x,,, and let 8, = arg f’(z) for x,, < z
< x,+1, we then have from (4.73) and (4.74)

O,=arg A— w(kys1+kuio+...+kN) (4.75)
O,r1=arg A—mk,io+k,i3+...+kN) (4.76)

or
Ons1— On= TRyt (4.77)

It should be apparent that as the point z moves along the x-axis passing through
the point x,,, the corresponding point w traverses a polygon in the w-plane with
the vertices defined by w,, = f(x,), and shown in Figure 4.13(b). Observe from
(4.77) and Figure 4.13(b) that as the point z passes the point x,, 1, the direction
of the path of the corresponding point w changes by an angle 7k, 1. This angle
is the exterior angle of the polygon at the vertex w, 1. The exterior angles are
limited between —7 and ; therefore, -1 < k,, < 1. Also, since the sum of the
exterior angles of a polygon is 27, we obtain kq + ky + .. .kx = 2. It has been
assumed in the mapping considered that the sides of the polygon do not cross each
other, and the positive sense of traverse is counter-clockwise. If the interior angle
of the polygon at the vertex w,,, | is defined as ¢,,, 1, then

bnr1=m(1 = kyi1) (4.78)

Integrating (4.71) with respect to z gives the following expression for the
Schwarz-Christoffel transformation:

w=[f(z)=A f (z" - x1)_k1(z' —xz)_l€2 (7 —xN)_kN dz’+ B

)

(4.79a)

where k1 + k) + ... ky =2, and B is an arbitrary constant that determines the
position of the polygon. The size and orientation of the polygon can be controlled
through the magnitude and angle of A, respectively. The integration in (4.79a) is
carried out along any path in D that joins z¢ to z. The integrand consists of
multivalued functions (z” — xn)_k” since |k, | <1, and the principal branches of
these multivalued functions are selected such that these are a direct analytical
continuation into the upper-half plane of the real valued functions (x — xn)_k”,
where x > x,,. Therefore, the integral (4.79a) is a single-valued analytic function
in the upper-half plane y > 0, and the points x,, are the branch-point singularities
of the integral. The inverse Schwarz-Christoffel transformation corresponding to
(4.79a) is given by
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z=Fw)=C f (w’ — wl)_K‘ (w” — wz)_K2 (W = wN)_KN dw’ +d
Wy
(4.79b)
where
K1+K2+...KN=2 (480)

It may be noted that in Schwarz-Christoffel transformation we first create a
complex number w = u + jv by using # and v coordinates of a point in the geometry.
The transformation is defined by a line integral in the complex plane, (4.79b). The
transformed plane (z-plane) is described by the complex number z = x + jy, where
x and y represent the coordinates in the z-plane.

Procedure for Schwarz-Christoffel Transformation

In practice, a polygon in the w-plane is given, and the transformation is determined
such that the x-axis is mapped onto the given polygon. This requires the inverse
mapping function giving z as a function of w. Generally, it is difficult to obtain
this inverse transformation analytically, and we proceed by trial and error to set
up the desired transformation. In practice, several transformations in sequence are
needed to yield the desired geometry. The steps given below may be followed to
arrive at the transformation:

First determine the exteriors angles of the polygon. This can be done easily
from the given polygon.

Next, choose the points x,. The selection of points often requires ingenuity.
While choosing the points, the information about the polygon must be included.
The study of conformal mapping analyses of planar transmission lines indicates
that the points x,, corresponding to the vertices of the polygon must be included
as factors in (4.79a). The points at infinity do not give rise to additional factors.
The rest of the points in the two planes are linked by one-to-one correspondence
of the mapping. The number of unknowns being greater than the number of
equations the points x, cannot be determined uniquely. A maximum of three points
or three conditions on x, can be chosen arbitrarily [1]. Hence, for polygons with
more than three sides (N > 3), some of the points x, must be determined so that
the x-axis is transformed into the polygon.

Finally, evaluate the integral (4.79a). The integration involves singularities,
and usually it is not possible to express it in a closed form. However, for
|k,| =0, 1/2, 1, 3/2, 2 one may be able to express the integral in terms of standard
functions like elliptic functions and a look-up table may be necessary. Otherwise,
numerical integration is the best option. In such cases, the transformation may still
be highly useful, but the value of w is obtained iteratively [11]. Integrals with
singularities at the end points may be carried out using the function NiIntegrate
from Mathematica [12].

We next discuss a commonly used Schwarz-Christoffel transformation.
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4.5.1 Elliptic Sine Function

The transformation
z=sn(w, k); Z=x+Jy (4.81a)

is an important mapping function in the study of planar transmission lines [7].
The elliptic sine function sn(w, k) transforms the boundary of a rectangle in the
w-plane onto the real axis of the z-plane, and the interior of the rectangle is mapped
onto the upper half of the z-plane. The inverse transformation is given by

w=sn"'z, k) (4.81b)

and transforms the x-axis into a rectangle in the w-plane. The rectangle may
represent a parallel plate capacitor.

The elliptic sine function is a generalization of the sine function to the complex
domain and is defined as

sin w = sin(u# + jv) = sin # cosh v + j cos u sinh v (4.82)
The function sin w is periodic with period 27 along the u#-axis and is plotted in
Figure 4.14(a) for —7/2 < u < 7/2, 0 < v < oo, The sine function goes from —e to
—1 and then from +1 to + along the contour ABCD, as shown in the figure. The
mapping z = sin w transforms the contour ABCD into the strip A’B’C’'D” along the
x-axis, as shown in Figure 4.14(b). It is described by

x = sin u cosh v (4.83)

The points inside the rectangle are mapped onto the upper half of the z-plane.

jv
A(—-) 2 D()
W = utjv
B(-1) c(1)
: - - ~ X
-rl2 /2 B C

(a) w-plane (b) z-plane

Figure 4.14 Mapping of an infinite strip onto the real axis using the function z = sin w: (a) an
infinite strip in w-plane described by —7/2 < u < 7/2, 0 < v < ; and (b) mapping of the rectangle
ABCD using z = sin w.
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Unlike the sine function described above, the elliptic sine function (4.81) is
periodic along both the axis. The periodicity of the elliptic sine function is 4K (k)
along the u#-axis and 2K’(k) along the v-axis. The parameter & is called the modulus.
The inverse elliptic sine function is of a form similar to the inverse sine function

w =sin_ Lz f

0

, and is given by [7]

w(Z) = (4.84)

zf dz
/ N1 =22 (1 - k%2?)

For k = 0, the inverse elliptic function reduces to the inverse sine function.
The periods K(k) and K’(k) of the elliptic sine function determine the sides of
the rectangle and are defined as

=sn'(1, k) (4.85)

and
1/k
dz
K(k) + jK (k):f (4.86a)
] A Y
1 1/k
dz dz
= +
Z\/u — 2 (1 -k ) A1 -2 - k)
or
1/k
f using (4.85) (4.86b)
Vie? - 1)(1 - K27

The integral in (4.85) may be expressed in a standard form by substituting
z =sin 6,

/2
St
) 1— k% sin? 0

and is called the complete elliptic integral of the first kind. Similarly, substituting
/ez(z2 1)=(1- /ez) cos® @ in (4.86b) gives

(4.87)
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K%k)z.f do : =F<k3§)::K&’) (4.88)
1 9

where k” = A/1 — k2. For convenience, two useful series approximations for K and
K’ are given by [13, p. 905]

1\ 1x 3V 1x3 x5V
Kik) = K0 =5 (1 (3) K+ (3300 K+ (T £+ )
(4.892)

or
. 4 /1N 4 2 -
K%)zK%)zwzﬁ«é>GnF—T;?V

2
+ <1 X 3) (eni S L)k"‘ (4.89b)

2 x4 k" 1x2 3x4
Ix3xS5V( 4 2 2 2 \,6
loxax6)\ " T1x2 " 3%x4 3x6 e

The convergence in (4.89) becomes very slow for values of k close to 1, in which
case we can use the asymptotic formula

K(k) = % €n11—6]€2 R for k nearly equal to 1 (4.90)

The ratio of complete elliptic integrals K(k)/K(k”) occurs very commonly in
the design of planar lines. Fortunately, this ratio can be determined accurately to
1 part in 10° using the following simple expression [14]:

B
1 1++/k 1
- H<ZW>, ﬁgkgl
K(k) K(k) _
K(/«')‘K'(/e)"< ;lVP , OSkSi% (4.91)
€n<2—_,>
L 1 -k

4.5.2 Application to Coplanar Strips

In order to impress upon the utility of the elliptic sine function, let us consider the
transformation of a pair of coplanar (metal) strips (CPS) into a parallel plate
capacitor. The widths of the strips are x, — x1 and x4 — x3, and they are separated
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by a gap (or slot) x1 — x4 as shown in Figure 4.15(a). Let us map the upper-half
z-plane (y > 0) of this geometry onto the rectangle A{A;A3A4 with vertices at
w = *a, ta + jb, where 2a and b are the width and the height of the rectangle
[Figure 4.15(b)]. We make use of (4.79a) to transform the pair of strips into the
rectangle.

In the integrand of (4.79a), only three of the four points x1, x7, x3, x4 may
be chosen arbitrarily. Since the rectangle is symmetric about the v-axis, we can
choose the points along the x-axis symmetrically. Thus, for the right-half rectangle
OA1A,B, let w =0, a, jb correspond to z = 0, 1, o, respectively. Let point A,
map to z = 1/k, 0 < k < 1. Similarly, for the left-half rectangle OBA3Aj4.

For a rectangle k,, = 1/2, therefore (4.79a) becomes

ke

w=A f (2 —x1) (2 = x) P = x3) (2 = x4) 2 d2’ + B (4.92)

)

Choosing x1, x7, x3, x4 as shown in Figure 4.15(a), we obtain

4

dz’
w=A
f NE = 1)+ 1) (2" = k) (2 + k)

40

+B (4.93)

For the point z = 0 to map onto w = 0, the constant B should be zero. Therefore,

dz’

=A 4.94
Y f\/(z’—1)(z’+1)(z’—1/k)(z’+1/k) .54
0

2K(k)

(b) w-plane

Figure 4.15 Mapping of coplanar strips in the z-plane into a parallel plate capacitor in the w-plane:
(a) z-plane; and (b) w-plane.
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The dimension a x b of the rectangle is determined from one-to-one correspon-
dence between the points in the z-plane and w-plane, and is determined next.
Since z = 1 maps onto w = a, we obtain from (4.94)

4

1
a=A’f dz RA’ = A (4.95)

where A’ is an arbitrary complex constant, and can be determined if k is known
and a is prescribed.
Also, since z = 1/k maps onto w = a + jb, we obtain

1/k

dz’
a+jb=A’ j

1 1/k
- A f A +f LLU— v
) N1 =22 (1 - k227?) / N1 =22 (1 - k22
1/k
. dz’ .
=a+jA f , using (4.995)
/ N2 = 1)(1 - k%22
Thus, with A" =1,
1/k
b:f : dz — (4.97)
1 \/(z’ -1)(1 - k%27

Hence, we can determine A” and k from (4.95) and (4.96) if a and b are prescribed.
On the other hand, if k is known and if we take A” = 1, then the values of @ and
b are determined from (4.95) and (4.96), respectively. The dimensions a and b
need not be determined separately if we are interested only in the capacitance of
the parallel plate capacitor represented by Figure 4.15(b). The ratio b/2a determines
the capacitance, and is given by [using (4.85) and (4.86)]

b Plate width  K’(k)
2a  Plate separation 2K(k)

(4.98)

The above analysis may be applied to coplanar waveguide (CPW) geometry
also. The CPW geometry is complimentary to the coplanar strips geometry. The
continuous lines in Figure 4.15 now represent the slots and dotted lines the metalli-
zation for CPW line. The ratio 2a/b is now proportional to the line capacitance
and is given by
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(4.99)

The modulus k& may be expressed in terms of the physical dimensions of the
transmission line. For the CPS geometry, Figure 4.15(a), the modulus & is defined
as

S2

k=wisn

(4.100)

where S is the slot width x4 — x1 and W is the strip width x) — x1.
The following points are noteworthy in the conformal mapping analysis:

1. An open geometry has been transformed into a closed geometry without
the use of asymptotic boundary conditions or absorbing material at the
open boundary.

2. The effect of charge singularity at the strip edges is included in the transfor-
mation through the factors 2’ — 1, \/z" + 1, \z’ — 1/k, \Jz" + 1/k.

3. The conformal mapping leads to simple design expressions for the capaci-
tance per unit length and therefore characteristics of the transmission line.

4.6 Quasi-Static Analysis of Planar Transmission Lines

Schwarz- Christoffel transformation is perhaps the most popular conformal analysis
method for planar transmission lines like strip line, microstrip line, coplanar strips,
coplanar waveguide, and microshield line. Its application to CPS and CPW lines
was discussed in the last section.

The basic approach used in the conformal transformation of planar lines is to
assume that all the dielectric interfaces in the structure, including slots, can be
replaced by magnetic walls [6, 15]. This assumption is strictly valid for those
geometries for which the electric field lies along the dielectric interfaces so that the
magnetic field is normal to the interface. Under this assumption, the half-planes
above and below the metallization plane of the planar transmission line can be
analyzed separately for line capacitance. The total line capacitance is then the
algebraic sum of the two capacitances. Further, if the dielectric substrate has finite
thickness as in Figure 4.16 for CPW line, the contribution of the lower half-plane to
the line capacitance can be determined as the sum of: (1) the free space capacitance,
obtained by replacing dielectric by the air medium in the line, and (2) the capacitance
of the dielectric layer alone assumed to have the permittivity (e, —1) [15]. This
approach yields exact results for infinitely thick substrate and for substrate thick-
ness » — 0. It has been found to give reasonable accuracy for most of the practical
ranges of physical dimensions. We shall illustrate the application of this method
to the strip transmission line. The mappings attempted for other planar lines will
then be listed along with the results.
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le— 2b —
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Figure 4.16 Cross-section of a coplanar waveguide with finite dielectric thickness.

4.6.1 Strip Line

The strip line consists of a thin metal strip inserted between two grounded dielectric
sheets as shown in Figure 4.17. The dielectrics and conductors are assumed to be
lossless, and the strip infinitely thin. The grounded dielectric sheets are assumed
infinitely large. The strip may be assumed to be at potential V with respect to the
ground planes. The electric and magnetic field distributions for the dominant
TEM-mode in the cross-section is also shown in the figure. The magnetic field
distribution in the strip line is such that it is normal to the symmetry planes at
x =0 and y = 0. Therefore, we can insert magnetic walls at these planes without
affecting the field distribution. The utility of magnetic walls will be explained later.

We can now decompose the total capacitance (per unit-length) of the strip line
into two independent capacitances: capacitance of the upper-half plane and that
of the lower-half plane. Each of these capacitances is evaluated as though the
other was not present. This is strictly possible due to the magnetic wall boundary
condition at y = 0. Now we can use the magnetic wall boundary condition at
x =0 plane to reduce the geometry to be analyzed to one-fourth of the given
geometry. The second quadrant of the strip line is drawn in Figure 4.18(a). The
capacitance of the strip line is four times the capacitance of the structure in Figure
4.18(a). We visualize this geometry as a rectangle in the w-plane whose vertices
are wy, wy, w3, and wy, and wish to transform it onto the upper-half of the
z-plane as shown in Figure 4.18(b). Using (4.79a), mapping from the z-plane to
the w-plane can be written as

--> H-field

@ —> E-field
Ih

je——>|
2a

Figure 4.17 Cross-section of a stripline and the field distributions.
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jv

MW: Magnetic Wall

(=0 <)w,

(=00 «)w,

(b)

Figure 4.18 The Schwarz-Christoffel mapping of the second quadrant in the w-plane onto the
z-plane: (a) w-plane; and (b) z-plane.

(4.101)

The exterior angles of the given rectangle are 7/2 each, and therefore k, = 1/2.
The vertices of the rectangle are: w1 — —oo, wy =0, w3 = jbh, and w4 — — + jh.
Since we can choose three points on the x-axis arbitrarily, we let x; — —oo and
x4 — o in order to cover the entire x-axis. We also choose x, = -1 and x3 = 0.
The correspondence between the points on the x-axis and those on the w-plane is
shown in Figure 4.18. The selected points are related to the vertices of the rectangle
through the transformation. Assigning the values x, = —1 and x3 = 0 is arbitrary.
However, one of the points should be marked x = 0 because it helps in determining
the unknown in (4.79a). Since B is as yet arbitrary, we may choose a lower limit
for the integration, z¢ = 0. With these choices (4.101) reduces to



4.6 Quasi-Static Analysis of Planar Transmission Lines 137

ke
A o p% -12
= - - -2 (1-= dz’ + B
oo | [ e (5)(-5)] e
0

(4.102)

For x1 — —oo, x4 — o, x9 = — 1, and x3 = 0, (4.102) reduces to

A=t (4.103)

w=A’ f —dz’ + B
\[Z’(Z/ + 1) \/961964
0

multiply ~ the  numerator and  the  denominator by

(1/\/— +1Az"+1 )(\/_ +42"+1 ) the integration can be carried out analytically:

. fmw INTFDNE +EFT)
| W)
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=2A’€n[\/z+'\/z+ 1]+B

+B

(4.104)

This transformation produces the following correspondence between the points in
the z- and w-planes:

X1 —> —0 > W — —o (4.105a)
x) > -1 wy—0 (4.105Db)
x3 >0 w3 —>jh (4.105¢)

X4 —> 0 &> w1 —> —oo + jh (4.105d)

By design we have satisfied x1 < x) < x3 < x4 as required by (4.72). Applying

the constraints (4.105b) and (4.105¢) on (4.104), we can determine A" and B
uniquely as

2A’In+/-1 =-B or A’jm=-B (4.106a)

B =jh (4.106b)

Therefore, A” = —h /7 and the transformation (4.104) is now given as
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w:—% tn|\z +\z+1]+jb (4.107)

Using this mapping function we can now determine the unknown x,, which corre-
sponds to half strip width w,. Substituting z = —x, and w = w, = —a in (4.107)
gives

x4 (g = 1)1 = e ™I (4.108)
J ]
or

Xg = cosh? (Z—Z) (4.109)

The geometry of Figure 4.18(b) cannot be analyzed readily for its capacitance.
So, we transform it again to map it into a polygon in the w’ =u" + ju’ plane. For
convenience in calculation of the capacitance, we choose a rectangular polygon
for the final transformed structure. The mapping between the z- and w’-planes is
shown in Figure 4.19. It is to be noted that the strip and the ground plane, which
are at different potentials and located on the same surface in the z-plane, have
been transformed to different surfaces in the w’-plane. For the rectangular polygon
in Figure 4.19(b), each of the exterior angles is 77/2. For this transformation we
choose the four points on the x-axis as the points defining the metal conductors;
that is, x1 = —x,, xp = -1, x3 = 0, and x4 = «. These points are known from the
previous mapping and have been selected because on transformation they define
the vertices of the rectangle. The transformation for these points may be written
as

z
w’zAlJ’ dz + By (4.110)
N2/ (2" + 1) (2" + x,)

0

where A1 and Bq are constants to be determined from the mapped points in the
w’-plane. Since Bj is as yet arbitrary, we may choose the lower limit for the
integration arbitrarily, and set 2y = 0 to obtain

z
w’:Alf\/z,( dz + By (4.111)

7+ 1)z + x,)
0

The four points in the w’-plane corresponding to the selected four points in the
z-plane are defined as

x1 =—x, =—cosh®(7wal2h) < w} =0 (4.112a)

x=-1ow)=1 (4.112b)
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MW: Magnetic Wall

(-0 «)x, MW T / x, MW X x,(—> )

(a)

(b)

Figure 4.19 Conformal mapping from the upper-half of z-plane into the w’-plane: (a) z-plane;
and (b) w-plane.

x3=0cwi=1+jv, (4.112¢)
X4 =00 > wh=jv, (4.112d)

It may be noted that the four points in the z-plane define the metallization and
are transformed to the parallel metal plates in the w’-plane.
To evaluate the integral in (4.111) we substitute z” = —#% and obtain

\/__z
w':A’lf zdt —— + By, Ay =24 413
) A1 =) (1 = 2 1x,) \xa

The integral can be expressed as inverse elliptic sine function defined in (4.84).
Accordingly,

w’ = A} sn” N (~=2)"2, x;1%) + By (4.114)
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Now we use the conditions defined by (4.112a) through (4.112¢) and obtain

Al sn V%) 27+ By =0 (4.115a)
Aysn (1, %72y + B =1 (4.115b)
By =1+jv) (4.115¢)

Solving these equations algebraically gives

—7 -1
o= (LK) k=t

sn kTS R) — sl (1L, k) X,

(4.116)

Use of (4.85) for the inverse elliptic sine function in terms of complete elliptic
integral of the first kind K(k) gives

, —K(k)
= 4.117
YT o kT k) - K(k) ( )
From the definition of s ™! (/e_l, k) we have
1/k
sn_l(k_l, k) = f dt
) N1 =2 (1 - k)
1 1/k
dt dt
- (4.118)
! (1 -3 (1 - k22) N1 =) (1 - k2%
= K(k) — jK(k)
Equation (4.117) therefore reduces to
,  K(k
Va = K((k/)) (4.119)

The geometry of Figure 4.19(b) is a parallel plate capacitor with the upper and
lower conducting plates at different potentials. The fringing field in this capacitor
is zero because of the assumed perfect magnetic walls at #” = 0 and #” = 1. The
capacitance of the parallel plate capacitor is equal to one-fourth of the capacitance
C of the strip line due to the two-fold symmetry. Hence, we have

coteoer e e KK (4.120)
v) (k)

where
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k = sech(mal(2h)) (4.121a)
k=1 - k2 = tanh (7a/(2h)) (4.121b)

The characteristic impedance Z) of the stripline is defined as [refer to (1.62a)]

1

N

where c is the velocity of light in vacuum, and C,, is the capacitance per unit length
of strip line with dielectric replaced by air. It is obtained from (4.120) as

Zo (4.122)

C,= 460% (4.123)

Substituting the expressions for C and C, in (4.122) gives

307 K(k)

e, K(E)

Zo = (4.124)

4.6.2 Microstrip Line with a Cover Shield

The geometry of this planar transmission line is shown in Figure 4.20. This transmis-
sion line finds applications in microwave integrated circuits and its analysis is very
similar to that of stripline. Comparing Figures 4.17 and 4.20 one finds that the
difference between the two geometries is in the upper dielectric sheet, which has
been replaced by air in microstrip line, and the thickness of this layer 5 is different
from that of the lower layer b. Due to this asymmetry along the y-axis, the plane
y = 0 is no longer a perfect magnetic wall. The deviation from this assumption
depends on the difference between the values of h and b, and €y and €e€,.
However, moderately accurate results for shielded microstrip lines can still be
obtained using conformal mapping [6].

Again we decompose the total capacitance per unit length of the microstrip
line into two independent capacitances: C corresponding to the air layer, and C,

Figure 4.20 Cross-section of a microstrip line with a cover shield.
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corresponding to the dielectric layer, assuming a perfect magnetic wall at the plane
y =0. Each of these capacitances is determined as though the other was not present.
To determine these capacitances we proceed in the same way as for strip line.
Divide each of these layers into two identical halves using the magnetic wall at the
plane of symmetry x = 0. The one-fourth structures, with dielectric and with air,
can be analyzed using the transformations detailed for the strip line. Using the
results of earlier analysis we can write that the capacitance per unit length of the
lower half of microstrip line, C,, is given by [refer to (4.120)]

K(k’
C, = 2606,% (4.125)

where k and k” are given by (4.121). The capacitance per unit length of the upper
half of the microstrip line, Cy, is similarly given by

Co=2¢p I;EEO; (4.126)
where
ko = sech (mal(2hg)) (4.127a)
kj = \[1 = k3 = tanh (7a/(2h0)) (4.127b)
The total capacitance per unit length C is the sum of C, and Cy; that is,
C=2¢e I;((/Z)) + 26 ﬁgl/:g; (4.128)

Due to the mixed dielectric nature of microstrip line, we determine the propagation
constant of the wave in terms of effective relative dielectric constant, which is
defined as

== (4.129)

where C, is the capacitance per unit length of the microstrip line with the lower
dielectric sheet replaced by air; that is,

K(k’) K(kp)

C,=2¢p K(E) +260K(k0) (4.130)
The effective dielectric constant is therefore given by
K K(kD)
,
€ro = K(,k) Kiko) (4.131)
K(k’)  K(kg)
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It may be noted that the magnetic wall assumption along the plane y = 0 is true
if by = h. The results are exact in the static limit and the value of ¢,, reduces to

€ =15 (4.132)

which is independent of the strip width and is equal to the average of two dielectric
constants. The characteristic impedance of the shielded microstrip line can be
computed from (4.122) to obtain

607
K(k’) K(k('ﬂ]

Zo=
Ver [K(/e) * Klko)

(4.133)

We have described the conformal mapping analysis of a microstrip line with
a cover shield. The analysis is valid for the static or quasi-static cases; that is, zero
or very low frequency cases, and only if the assumption of magnetic wall at the
air-dielectric interface is satisfied. For hg # b, this assumption is not valid. To
determine the amount of error one needs to compute the results for Zy and ¢,
obtained from (4.131) and (4.133), versus 2a/b for different values of hy/h with
€, as parameter. These results are compared with those obtained from the accurate
full-wave analysis. The comparison shows that (4.131) and (4.133) are accurate
to within 6% for ho/h up to 5, and the results for hy/h = 5 can be used for an
open microstrip line also, subject to the following conditions for ko and k() [6]:

b(mal2hy)), 0<holh<S$
Oz{sec (mal(2ho)) 0 (4.134a)

sech (mal(10h)), 5<hylh

, 7 tanh (7a/(2hy)), 0<hy/b <5
ko=~N1-ko= {tanh(mz/(mh)), 5<holh (4.134b)

When €, =1 and b = b, the shielded microstrip line geometry reduces to the strip
line geometry and the results are exact.

The popularity of the conformal mapping method to planar transmission lines
arises from the fact that an open geometry is transformed into a closed polygonal
geometry easily. In computational methods, on the other hand, an open region
problem is solved by using either asymptotic boundary condition or by terminating
the boundary by lossy material (see Chapter 9 on FDTD). These approaches increase
the size of the problem. In the method of moments solution, the open region problem
is handled analytically by means of the Green’s function. Another advantage of
conformal mapping is that metal strips are stretched and ground planes are com-
pressed during transformation to parallel plate capacitor geometry. Due to the
stretching of strips, the charge and current singularities on the strips vanish in the
transformed plane. The capacitance of the transformed geometry may be determined
using computational methods, and this does not require finer discretization near
the strip edges [16].
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4.7 Some Useful Mappings for Planar Transmission Lines

The conformal transformation analysis of some of the planar lines like strip line,
microstrip line with a cover shield, coplanar strips, and CPW was described earlier.
The change in metallization pattern on the substrate, lateral ground planes size,
asymmetry in the structure, and so on, of these lines gives rise to a host of planar
transmission lines useful for radio frequency (RF) and microwave circuit applica-
tions [6, 15]. Cross-sections of some of the CPW variants are shown in Figure
4.21. In addition, nonplanar transmission lines like microshield lines are being
studied for use in microelectromechanical systems (MEMS) [11, 17]. All of these
transmission lines have been analyzed for their quasi-static characteristics using
conformal mapping methods. Instead of giving the details of conformal mapping
for each of these transmission lines, we shall study the conformal mappings that are
most common to them so as to bring out the useful features of these transformations.

From the analysis presented in Section 4.6 for strip line we see that the polygon
of Figure 4.18(a) was transformed into parallel plate geometry in two steps. The
first step involved transforming one quadrant of strip line into a symmetric structure
with all the metallization on the same plane, and resting on an infinitely thick
dielectric. The transformation of this geometry in the second step led to the parallel

|le— 2b—>|

—>| 2a [«

(a)

(b)

[<b>l<b, >|
—>| 2a |[&

(c)

Figure 4.21 Cross-sections of a few coplanar waveguides (CPW): (a) CPW with finite dielectric
thickness; (b) CPW with finite dielectric thickness and finite width lateral ground planes; and
(c) asymmetric CPW.
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plate capacitor. The two-step process was employed because the Schwarz-Christof-
fel mapping transforms the points on the real axis to a closed polygon and vice
versa. It cannot be used to transform a polygon in one coordinate system to another
polygon in the other coordinate system directly. The two-step or multistep mapping
process has been found to be the most common feature for all the planar lines
studied. Therefore, our endeavor will be to transform the given planar line into a
symmetric structure with all the metalizations in the same plane, and resting on
an infinitely thick dielectric. In the process we may transform finite dielectric
thickness into infinite thickness, asymmetric geometry into a symmetric one, and
metallization in different planes into one plane. Some of the basic and useful
transformations are described next. Some of these are simply conformal transforma-
tions and the others are Schwarz-Christoffel transformations.

4.7.1 Transformation of Finite Dielectric Thickness to Infinite Thickness

Consider a coplanar waveguide with finite dielectric thickness / as shown in Figure
4.22(a). As before, we can divide this geometry into the upper-half region and the
lower-half region along the assumed magnetic wall at the interface. Each of these
halves can be further divided into two equal parts along the plane of symmetry,
which coincides with the magnetic wall. The upper-half plane may be analyzed in
the same way as discussed in Section 4.6. For the analysis of the lower-half plane
let us consider the fourth quadrant of the CPW. The transformation from the finite
dielectric thickness to infinite thickness is given by

t = sinh (72/(2h)) (4.135a)

The mapping function is plotted in Figure 4.22(b), where
t1 = sinh(m7al/(2h)) and  #p =sinh(7wb/(2h)) (4.135b)
To help visualize transformation of geometry, the points (1), (2), ..., are
marked in Figure 4.22 before and after the transformation. The geometry of Figure

4.22(b) is the conventional CPW geometry (with infinite dielectric thickness). Its
transformation to the parallel plate geometry is achieved using the transformation

(4.136)

t
dt
w_f\/(t_tl)(t_tz)
Ly

The upper half of CPW, Figure 4.22(a), can be mapped directly onto the parallel
plate geometry using the mapping function similar to that of (4.136); that is,

(4.137)

_Z dz
w‘fxﬂz—a)(z—b)
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Jy

a b

P X

(6) (5) >
(a) z-plane
Im(t)

0 5 t,

PPI77ZITZIIIZD — — . - - -- Re (t)

(4) >

(b) r-plane

Figure 4.22 Transformation from finite substrate thickness h to infinite substrate thickness using
the mapping t = sinh(7z/2h): (a) z-plane; and (b) t-plane.

4.7.2 Transformations for Finite Width Lateral Ground Planes and Finite
Dielectric Thickness

Figure 4.21(b) shows a CPW with finite width lateral ground planes and finite
dielectric thickness 4. Let us first consider the upper half of the geometry. Using
the symmetry considerations and the mapping function

t=z> (4.138)

the first quadrant of the CPW can be transformed into a geometry covering the
entire x-axis. This mapping is shown in Figure 4.23. The transformed points on
the Re(t) axis are: t1 =a”, t) = bz, t3 = ¢?. The next mapping function
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%
i z-plane
(6)
0 X
(n 2 3 4) (5) >
(@)
Im(t)

Re(t)
-0« (6) (n (2) (3) 4 O)-ox

(b)

Figure 4.23 Mapping of the first quadrant of CPW with finite width lateral ground planes and
finite dielectric thickness onto t-plane resulting in extension of given geometry to occupy Re(t) axis
from —co to +oo. The transformation used is t = z°. (a) z-plane; and (b) t-plane.

t
w:f dt
NE(E = 11) (8 = 12) (2 — t3)
Zy

(4.139)

transforms Figure 4.23(b) into the desired parallel plate geometry.
The conformal mapping of the lower half of CPW of Figure 4.21(b) can be
carried out using the following sequence of transformations:

t = cosh® (7z/(2h)) (4.140)
t
dt
= 4.141
Y f\/(t—l)(t—t1)(t—t2)(t—t3) (140

)

The first mapping which transforms finite thickness / into infinite thickness
is shown in Figure 4.24.
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) (6) >
(@)
Im(t)

-« (6) (7)) (1) (2 B @ O
(b)

Figure 4.24 Transformation of a finite width lateral ground planes CPW with finite dielectric thick-
ness into a geometry which extends to upper-half complex plane: (a) z-plane; and (b) t-plane.

4.7.3 Transformation from Asymmetric to Symmetric Metallization

Let us consider CPW with asymmetric metallization as shown in Figure 4.21(c).
Assuming a magnetic wall along the air-dielectric interface, the structure can be
divided into two halves. Consider now the upper-half plane, Figure 4.25(a). The
first mapping used is ¢ = z/a. This mapping function normalizes the strip width to
unity, and the resulting geometry is shown in Figure 4.25(b). Here k1 = a/b1 and
ky = alb,. Next we use the mapping

t3+tat—t3 1+ky t-1

2 _
W="727 10" "2 ki-1

(4.142)

to transform the asymmetric geometry into a symmetric one as shown in Figure
4.25(c). Here,

2(k1 + ky)
(1+ k)1 +ky)

k% = (4.143)

The transformation from this planar geometry to the parallel plate geometry is
given by

dto
- (4.144)
’ f\/(l —15)(1 - k%)
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Ly Lo L3 Log
Figure 4.25 Transformations from an asymmetric CPW to a symmetric geometry: (a) z-plane;
(b) t-plane; and (c) tp-plane.
4.8 Summary

The functions of a complex variable f(z) are useful for determining contour inte-
grals, integrals involving singularities, and for conformal mapping of planar lines.
The function f(z) is assumed to be analytic, although it may not be so for a certain
region about singularities. Cauchy-Riemann conditions are used to test the analytic
nature of the function. The line integral of functions (with real variable) f(z) with
singularities (also called improper integrals) can be carried out analytically by
converting the line integral into contour integral. The residue theorem helps in
solving these integrals analytically. Other methods such as singularity subtraction,
substitution of variable, and numerical integration are also available to determine
the improper integrals. We come across these integrals in the Fourier transform—
based, and in the Green’s function-based solutions. An important application of
f(z) is based on conformal mapping, which is basically a coordinate transformation.
This mapping preserves the capacitance of transmission line. Schwarz-Christoffel
conformal mapping is found to be very useful to transform various planar and
nonplanar transmission lines to parallel plate geometry so that the capacitance
may be determined easily. In general, a number of transformations are needed to
realize the final parallel plate configuration. The mapping procedure is illustrated
through a number of examples which include strip line, coplanar strips, CPW, and
microstrip with cover shield. Some useful mapping functions to transform finite



150

Contour Integration and Conformal Mapping

dielectric thickness into infinite thickness, finite width lateral ground planes, and
asymmetric metallization pattern to symmetric one are illustrated. The mapping
functions properly capture the charge singularities at the edges of conductors. The
conformal mapping of (open region) planar lines results in parallel plate geometry
which is closed on all sides. Unlike the computational methods, the conformal
mapping method does not require asymptotic boundary conditions or lossy material
to truncate the open region. Also, the conformal mapping analysis of planar lines
may result in closed-form design equations. Looking at the importance of singular
integrals in analytical and computational methods, Appendix B is devoted to the
evaluation of such integrals.
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Determine the singularities and corresponding residues of the following func-
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4

f(z)=

241
P4.2. Use contour integration to determine

* e—jar
sza_kda

—o0

P4.3. Determine the integral given below

=

ael®"
I= f 2o da

by deforming the contour in the following ways:
1. Exclude pole at a, = —k and include pole at a, = k;
2. Include both the poles;
3. Exclude both the poles.

P4.4. Show that [1, p. 172]

sin x T
IZJ x dez
0

. . . ) . e? .
using contour integration. Hint: determine —to obtain 1.

P4.5. Consider a metal strip of width W and zero thickness in free space. The strip
is charged to a constant potential. Assume a magnetic wall boundary dg/dx = 0
for |x| > W/2 coplanar with the strip as shown in Figure 4.26. Show using the
mapping function w = sin™! 2 that the charge density on the strip is given by

Jy
MW MW

........................ > X
-W/2 0 W12

Figure 4.26 A metal strip of width w in free space.
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0

Ps=—"7 —/———
T - (wW2)?
where Q is the total charge on the strip [7, p. 889].

P4.6. The coaxial transmission line of Figure 4.27 is filled with two different media
with relative dielectric constants €,1 and €,,. The media are assumed to be lossless,
and the conductors are perfect. The potentials on the inner and outer conductors
are Vyand zero, respectively. Use conformal transformation to derive an expression
for the characteristic impedance of coaxial line. Verify the derived expression with
that of a uniformly filled coaxial line in the limit €,1 = €,2 = €, [6, p. 118].

P4.7 For this problem, the coaxial transmission line geometry of Figure 4.27 is
filled uniformly with a medium with relative dielectric constant €,. Using the
conformal mapping defined by w = A¢n(z) + B and choosing its real part u as the
potential function, derive the potential distribution, electric and magnetic fields,
capacitance per unit length, and the characteristic impedance of the coaxial line.
Compare this expression with the well-known equation [6, p. 113]

Zo = 00 puibia)

-

Figure 4.27 Cross-section of an inhomogeneously filled coaxial line.
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Fourier Transform Method

The mathematical objective of the Fourier transform or integral transform method
is to reduce a difficult problem in the original domain to a simpler form in transform
domain. To do this, an integral transformation T{f(x)} is introduced. It changes
the function f(x) into another function of an auxiliary variable a, as follows:

T{f(x)) = f Flx)k(x, a) dx = F(a) (5.1)

The kernel k(x, @) and the limits of integration are the factors that distinguish
different specific transforms such as Laplace transform, Fourier transform, Mellin
transform, and Hankel transform from one another. The function F(«) is called a
transform of function f(x). We shall use (~) to indicate a function in the transform
domain. Similar to (5.1) one can define inverse transform also. In this operation,
the function F(«) is integrated with a modified form of kernel over the range
(a, b) to yield back f(x). The functions f(x) and F(a) are therefore called transform
pair. It may be mentioned that the domain of the variable « is called the transform
domain or more frequently the spectral domain. We shall restrict ourselves to the
Fourier transform technique because of our interest in time harmonic solutions.

5.1 Introduction

The Fourier transform may be defined as

Ela)= f flx)e’™ dx (5.2a)

The inverse Fourier transform corresponding to (5.2a) is defined as

+o0

f(x) L f E(a)e 7 da (5.2b)

Sometimes the kernels of Fourier and inverse transforms are interchanged.

153
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One point should be remembered that the Fourier or direct transform moves
the problem in the transform domain, while the inverse transformation brings it
back to the original domain. The solution of the problem in the original domain,
if at all possible, may be difficult. When transformed into the new domain, the
solution of the problem is expected to be easier [1]. However, the integral associated
with the inverse transform, in general, involves singularity. The Fourier transform
procedure is shown in Figure 5.1. It may be mentioned that the simplicity of the
solution in the transform domain depends on the transformed differential equation
and the boundary conditions.

The factor 27 in the denominator of (5.2b) is based on a certain convention.
In some texts, this factor is used with (5.2a). In the modern convention, the factor

/27 is used in the denominators of both (5.2a) and (5.2b):

+oo
P(a):\/%ff(x)e"“x dx (5.3a)
and
£(x) =\/% f Ela)e7* da (5.3b)

We shall mostly follow the modern convention while using the factor 27. The
Fourier transform of (5.3) can be easily generalized to more than one variable as
discussed later.

Figure 5.1

Typical steps in Fourier transform method.

Relatively
. easy solution .
Problem in N Solution in
. - ”
transform domain transform domain
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Difficult solution
Given Solution of
problem [ e given problem
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Conditions for the Existence of Fourier Transform
The necessary, but not sufficient, condition for the existence of the Fourier trans-
form of a function f(x) is:

1. f(x) should be differentiable.

+oo
2. f(x) should be absolutely integrable (i.e., f | £(x)| dx is finite).

3. Any discontinuities in f(x) are finite or f(x) is piecewise continuous.

A function f(x) is said to be piecewise continuous in an interval (a, b) if the
interval can be partitioned into a finite number of nonintersecting intervals

(61, al)s (ala 42)9 (6123 d3), ey (an—la b) (54)

in each of which the function is continuous, and has finite limit as x approaches
the end points of each of the subintervals, as shown in Figure 5.2.

Only in a few cases can one assign physical meaning to both the domains. For
example, the spectrum of an electrical waveform v(t) is given by

oo
_ 1 jot
S(w)_\/ﬁfy(t)e dt (5.5)

Similarly, the waveform v(¢) can be synthesized from its spectral constituents as

+oo
__ 1 ot
v(t)—me(w)e do (5.6)

The antenna current and the radiation pattern are also Fourier transform pairs. It
is therefore advisable that one should avoid attaching physical meaning to the
spectral domain.

Advantages of Fourier Transform Method

The Fourier transform method is almost indispensable for certain types of problems.
The advantages associated with the Fourier transform method may be described
as follows:

Figure 5.2 lllustration of a piecewise continuous function.
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1. Reduces the PDE to ordinary differential equations or algebraic equations
that can be solved more easily;

2. Solves PDE with complicated boundary conditions. For example, geometries
with unbounded regions like laterally open structures, half-planes, and infi-
nite/semi-infinite strips can be solved more easily when formulated in the
Fourier domain.

3. The source function of the inhomogeneous PDE need not be a continuous
function of variables. It can be a piecewise continuous function if it can be
Fourier transformed.

These advantages have a penalty associated with them. The inverse Fourier
transform, carried out to determine the solution in the original domain is, in general,
an improper integral with a singular integrand, which is sometimes difficult to
evaluate analytically. These types of integrals are discussed in Appendix B.

5.2 Reduction of PDE to Ordinary Differential Equation/Algebraic
Equation Using Fourier Transform

In the solution of PDE using Fourier transform method, each term of the PDE is
transformed by multiplying with ¢/* and integrated over the variable x. The
boundary conditions are also likewise transformed. The resulting equations must
be simpler than the original ones. Consequently, for this technique to be useful in
the solutions of differential equations, the transform of the derivative T{df/dx}
(or some function of the derivative which appears in the differential equation) must
be simply related to F(a).

Fourier Transform of Derivatives
When transforming the derivative of a function, the integration can be carried out
by parts as follows:

+o0

Y1 [ e
8] e[ e
1 L
:Eﬂx)el —jaF(a) (5.7)
= —jaF(a) (5.8)

The first term in (5.7) vanishes as |x| — *oo because either f(x) or ¢/ vanishes.
The mathematical meaning of these assumptions is that one often includes a conver-
gence factor when evaluating a Fourier transform, while the physical meaning is
that finite sources do not produce a field at infinity in the presence of a physical
medium with loss.

Expression (5.8) shows that the transform of the derivative is (—ja) times the
transform of the original function. The operation of differentiation has been
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replaced by multiplication by the transform variable. It is this property of the
Fourier transform which makes it very powerful in solving PDE. The higher order
derivatives can be transformed similarly, giving rise to

T{‘i{x } = (~ja)"F(a) (5.9)

We shall apply Fourier transform method to solve PDE and ordinary differential
equations.

5.3 Solution of Differential Equations with Unbounded Regions

Due to the limitation of computer resources, the unbounded region in computa-
tional methods is terminated by imposing either absorbing boundary conditions
or radiation conditions. This methodology, although efficient, still requires extra
computing resources. The use of Green’s function does not require any such termina-
tion and provides the most efficient solution. The method of moments (Chapter
11) is based on the availability of Green’s function. We shall employ the Fourier
transform to determine Green’s functions for homogeneous medium and layered
dielectric medium. However, constructing Green’s function for inhomogeneous
dielectric configurations is a limitation.

5.3.1 Free-Space Green’s Function in One Dimension

The free space being unbounded, its eigenvalue spectrum is continuous. Under this
condition the summation in the series expansion of Green’s function (Sections 3.2
and 3.3) becomes an integral. In order to associate physical meaning with the
Green’s function, we shall first determine Green’s function for transmission lines
match terminated at the two ends.

Consider an infinitely long transmission line of characteristic impedance Z
excited by a delta function voltage source at z = z’, as shown in Figure 5.3. The
transmission line equations for this excitation are

dv , ,
& = Zi+ 8z~ 2) (5.10)
v, =1
P
—& [\'.:/}_
Zl} Z[J‘}/ E
7=z

Figure 5.3 A transmission line terminated in matched loads at the ends and excited by a series
voltage source.
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di
&= -Yv (5.11)
The line parameters Z and Y are the impedance and admittance per unit length,
respectively. Eliminating v from (5.10) and (5.11), one obtains

dZ
— -YZi=-Y8(z-2)
dz?

or

2
Z—— vei=-Yé(z-2'), since 72 =YZ (5.12)
z

For a lossless transmission line y = jB, and therefore

d*i

d2+,8 2i=-Y8(z - 2) (5.13)
Its solution can be obtained by employing the eigenfunction expansion method.
For this, we solve the following eigenvalue problem:

d?u 2
?= —k“u (5.14)

. . 47, . .

The eigenfunctions of (5.14) can be assumed as e"kz, with the eigenvalue k
no longer discrete. The reason for the continuous nature of k is that the structure
is not bounded along z. It is clear from above that instead of series expansion for

i(z) in (5.13) we should seek its representation as a Fourier integral; that is,

Ve R dp (5.15)

1 -
e )

The inverse Fourier transform is defined as

+oo
T(k) = —— J i(z)e™®* dy (5.16)

—o0

In this spirit we subject the d1fferent1a1 equation (5.12) to Fourier transforma-
tion. For this we multiply (5.12) by ¢/*? dz and integrate over z from —eo to +oo to
obtain
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400 oo +oo

Sl ek gy -y — i(z)e/kzdz=—Y—1_ Sz —2')e™ dz
\/277

—oc0 —o0 —o0

(5.17)

Using the property of the Fourier transform of derivatives (5.9), and the definition
of Fourier transform, (5.17) can be written as

124
“k2I(k) = y*(k) = —Ye! (5.18)

N

or

. 1 Yel*

T(k) = NLTEge (5.19)

Now, substitute this expression in (5.15) to obtain the Green’s function i(z),
4o o,
e jk(z'-z)

. Y
Z(Z)Zﬁfmdk (5.20)

—o0

This expression is called the integral representation of Green’s function. The integ-
rand has singularities at & = 4/, and may be determined using residue theorem
(Chapter 4). We obtain for z < 2z’

i(2) = —2mj % % (5.21)
or
i(z) = —%e_y(z,_z) and ()= —%e_y(z,_z) (5.22)
for z >z’
i(z) = %e‘ﬂ“') and  w(z) = —%e‘y(z‘“ (5.23)

The above analysis may be employed to determine free space Green’s function for
one-dimensional problems.
The Green’s function for the scalar wave equation is defined as

2
‘;72 +k5G = —8(x — x7) (5.24)
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subject to the radiation condition G(te, x”) = 0. The above differential equation
may be obtained from (5.13) by substituting Y =1 and 8 = k(. The final solution
may therefore be realized from (5.22) and (5.23). However, we shall now follow
a purely mathematical approach to derive the Green’s function.

Since —oo < x < oo, we may express the Green’s function as a Fourier transform

Glx; x) = %f Gla; x’) e/ da (5.25)
and the delta function as (2.149a),
oy L[ ete-x)
S(x —x") R da (5.26)

Substituting these expressions in (5.24) gives

. 1 e—jax'
Gla;x’) = '\f—
2 al _ k%

or

1 [ el
G(x; X ) :ﬁ f Tk% d(}l (527)

—oo

Carrying out the integration using residue theorem gives the following expression
for the free space Green’s function:

Glx; x) = Z’Toefkolx—x" (5.28)

Exercise.  Derive the Green’s function for the current i(z) by taking the Fourier
transform of (5.13).

5.3.2 Fourier Sine Transform and Half-Space Green’s Function

The Fourier exponential transform (5.2a) reduces to the Fourier sine transform
when the function f(x) has odd symmetry. Similarly, it reduces to Fourier cosine
transform when f(x) is an even function. The symmetry property of a function is
related to the boundary conditions satisfied by it. Therefore, Fourier sine and cosine
transforms may be used in place of Fourier transform for solving PDE with Dirichlet
or Neumann boundary conditions. We next consider an example to illustrate this
point. The Fourier sine transform is defined as
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— oo
Fla) = \/% f f(u) sin(au) du (5.29a)
0
and the inverse transform as
4o

\/ f ) sin(au) da (5.29b)

Fourier cosine transform-pair is defined similarly by replacing sin (a#) by cos(au)
n (5.29). If the range of variable u is (a, b), the limits of integration in (5.29a)
are adjusted accordingly. However, (5.29b) does not hold in this case, and f(#) is
expressed as a series as described later.

Half-Space Green’s Function in One Dimension
The Green’s function is now defined as

dZ
—+k0G——6(x—x’) (5.30)
dx?

subject to G(0; x”’) = 0 and the radiation condition G(eo; x”) = 0.

The geometry of the problem may be sketched as in Figure 5.4. Because of the
boundary condition at x = 0 we now employ sine transform of the Green’s function
equation to convert it into ordinary differential equation. Using the sine transform

(5.29b), we write
G(x; x’ \/ f ) sin(ax) da (5.31a)

and the delta function as [2, p. 191]

S(x—x") =% sin ax’ sin(ax) da (5.31b)

o —3

A e

Figure 5.4 Half-space in one dimension with delta function source at x’.
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Now substitute these expansions in (5.30) to obtain

3 2 s ’
Gla) = \/; Z‘;_“Z% (5.32)

Inverse Fourier sine transform according to (5.29b) gives

sin ax’ sin ax

o2
G(x;x)—; az—k%

da (5.33)

o —3

Contour integration of the above yields the following expression for the half-space
Green’s function [2, p. 191]:

sinkkox’ejkox
0
Gx; x') = . ' (5.34)
Smkﬂe’kox for0 <x < x’
0]

for x > x’

We next derive Green’s function for two-dimensional cases. Any three-
dimensional geometry with uniform cross-section, and excitation and boundary
conditions also uniform normal to the cross-section, can be analyzed as a two-
dimensional problem.

We shall assume uniformity along the z-direction.

5.3.3 Free-Space Green’s Function in Two Dimensions

The Green’s function wave equation in two dimensions is given by

82 az 2 ’ ’ ’ ’
<$+W+kO>G(x,y;x,y)=—8(x—x)5(3’_3’) (5.35)

Following the mathematical approach described in the last section, we employ
double Fourier transform representations of Green’s function and delta function

G(x, y; x’, y’) =% J f G(a’ lg)eia(X—x')elﬂ(y—y’) dad,B (5.36a)

S —x7)8ly — y') = — ffef“(x‘x')efﬁw‘y')dadﬁ (5.36b)

Substituting these expressions in (5.35), taking derivatives, and comparison gives
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) 1 1
Gla,B) =555
27 0% ,82 - k%
or
1 7 7 ejalx=x) iBly=y) e
Glx, y; 5, ') = f J adp  (537)
(277)2 ot + g2 -k

The above expression is called the plane wave spectrum representation of Green’s
function. By employing plane-wave to cylindrical-wave transformation and residue
calculus, the free space Green’s function may be expressed as [2, p. 203]

’ ’ ‘ 1 ’
Glx, y; ', y') = L HY (ko p = ') (5.38)

where H (()1) (.) is the Hankel function of zero order and first kind, and

lp—p' | =(x—x" )2+ (y —y)? (5.39)

Alternative solution: An alternative method is to use Fourier transform along
one of the directions and convert the two-dimensional wave equation into ordinary
differential equation, which can be subsequently solved for one-dimensional free-
space Green’s function. Substituting

Glx, y;x',y'>=\/§ f Glasy, y)e® ) da (5.40)
and (5.26) yields

d—2k2 2\ Glasy, y') = —A|—— 8 ’ 5.41
(dy2+ o—a> (@59, y")==4/5_8(y-y") (5.41)

Solution of this ordinary differential equation is

~ 1 / : Y
G(a;y, y’)ZVEZLelKly J'l’ K = k%_az (5.423)

Inverse Fourier transform gives

Glx, x"; y,yf):ifLeley—ywe;‘a(x—x')da (5.42b)

and is another form of (5.38).
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Example 5.1. Uniform line source in a grounded conducting trough.  Consider
the cross-section of a grounded conducting trough as shown in Figure 5.5. The
line source at (x’, y”) is uniform with respect to z. Due to the uniformity of the
trough and the source the Green’s function, corresponding to the Poisson equation,
becomes

ViGle,ysx',y ) ==8x —x" )8y ~y),  Vi=_5+-— (543
+ Glx, ys x7,y7) ( )o(y —y") r= oy (5.43)

with G =0 at x =0, a; y = 0, +. We next determine the Green’s function.

Solution 1. In view of the boundary condition G = 0 at y = 0, let us use the
Fourier sine transform pair defined in (5.29). According to it, the function f(u) is
expressed as a superposition of an infinite number of sinusoidal functions, each
of which is characterized by its period a and the amplitude F(«). The value of
F(a) is obtained from (5.29a). We can use superposition of sine waves along the
y-direction to describe the solution of (5.43) because each of these terms satisfies
the boundary condition at y = 0. In order to implement this approach we take
Fourier sine transform of (5.43). For this, we multiply both sides of (5.43) by
sin(ay) dy and integrate over y from 0 to 4+, and obtain

2 (192 9 by
%][@+Q]G(x,y;xay ) sin(ay) dy =
0

—B(x—x')\/

8(y —y’) sin(ay) dy

SIS
o —3

or

Figure 5.5 A uniform line source in a grounded trough.
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Now, consider the second term on the left side of (5.44). Integrating it by parts
and using the boundary conditions on G, one obtains

5 a2
\/% f aay(z; sin(ay) dy = —aZG(x, a3 x’,y’) (5.45)
0

Equation (5.44) can therefore be written as

d—ZZG-"— za 5.46
<dx2‘“> (6, @y %, y') = =4 = Sl —x) sinfay’)  (5.46)

We notice that the Fourier transform has converted the PDE into an ordinary
differential equation (in x) which can be solved using the direct construction
approach of Chapter 3. The solution to (5.46) is

. \/Z sin(ay’) sinh(ax) sinh[a(a — x")] for x < x” (5.47a)

Gilx, as x5 y") =4[ a sinh (aa)

Galx, a5x",y") = Gq(x/, a; x, ") for x > x" (5.47b)

Equation (5.47b) follows from the symmetry property of the Green’s function. It
means that the function G, is obtained from G by interchanging x and x’. It may
be noted that solution (5.47) satisfies the boundary conditions at x.

Finally, the space domain Green’s function is obtained by taking the inverse
sine transform of (5.47). One obtains:

1. For x < x’

Gy, 1) = 2 [ nle L nblem) bl =g ) g,
0 (5.48a)
2. For x 2 x’,
Galx, y5x%,y") = G1(x', s x, y) (5.48b)

Observe that if we use the symmetry property of the Green’s function, we do not
need to carry out the integration for x > x’.

Solution 2. An alternative solution in terms of Fourier sine transform along the
x-direction [3]. We know that the factor sin (n7x/a) satisfies the boundary condi-
tions at x = 0, a. In view of this, let us take Fourier sine transform of (5.43) along
the x-direction. For this we multiply it by sin(zmx/a) dx and integrate over x from
0 to a,
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a

2 2
\/%f [8 J }G(x y; x’, y’) sin(ax) dx = (5.49)

ax? ay
—6(y - y')\/
where a = nw/a. Integration by parts gives

d2 2 G ol 25 7Y q1 ’ 5.50
[W—a] (@, y; %, y") = =4[ 8(y —y’) sin(ax’) (5.50)

0

SEES)

f S(x — x’) sin(ax) dx
0

where the Fourier sine transform of G is defined as
E a
G(aa Y5 x/a y,) = '\/; f G(xa Vs x’a )’/) sin(ozx) dx (551)

The boundary conditions to be satisfied by G are
Gla, 0;x%,5) = 0= G(a, o x', y') (5.52)

The ordinary differential equation of (5.50) may be solved by employing the
methods described in Chapter 3. One obtains the following Green’s function in
spectral domain:

21 " g —ay’ ’
) \/ﬂ_asm(ax ) sinh (ay)e fory<y
Glay y; ', y') = \/5 : (5.53)

21 . b "\ —ay o
p sin(ax’) sinh(ay’)e fory>y

To obtain G(x, y; x’, y’) from G(a, y; x’, y’), let us proceed in the following
manner:

G(x, y; x’, y") is periodic in x because of the boundary conditions along the
x-direction, and therefore can be expanded in a Fourier series such as

, ad nwx
Glx,y; x5 y") 2 2(y; x’,y") sin <_a ) (5.54)

Let us substitute this expansion in (5.51) to obtain

2a
=\ 7 &y x5 y")
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Thus, (5.54) can be written as
G Dl oy % Z i G Sy e (BTX 556
(xaysxay)_a zn:l (n,y,x,y)sm —a ( )

It may be clarified that G(n, y; x’, y’) and G(a, y; x’, y’) are the same since
a = nir/a. Substituting (5.53) in (5.56) gives

oo

2 Py sin(ax’) sin(ax) sinh(ay)e_ay/ fory <y’
n=1
Glx,y;x,y )= .
z — sin(ax’) sin(ax) sinh(ay’)e™ ™ fory >y’
S o
(5.57)

Example 5.2.  Probe excitation of TE-modes in a rectangular waveguide |3].
Consider a uniform unit line current extending across the rectangular waveguide,
parallel with the y-axis and located at (x’, z”) as shown in Figure 5.6. The line
current is an approximation of the excitation produced by the probe of coaxial-
to-waveguide adapter. The current is assumed to be uniform along the y-coordinate.
The field produced by the current will also not vary with y, meanin% thereby
d/dy = 0; and therefore the problem is two-dimensional. The operator V- reduces
to

Vi=o 4 (5.58)

We shall use the vector potential approach to derive the field components. The
relationship between the vector potential A and the excitation current J is [refer
to (1.39)]

g

=

o
@-----1--

Region I1

=

Region |

(=)
>1-
o
N—

(a) (b)

Figure 5.6 Probe current excitation of TE-modes in a rectangular waveguide: (a) isometric view;
and (b) top view of the excitation of waveguide.
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(V7 + k§)A = —poJ(x, 2) (5.59)

Since J = 9], the nonzero component of A is A, only, and (5.59) reduces to the
following scalar equation:

2 2
(V7 + kg) Ay = —poJy(x, 2) (5.60)
For the unit strength excitation current located at (x’, 2”), we write
Jy(x, 2) = 8(x —x")8(z = 27) amp/m (5.61)

Substituting for Vtz and ], in (5.60), one obtains

82 az 2 , ’
($+g+ko>Ay=—,uo5(x—x )8(z — ') (5.62)

The solution for (5.62) in terms of single series expansion was derived in
Chapter 3. Here, we shall use Fourier transform method as an alternative approach.

Field Components Produced by A,.  We know that E = —jwA; therefore,
Ey=—jwA, (5.63)
Also, from uyH =V x A we obtain

~0A, 2A,
moHy = —-=, and  poH,=—= (5.64)

All other field components are zero. The modes described by E,, Hy, and H; can
be classified as TE-to-z or TM-to-y modes.

Since Ey = —jwA,, the wave equation (5.62) can be expressed in terms of E,
as

* : ’ ’
<$ +Q+ k0>Ey =jopgdlx —x")d(z —2) (5.65)

with
Ey=0atx=0,a (5.66)

Solution 1. We take the Fourier sine transform of (5.65) along the x-direction;
that is, multiply it by sin(n7x/a) dx and integrate over x giving the following
(finite Fourier transform is taken here because sin(n7x/a) satisfies the boundary
conditions on E, at x = 0, a and thus helps in evaluating the transform of derivatives
of the function):
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(ké—a2+— \/ JE sin ( ax)dx—]w,uosm(ax)5(z—z)\/727_

(5.67)

where a = nw/a. Let us define the sine transform of the electric field Green’s
function as

\/ f (x,2;x,2") sin(ax) dx Ey(a z3x',2) (5.68)

Thus, Ey(a, z; x’, z”) must satisfy the following ordinary differential equation:

d* 9\ - . . , 2
<E—kn)Ey(C¥, ;X ,% ):]a),u() sm(ax )5(Z—Z )‘\/; (569)

where ki = a’ - /e(z). Solutions to (5.69) can be obtained in the usual manner by
using direct construction procedure for the Green’s function (Chapter 3). We obtain

iwug P ) eRnlE =2 for o< o
Ey(a z3x,2) = ;sm(ax ) k(e

2k, e 2 forz>z’

or

—jopo |2 . k|2 —z]
Ey(a z3x',2") = ok, \/Wsm(ax )e (5.70)

The relationship between E, (x, 25 x”, ") and Ey(a, z; x’, 2’) is in the form of a
Fourier series and is given by [refer to (5.56)]

’ ’ _% E < » . ’ ’ . mimx
Ey(x,z;x,z)—a\/2 mz::lEy(m,z,x,z)mn( J ) (5.71)

Substituting for Ey (m, z; x’, 2”) from (5.70) gives

b 2 (Fem\ v 1 . : Nkl
Ey(x,z;5x', 2 )=;<T> Y Esm(ax) sin(ax’)e 7% (5.72)

n=1
_ > 1 T
< ]w,uo) z k_ x) sin(ax’)e kalz=%1

where kﬁ =a’ - /e%, and a =nmwla.
The above problem can also be solved by taking Fourier exponential transform
along the z-direction. This solution is presented next.
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Solution 2. In this solution we shall use Fourier exponential transform along
the z-direction because the waveguide is infinitely long and therefore unbounded.
The wave equation (5.65) may be rewritten as

72t
<$+g+ko>¢=6(x—x’)5(z—z') (5.73)

where ¢ = E,/(jouo). Now multiply both sides of (5.73) by ¢/P* and integrate
over z from —eo to +eo. We obtain after integration by parts

d*i N
LI B) | (k2 - B2) i, B) =

" NT e 5(x — x) (5.74)

IB% 4z and the variables (x’, z”) have been sup-

i 17
where J(x, ﬁ):ﬁf Wix, 2)e

pressed. The differential equation (5.74) is to be solved subject to the boundary
conditions #(x, 8) = 0 at x = 0, a. Using the direct construction method of Chapter
3 we obtain

IZ(.X', :8) =T

1 & {sin(ax) sin(a(a —x")) forx <x’ (5.75)
7 asin(aa)

sin(ax’) sin(a(a — x)) forx >x’

with a = \//e% - ,82 . The inverse Fourier transform now gives the following solution
for ¢(x, z):
oo Lo,
L - e /BlZ'=2) sin(ax) sin(a(a — x’)) for x <x’
Pix, 23 %, 2 )=Efmdﬂ

—oo

sin(ax’) sin(a(a —x)) for x>x’
(5.76)

This expression emphasizes the fact that the behavior of ¥(x, z; x’, 2”) can be
described in terms of plane wave variation along the z-direction, ¢/#%. This is a
consequence of the open boundary condition along the z-direction. If the integral
in (5.76) is converted to contour integral, it may be evaluated in terms of the poles
which occur at sin(aa) =0 or «a,, = nwla

2 2
k- p? = (”{) = p2=k}- (””) (5.77)

a

Evaluation of the integral in terms of the residues at the poles leads to the eigenfunc-
tion expansion (5.72) derived earlier for this problem [2, p. 221].

Solution 3. Another alternative solution to (5.65) can be obtained if we combine
the methodologies of solutions 1 and 2 by taking the Fourier sine transform along
the x-direction and the Fourier exponential transform along the z-direction. Let



5.3 Solution of Differential Equations with Unbounded Regions 171

o, ) =% [ e,y sin (5 ) (5.78)
0

With this in mind let us multiply (5.74) by sin(n#wx/a)~2/7 and integrate over
the x-variable. One obtains

2 ’
6= 8% = (") | 0= sin (")

a a

or

a

4
By . (NTX
e/P? sm( )

. 1
b(n, B;x',2") =— > (5.79)

(2]

a

Inverse Fourier transform of ¢(n, B; x’, z2’) can be written as

or

) <n77-x> ) (mrx’)
=, Sin{—_—|)sin{—
1 > e/B

lﬂ(x, 33 x,a Z,) =__
T 1T k%_lgz_ (n_77>

aT
a

In conclusion, the problem of excitation of TE-modes in a rectangular wave-
guide by a line source of electric current can be solved in a number of ways. These
are:

1. Direct construction of Green’s function along the z-direction and Fourier
expansion or eigenfunction expansion along the x-direction, (3.89);

2. Fourier sine transform along the x-direction and direct construction along
the z-direction, (5.72);

3. Fourier exponential transform along the z-direction and direct construction
along the x-direction, (5.76);

4. Fourier sine transform along the x-direction and Fourier exponential trans-
form along the z-direction, (5.80).

Example 5.3.  If the boundary conditions of the PDE are such that the region is
bounded in both directions, one may employ double Fourier transform to reduce
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the PDE to ordinary differential equation which can be solved easily. Let us solve
the following inhomogeneous differential equation:

*f o
§€+$’;=—g(x,y) (5.81)

over the domain 0 < x < g; 0 <y < b, and subject to f(x, y) =0 at x = 0, a;
y=0,b.

We shall use double Fourier sine transform here because of the stated boundary
conditions. The double Fourier sine transforms may be defined as

b a

Fim, n) = 72—7_ f f flx,y) sm( 7rx> sin <%> dxdy (5.82)
00
b a

G (m, n) =%ffg(x,y) sin(m;m> sin<%> dx dy (5.83)
00

Now, multiply both sides of (5.81) by sin (m;rx) sin (nz'y ) dx dy and integrate

over the ranges of x and y to obtain

or

(5.84)

T22 v -« G(m, n) . (mmx\ . [(nmy
flx,y)=5—=1 sm( ) sm(—) (5.85)
2ab n; mzzl (m#)z <n77'>2 a b
—_— + JR—
a b
A similar expression is obtained by using the eigenfunction expansion method,

(3.59).
The coefficients G (m, n) are obtained by integrating the product of the source

x’, y") and the factor sin (mzx ) sin (mz'y > over x” and y’. Alterna-

—_

density g

2

tively, - G (m, n) is the expansion coefficient of g(x, y) in terms of eigenfunctions;

SN

that is,
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i i G(m, n sm(m;Tx> sin<nzy) (5.86)

5.3.4 Electric Line Source Above a Perfectly Conducting Ground Plane

This problem is a fundamental problem in the category of line source excitation
of open space. It is similar to the excitation of grounded trough by a line source
(Section 5.2.3) except that the parallel walls of the trough have receded to infinity.
Therefore Fourier sine transform transverse to the walls of the trough cannot be
used here. Instead, the corresponding eigenvalue spectrum will be continuous and
Fourier exponential transform is necessary. The presentation closely follows that
given in [4].

We consider that the source is time harmonic, uniform in the z-direction, and
located at (x’, y’). The ground plane is located at y = 0 as shown in Figure 5.7.
The magnetic vector potential A, associated with the current source J = 2], satisfies
the two-dimensional Helmholtz equation in x and y; that is,

(32 o? +k2>A (x,y) I6(x —x")86(y —y") (5.87)

—+— ,y) = —pold(x - - :

ox? 8y2 0)7%

where the current [ = f J, dA, and A is the cross-sectional area of wire
A—>O

A
carrying the current. The boundary conditions to be satisfied are

Aylx,y)=0 at y =0, 00 (5.88)

The boundary condition at y = 0 arises due to the ground plane, and the boundary
condition at y = o is called the radiation condition.

Since the structure is infinite along the x- dlrectlon, the variation of field along
this direction is expected to be of the form e¢™**, Consistent with it we multiply
both sides of (5.87) by ¢/ and integrate over x from —oo t0 405 One obtains

d? - 1
a2t v )AL, y) = -B18(y - y') —— (5.89)
dy \2m

Figure 5.7 Current line source above a ground plane.
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where
17
Aila, y) = —— f Aylx, y)e o da (5.90)
2
y? =k - o’ (5.91)
and
By = Iuge’™™ (5.92)

The ordinary differential equation (5.89) can be solved using the direct construction
procedure described in Chapter 3. One obtains

1 sin(yy) iy
B —— ¢ vy fOI‘ < ’
) By y<y

A, y) = . ,
B 1 sm(w)e_,-yy

l\/ﬁ

Taking its inverse transform, the solution to (5.89) then becomes

(5.93)
fory >y’

+oo
Aglx,y5x',y") = Z'U;f J ;{sm(yy)e M u(y” —y) +sin(yy e 7 u(y —y’)}e jalx=x') g,

(5.94)

where u(.) is the unit step function. Converting the sin(.) function into exponentials
reduces (5.94) to

e Dy (y” —y) + e T Ny (y -y da (5.95)

“+oo . ’
| e alx=x7)
Az(xs y;xsy )_ MO f

T 4qj v

—o0

_4777' 0%

—o0

too
—jar(x—x’)
Ino f e e Y ) da fory=0

The factor ¢’ 7’(y_y,)u(y’ —y) in the first term represents a wave (from the
source) going towards the ground plane, and the factor e 77~ )u(y — y’) in the
second term accounts for an upward going wave from the source (see Figure 5.7).
The factor e 77 *") in the third term represents an upward going wave from the
image of the source in the ground plane.

Equation (5.95) can be further simplified by employing the following identities
[4]:
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1 [ o7y gjatx-x') )
= J . da=H{" (y1p1) (5.96)
1 7 e "=y al=x') 2
2 f da=HY (y1p1) (5.97)

where 'ylz = yz +a® and plz =(x - x’)2 +(y - y’)z. Potential Green’s function
therefore becomes

b1 1 , 2 ,
Acleys 2y ) = [H i)ty = )+ HE (i pr)uly =5)] - (5.98)

Ty [ e *Y)pmiale=x") J
- . a
4rj f 0%

—oo

Exercise.  Solve the above problem by taking Fourier sine transform along the
y-direction.

5.3.5 Free-Space Green’s Function in Three Dimensions

The Green’s function wave equation in three-dimensions is given by

S k())G(x, ¥, 25 X', ¥, ) = =8lx = x) 8y = y') 8z - 2')
(5.99)

Following the mathematical approach described for the two-dimensional case, we
employ triple Fourier transform representations of Green’s function and delta
function

oo oo

G(xa Y, 3 x,a )”, Z,) :ﬁ f f G(a, :8, ,y)efa(x—x')eiﬂ(y—y’)eiy(z—z’) da d,B d,y
a
(5.100)
Sx—x")8(y—-y")8(z-2") = (2% f f eI =x") G iBY=Y") 0 1Y2=2") 4o 4B dy
T
(5.101)

Substituting these expressions in (5.99), taking derivatives, and comparison gives
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5.4

1 1
Gla, B, y) =
(277')3/2 a2+,8 +y —ko
or
T plalx=x)iBly=y') ,jv(z=2")
Gx,v,z;x°, 9,2 3JJJ 3 da dBdy
o +,8 +‘y -k

(5.102)

The above expression is called the plane wave spectrum representation of Green’s
function. By transforming to spherical coordinate system and employing residue
calculus for integration, the free space Green’s function may be expressed as

[2, p. 210]

e/k0|f—f'|

Gx,y,z;x,y,2")= (5.103)

47|r — 1’|

Radiation from Two-Dimensional Apertures

In this section we shall show that the radiation pattern of an aperture antenna is
obtained from the Fourier transform of the electric field distribution in the aperture.
The presentation here follows [5, 6].

Consider a two-dimensional rectangular aperture in an infinite conductor in
the x-y plane as shown in Figure 5.8. The field in the region z > 0 can be determined
from the knowledge of the electric field in the aperture. The electric field in free
space is the solution of wave equation

(V2 + K§)E(x, y,2) = 0 (5.104a)
with

V.E=0 (5.104b)

Figure 5.8 Aperture in a ground plane and the coordinate system.
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Since the ground plane is infinite along the x and y-directions, the variation of the
field is expected to be of the form e %* and ¢ %7, respectively. We may therefore
express E(x, vy, z) as a superposition of these plane waves

oo oo

E(x, y, z)=2if fE(kx,ky,z)e_ikxx_/kyy dkydky,  (5.105a)

T

—00 —00

where E(k,, ky, z) is the Fourier transform of E(x, y, z) with respect to x and y;
that is,

oo o

E(kx,ky,z)zﬁf fE(x, y, 2)e /KX HRY gy dy (5.105b)

—00 —00

Using this decomposition, (5.104a) gets transformed to

d> 7.
[ké — k%~ ky + P}E(kx, ky,z)=0
v4

or
) d* 7. 2,2 42 42
[kz * P]E(kx; ky, z) = 0, ki =ko - kx - ky (3.106)
z

Solutions to (5.106) can be expressed as
E(ky, ky, 2) = Tk, ky)e 757 (5.107)

with

sk - k2= k2 for k2 + k2 <k}
k, = (5.108)

kL +kE - kG for k2 + k%> kj

The negative sign is chosen for kgzc + k2> /e(z) in order to obtain a proper decay of
fields for large values of z. The electric field in the region z > 0 can now be
represented in the following form:

E(x, y, 2) =%” Tk, ky)e TR TRy Th2) gp gk - (5.109)

1 ([ e
ZE” Fky, ky)e 75 dky di,
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where k = k% + ky¥ + k 2. The expression (5.109) may be interpreted to mean
that the field in space may be regarded as made up of a large number of plane
waves of the form fe 75", The waves for which k . 1s real denote propagating waves
and contribute to the energy flow outward, while the waves for which k, is a pure
imaginary number are evanescent waves, and contribute to the energy stored in
the fringing field near the aperture.

The function or the weight factor f(k,, ky) is determined by the excitation;
that is, the electric field in the aperture. Before expressing f(k, ky) in terms of
aperture fields let us first discuss the stationary phase method of calculating radia-
tion fields from (5.109).

5.5 Stationary Phase Method

The stationary phase method is an analytical technique employed for asymptotic
evaluation of integrals with rapidly oscillating integrands. Such integrands occur,
for example, in radiation fields and the asymptotic value of Bessel functions.
The electromagnetic field produced by an antenna at large distances is related
to the current or the aperture field of the antenna through Fourier transforms of
the form (5.109). An expression for the radiation pattern can be obtained by
evaluating this field asymptotically and can be implemented using the method of
stationary phase [7]. This method is based on the following observations:

1. When r is very large, the factor e TKT = cos (k.r) —j sin(k.r) oscillates very
rapidly between equal positive and negative values except for certain range
of values of k, and k,. This range is located at the stationary point of k.r.
The name of the method is derived from the stationary property of the
phase factor k.r. The other two observations mainly relate to simplifying
the integrand.

2. When a slowly varying function of ky and k, such as f(ky, ky) is multiplied
by e7*" and integrated over k, and k,, the contribution to the integral
arises mainly from those values of k, and k, for which the phase factor
¢ 7T remains stationary.

3. In the limit, as # — oo the leading term in the expansion of the integral is
given exactly by the contribution arising from the stationary points.

Determination of Stationary Phase Points

We shall first determine the stationary phase points; that is, the values of ky, k,,
and k, at which the phase factor k.r = kyx + kyy + k,z becomes stationary.
Substituting the expression for k, into k.r gives

kor = kyex + kyy + 2\kg - ki — k) (5.110)

At the end, we shall express the radiation fields in the spherical coordinates. The
transformation from the Cartesian-to-spherical coordinates is given as

x =7 sin(6) cos(p) y =7 sin(#) sin(¢) Z=1rcos(f) (5.111)
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Equation (5.110) in spherical coordinates may be written as

k.r= r[kx sin () cos(¢) + ky sin () sin(¢p) + cos(ﬁ)xlk% - /e,zc - ki]

(5.112)
The phase factor k.r is stationary with respect to k, and k,, (for » constant) if

d(k.r)

W = O, and

=0 (5.113)
that is, if

_ ky cos(0) sin () cos(¢)

r[sin(ﬂ)cos(d)) k—} =0, = ky =k, c0s(0) (5.114a)
z
and
r[sin(ﬁ) sin (¢b) — W] =0, = ky =k, %ﬁ;w (5.114b)
Z

Substituting these values of ky and ky in k§ = k(z) - k,zc - ki , we obtain the stationary
phase point (kyg, Ry, kz0) as

k.o = kg cos(0) (5.1152a)
/ex():kx|kw=k0 sin(6) cos () (5.115b)
ky():ky|kz0=/eo sin (@) sin(¢) (5.115¢)

It may be verified that k.r reduces to k(7 at the stationary phase point.
In the vicinity of the stationary point (kxg, ky0, R;0) the following approxima-
tions may be made:

1. f(ky, ky) is slowly varying, and may be replaced by f(kyo, kyo). Taking
this factor out of the integral sign, (5.109) reduces to

oo o0

E(r)z%f(kxo,kyo) f j e dk,. dk, (5.116)

—00 —00

2. k.r may be approximated by the first few terms in a Taylor series expansion
as
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_ d(k.r) d(k.r)
k.r—k.l‘lkxo,kyo+ akx ko ko(kx_kx0)+ aky ko ko(ky_kyo)
x0> Ty x0> Ry
1 9%(k.r) ,  1d%(k.r) 5
5T (kx = kyo)" +5——5— (ky — kyo)* (5.117)
2 aki ko> kyo " 2 ak§ ko> kyo g .
3%(k.r)
" ok oky kxo,kyo(kx ~ kel lky = ko)

The second and third terms on the right side are zero because of the stationary
property of k.r. Also k.r = k7, at the stationary point. Therefore, (5.117) may
be expressed as

k.r = kor — [Au® + Bv* + Cuv] (5.118)

where u = (ky — ky) and v = (k, — kyg) are the new variables, and A, B, and C
are the constants obtained as

r kio r kz() r kka 0
A=5r [1 +—2],B=ﬁ [1 +—2L},andC=k— 5> (5.119)
0 ) 0 ) 0 ko
In the light of these approximations, (5.116) becomes
= €_ikor°°oo i(Au2+ B2+ C
E(r)zf(kxo,kyo)ﬁf f ol AutBu=+ Cuv) gy ) (5.120)

The above integral can be evaluated as (see Appendix SA)

ffej(Au2+Bv2+Cuv) dudy = 1 \/;eiw/4\/+ei7r/4(5.121)
\JAB 1 - C~/(4AB)

=—2mk0cos(0)

Finally, (5.120) reduces to

—jkor ~
E(r) =/ ¢ . ko cos(0)f(kxo, kyo) (5.122)

5.5.1 Radiation Pattern

The radiation pattern is characterized by the variation of fields Ey and Ey4 as a
function of angles § and ¢. For this, one needs to determine f(kx(, kyo) of (5.122)
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in terms of the known aperture field or antenna current [5, 7]. We shall determine
t(kx0, kyo) for the aperture antennas.
For an aperture in the x-y plane, the aperture field E, is defined as

E,(x, y) = E¢(x, v, 0) (5.123)

where subscript ¢ stands for the transverse part and E; = XE, + JE,. In terms of
Fourier components, (5.123) may be expressed as

oo oo

Ea(x,y)=%f fft(kx,ky)e_j(k"“kyy) dk, dk, (5.124)
Inversion gives
Folks, ky>=% f f Eq(x, y)e/ &) dx dy (5.125)

Therefore, f, can be obtained once the aperture field is known. According to (5.122)
the radiation field depends on f, and f = f, + 2f,. Therefore, the z-component of
f is also needed for the evaluation of radiation fields in space. It is determined
next.

To determine f, in terms of I, we know that, in free space,

V.E=0 (5.126)

Using (5.109) for E gives
—1 V fe_j ! d/ex dk, =0 5.127
20 Y (5. )

Since the integration and differentiation are in different domains, their order can
be interchanged as

%” L.V(eT*) diy dky =0
or
-1 1, F/,-jkr
2 [ | et dk iy = 0 (5.128)

One of its possible solutions is

jkfe ™ =0=k.F=0
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or
. kofe+ kyf
fz=——x’(x,: oy (5.129)
Z
Therefore,
- - " - kofi + kofy - [
f:ft+zz=ft—zw=ft—z‘kk‘ (5.130)
Z z

Since f, is the Fourier transform of aperture field as per (5.125), expression (5.130)
implies that only the aperture field need to be specified to determine the radiation
pattern.

Assuming that the aperture field is known and f; can be determined from it,
we wish to determine the radiation field based on (5.122). At the stationary phase
point (kxo, ky0, kz0) the expression for f can be written as

- = ket Ry o1 .
fzft_z%zyyzft(kxm kyO)_Zk_Z()(kax0+fyky0) (5.131)

Substituting for f in (5.122) produces

e—/kof

E(r) =

s 1 3
ko €os(0)| ulkso, kyo) =3 (Fekso + ko) | (5132
This result shows that the radiation pattern is related directly to the Fourier trans-
form of the aperture field. To determine the field components E4 and E 4 from

(5.132), we use the following transformation between the unit vectors X, y and Z;
and £, 6 and ¢

X sin(#) cos(¢) cos(f) cos(¢p) —sin(¢p) 'y
¥ | =| sin(@) sin(¢p) cos(f) sin(¢p) cos(¢p) g (5.133)
Z cos(80) —sin(6) 0 o

This transformation and the evaluation at the stationary phase point gives

—jkor
E(r) = /'koe ; [¢(fy cos ¢ — fy sin @) cos O+ O(f, cos ¢ + fy sin )]
(5.134)
that is,
e—fkor . N
Egl0, ¢, 7) = jlo S (Fx cos ¢+, sin &) (5.135a)

r
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and

—jkor

Ey4(0, ¢, ) = koS (fy cos ¢ — fy sin ) cos 0 (5.135b)

r

We may now use the following procedure for calculating the radiation pattern
from the given aperture electric field:

1. Determine the Fourier transform of the aperture electric field as

Folke, ky) = 5 [[ Bt 0perhex 4 sy

aperture

2. Evaluate f; at the stationary phase point (kg, kyo) given by
kyo = ko sin(8) cos(o), kyo = ko sin (@) sin(¢)

3. Determine the electric field components E4 and E4 from (5.135) in the
principal planes defined by ¢ =0 and ¢ = 7/2.

We illustrate the above procedure by applying it to the problems given next.

Example 5.4.  Radiation pattern of a uniform aperture field. Let the electric field
in the rectangular aperture of Figure 5.9 be defined as

a= (5.136)

yEo for|x|<al2,|y|<b/2
0 otherwise

The uniform amplitude and phase distribution is an idealization of the distribution
in very narrow apertures. The Fourier transform of the aperture field is given as

b2 al2
7 AT i (k k , _Ep
fi=9yEo f f o/ kX Ry Y) e dy E0=ﬁ
-b/2 -al2

or

(=2
—
—
-+
—>

e

Figure 5.9 Electric field distribution in a narrow rectangular aperture in the ground plane.
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- kyb i
f, = 9E{ ab sin c<kx7“> sin c(%) sin c(x) = smx(x) (5.137)

At the stationary phase point,

f, = yE{ ab sin C(/eoa s1n2¢9cos(¢)> sin C(/eob smzﬁ sm(¢)>

or

]~[y _ E{ ab sin C(/eoa smzﬁcos((ﬁ)) sin C<k0b smzﬁ sm(¢)) (5.138)

The radiation patterns in the principal planes are therefore given as follows:

1. ¢=m/2 plane pattern: from (5.135), E4=0 and Egy(0, ¢) =
fy(0, ¢ = @/2) or

(5.139a)

Eg(6) = E{ ab sin %M)

2. $=0 plane pattern: from (5.135), Ep=0 and E4(6, ¢) =
fy(6, ¢ =0) cos 6 or

Ey4(0) « E§ ab sin %M) cos 0 (5.139b)

The normalized pattern function 20 log (E d)/ (Eé ab)) is plotted in Figure 5.10
for an aperture size of a = 201y and b = 5A(. Characteristics of this radiation
pattern are:

1. The radiation pattern consists of a main lobe at # = 0 and a number of
sidelobes on either side of the main lobe.

2. The first null occurs when (k(b/2) sin 6= 7. For k(b large, the corresponding
value of 6 is given to a good accuracy by

kob A
=5 Orall = 7= Ol = (5.140)

that is, angular width of the main lobe is inversely proportional to the
aperture dimension in wavelength.

3. The first sidelobe is 13.3 dB below the main beam peak. The sidelobes
decrease in amplitude as the point of observation moves away from the
direction of main beam.

Example 5.5.  Radiation pattern of a tapered aperture field. The effect of tapering
the aperture field to a smaller value at the edges of the aperture is equivalent to
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20logE, (dB)
o
(¥,

-50 !
-1 -0.5 0 0.5 1

u =sin@

Figure 5.10 Radiation pattern in the yz-plane or ¢ = 90° plane for uniform amplitude and phase
distribution in rectangular aperture (a = 2019, b= 5¢), u =sin 6.

an effective reduction in the aperture area, and will result in a broader main lobe
and lower directivity.

Let the aperture electric field produced by the TE{y mode in an open ended
waveguide terminated by a flange (Figure 5.11) be modeled as

R X a b
E,=9VEy cos<7> for|x|£z,|y|SE (5.141)

Implementing the various steps as in Example 5.4, one obtains

Figure 5.11 A rectangular aperture with tapered aperture electric field.
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cos (Rx02
1 Ta 2

;  (kyob
5)- (%)

where Ry = k¢ sin(6) cos(¢), and ky = k¢ sin(6) sin(¢). The radiation patterns,
as before, are given as follows:

(5.142)

1. ¢ = 0 plane pattern: Eg= 0 and E 4(6, ¢) = fy(ﬁ, ¢ =0) cos 0 or

cos koa sin(0)
w )

E (0) OCE()—
’ 4 aV (koasin(0)V
) -2
2. ¢ = 7/2 plane pattern: E4=0 and E (6, ¢) = f,(6, ¢ = m/2) or

2 .
Ey(6) o EO% (%) sin C<M) (5.143b)

cos 6 (5.143a)

2

The pattern E 4(8) is plotted in Figure 5.12 for a/A( = 3, and its characteristics
are summarized as follows:

1. The angular width of the mainlobe is 26 = 2 sin 6= 3/a.

2. The half-power beamwidth is 1.21¢/a (compared with Ag/a for the uniform
field).

3. The first sidelobe has amplitude 23 dB below the main lobe maximum
(compared with 13.3 dB for the uniform aperture field). It is because of the

factor (77'/2)2 — (koa sin(&)/Z)2 in the denominator of the pattern function,
(5.143a).

Exercise.  Determine the radiation pattern of an aperture field with linear phase
variation modeled as

i
T3 % _

E,=¥Eoe e ™t forOSzSL,|y|gbO

2
Here L is the slot length, b is the slot width, and « is the attenuation constant
due to the leakage of power. This type of aperture field is obtained in a leaky

wave antenna, for example, by cutting a narrow longitudinal slot in a rectangular
waveguide propagating TE 1 mode.

5.5.2 Asymptotic Value of Bessel Functions

The stationary phase method was used in the last section to determine the radiation
integral. The integrand was oscillating rapidly away from the stationary phase
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Figure 5.12 Radiation pattern in the xz-plane or ¢ =0° plane for cosine tapered amplitude distribu-
tion in rectangular aperture (a = 31¢), u =sin 6.

point. In this section, we apply this method to determine the asymptotic value of
Bessel functions.
The Bessel function of the nth order may be defined as [5, p. 344]

w
Ju(p) A Re j—Tfefﬂsi“We‘f”x dx (5.144)

0

As the distance p — o, the term e/’ Sin¥) oscillates very rapidly. The contribution
to the integral comes from a small region near the stationary phase point, which
is obtained as

%(psinx)zO:pcosszorxzz—T (5.145)

The asymptotic value of the Bessel function may therefore be calculated about the
stationary phase point as

72+e€
]_ I .
Ju(p) = Red— f e 1PSINX) =X o (5.146)

ml2—€
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where eis a very small positive number. It may be noted that the limits of integration
represent a small region about the stationary point. The factor ¢ 7™ is slowly
varying compared to e/’ Sin¥) (for large values of p). Therefore, it can be approxi-
mated by e 7™, and (5.146) reduces to

e—/'mr/Z 72+ € o
Jalp) ~Red — Je’m(")dx (5.147)
w2 —€

Now expand sin(x) in a Taylor series about the point x = 7/2 to obtain

2
. . 1 .
sin x = sin X +z(x —g) (—sin x) (5.148)
x=a/2 x= /2
1 2
o
4
Expression for the Bessel function therefore reduces to
e—jnﬂ'/l 72+ € ' i
Jnlp) = Red —— f Pt =x=m2)2) gy (5.149)
72 —€
e/'(p—mr/Z) 2+ € ' i
=Red ——— f e IPE= TR g
72— €
Since
72+ € oo
f g TPl m2PI2 g f g TP T2PI2 g (5.150)
72 —€ -
AT -imlA
B \/p/Z ¢
e/(p—mr/l—n'/4) ET
Jutp) = Re{T \/7 (5.151)

_ |2 T
= Wpcos P="5 ~3%

that is, the Bessel function behaves like a cos(.) function for large arguments.
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5.6 Green’s Function for the Quasi-Static Analysis of Microstrip Line

This topic is considered here because of the importance of microstrip line in micro-
wave integrated circuits, and the Green’s function in closed form for this geometry
can be obtained only in the spectral domain. This is due to the mixed dielectric
nature which gives rise to the inhomogeneous boundary conditions.

Consider a microstrip line of strip width w on a grounded substrate of dielectric
constant €, and dielectric thickness b, as shown in Figure 5.13. A quasi-static
analysis of the problem is carried out by solving the Poisson equation for the
electric potential in a plane transverse to the direction of wave propagation,

% p(x, y) +82¢(x,y) __psl) (5.152)

ox? E)yz €

where ¢(x, y) is the unknown potential and p, is the charge density on the strip.
The Green’s function, charge density, and the potential at the plane y = b are

related as
w2
o(x, h) =€lo f ps(x")VG(x, by x’, b) dx’ (5.153)
-w/2

However, it is difficult to determine ¢(x, ») than the spectral domain Green’s
function @(a, h) because of the inhomogeneous boundary conditions at y = h.
Also, Green’s function in spectral domain can be easily obtained if &(a, /) is known
because [6]

1 ~
¢(a,h)=e—0ﬁs(a)G(a,h) (5.154)

The expression for @(a, b) is obtained by solving the Laplace equation for @ subject
to the boundary conditions at the strip. The Laplace equation is given by

2
(_a2+%>¢i<a, V=0 y#hi=12 (5.155)
y

y

'
I .

Figure 5.13 Cross-section of a microstrip line.
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The subscript i identifies the regions marked in Figure 5.13. The interface conditions
to be satisfied by ¢;(a, y) are the Fourier transform of the interface conditions for
¢i(x, y) and may be listed as

$1(a, 0)=0 (5.156a)
(Z)l(aab)z (:Z’SZ(aa h) (5156b)
b (@, o) = 0 (5.156¢)
The effect of charge on the strip is included through the condition
Dya(a, b) = Dyi(a, b) = ps(a) (5.156d)
where D,, is the component of displacement vector normal to the interface. Equation
(5.156d) may be expressed in terms of potential function as (E = -V¢)
d _ d _ _ ps(a)
Er@m(a’,h)—@@z(a,h)— P (5.157)
The Fourier transform is defined as in (5.3a).
The solution of (5.155) in the two regions is well known and may be written
as
&1(a, y) = A sinh(ay) (5.158a)
@) (a, y) = Be 12lY (5.158b)
The choice of potential functions in (5.158) takes into account the boundary
conditions (5.156a) and (5.156c¢). The constants A and B can be determined by
using the remaining boundary conditions. One obtains finally
o, b) = ps(a) (5.159)
60|a|[1 + € coth(|a|h)]
Next, we use (5.154), the relationship between &(a, ) and G(a, b), to deter-
mine the Green’s function as
~ 1
Gla, b) = (5.160)
la|[ 1+ & coth(|a|h)]
5.7 Summary

The Fourier transform method is an elegant approach to solve differential equations
with unbounded regions, the solution of which using computational techniques is
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inefficient. The transform method converts the given differential equation into
ordinary differential equation or algebraic equation which is easier to solve. The
simplification is based on the property that Fourier transform of the derivative of
a function is proportional to the Fourier transform of the function itself. The
bounded as well as semi-bounded region problems can also be solved by employing
Fourier transform method. Some examples of Fourier transform method include:
current excitation of unbounded transmission line, line excitation of grounded
trough, probe excitation of modes in a rectangular waveguide, electric line source
above a ground plane, and radiation from apertures. The layered dielectric problems
such as planar transmission lines can be worked out in the Fourier/spectral domain.
Alternative forms of the solution can be obtained by carrying out part of the
analysis in physical domain. The final solution of the problem requires taking
inverse transform, and this sometimes involves solving improper integrals. Residue
calculus helps in solving these integral analytically. The radiation field is related
to the Fourier transform of current on the antenna. The transform is called radiation
integral and its properties are such that it can be evaluated in closed-form by
employing stationary phase method.
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Appendix 5A: Evaluation of the Integral in (5.120)

The integrand in (5.120) can be expressed in a standard form by using the following
substitution:

x=u~A, y=v~B (5A.1)

so that

oo oo oo oo

erj(Au2+By2+Cuv) dudVILf J'ei(x2+y2+cxy/\/ﬁ) dxdy (5A.2)
\JAB

—00 —00 —00 —o0
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Now, complete the square in x to obtain

oo o0

ff j(Au?+Bv2+ Cuv) g g ff j(x+Cy/(2VAB )2 - CX(4AB)) 4. 4
= ,— y

(5A.3)
Use of the following standard integral
e Halé- &) e T T
f dé= \/a (5A.4)
n (5A.3) gives
e/(Au +Bv? + Cuv) d dy = jal4 T ejﬂ'/4 SALS
f f \/ \/_ 1 - C*/(4AB) A
= 277_]k0 cos(0)

Problems

P5.1. The following functions are used as basis functions in MoM for solving
differential and integral equations. Determine their Fourier transforms.

1-|z|/L -L<z<L

0 elsewhere

sin[ ko(L - |2]) ]

Triangular: J(z) = {

. -L<z<L
Piecewise sinusoidal: J(z) = sin(koL)
0 elsewhere
Constant: J(z) =1 —0 <7< 00

P5.2. Calculate the Fourier transforms of the following functions:

1. (i) f(x |x| -W2<x<W/2
2. flx)=Ipe ™ —a<x<a
3. flx) = ( ) —W<x<W
1 -W<sx<W
4 flx) = {O elsewhere
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1
S. Jxlx) = — -W<x<W

1 - (x/W)?
P5.3. Finite Fourier transform of a function f(x, y) is defined as

f(ana y) =

e e de o=l

oS Y——n

Write down the inverse Fourier transform.
P5.4. Solution to the following differential equation:
2 ’ ’ ’ ’ ’ ’
(V2 +k0)Glx, v, 25 %7, ¥/, 27) = =8(x") 8(y") (")

subject to the boundary condition G — o as 7 — o is a spherical wave described
by [5, p. 346]

e—fkor

Glx,y, 23 %%y, 27) = 4 —

In order to determine its spectral representation, solve the above differential equa-
tion by taking its Fourier transform defined as

Glky, ky, k3 x',y',2) = fjf Gx,y,z;x",y, z')ej(kx“kywkzz) dxdydz

and show that

-1
ko — ky — k3 — ks

4

G(kxa ky’ sz x,a y’s z’) =

The above procedure implies that
o TRo7

1 -1 j(kyx +kyy+k,2)
eI ReX Ry TR gp dk. dR
Amr <27r)3J”k3—k§-k§-k§ ¥y A

Now use contour integration to show that the above integration can be simplified
to yield (assuming that kg = kg, + jko;)

o kot 1 o 7 Rux +Ryy+k:|z]) dk, dk,
r 27 k,

where k, = \/k% - ki - ki. Show the contour also.
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P5.5. Consider the problem of diffraction by a slit of width 2¢ in the x-direction
and infinite length in the y-direction, as shown in Figure 5.14. A plane wave
polarized in the y-direction is normally incident upon the slit from z < 0. At the
slit aperture, assume the field to be [5, p. 463]

E(x, z = 0) = 9Eq U(€ — |x|)

where U(¢ — |x|) is the unit step function. The field at any distance z can be viewed
as a superposition of plane waves with the wave vector component k, spanning
from —oo to oo,

E(x,z)=¥ f E(kx)e/kxx+szz d/ex

where k, = \/kz - ki . Show that at the aperture where 2 =0

sin(ky€)
T /ex€

The major contribution to the integral comes from the interval [-7/€, 7/€] on the
k-axis, where the peak of E(k,) is located. Assume k > /€, then k, < k in the
region where the integrand is significantly large. Approximate

ky=~lk2 - k2 =k — K22k +. ..

Using the above approximation, the expression for the field becomes

E(x, z)zi,eikzef'(kxzﬁz)J'E(kx)e—/(z/ﬂe)[ GO

Figure 5.14 A slit of width 2¢ in the ground plane.
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Determine the stationary-phase point. Show that the far field as evaluated by the
stationary phase method yields

E(x, 2) = 9ef’<zef<’<x2’2z>\/—27k E(k—x)
2 2

Thus the far-field pattern is proportional to the Fourier transform of the aperture
field. Show that for uniform illumination at the aperture,

) <k€x>
E Sin 7
& jkz jkx22z) . | 4R
E(x,z) =yEgle’ ™ e \/;’wz —kﬁ
z

P5.6. Excitation of surface waves by a current source above a grounded dielectric
sheet. Figure 5.15 illustrates a grounded, lossless dielectric sheet of thickness ¢,
and relative dielectric constant €,. An electric current source is located at x = d,
z = 0 and is parallel to the y-axis. The current source may be represented as
J = 96(z)8(x — d). Using direct construction method (Chapter 3) along the
x-direction and double Laplace-transform along the z-direction, show that
3, p. 726]

“+o0

. —illx—d| —jllx+d|
_ Jopg e Re “yz
Ey(x,2) = 4 f ( / + / >e dy

where

_jl = b cot(ht) 2 2 202 2,42

= Tiheotthy) PV ek =y 4k

P5.7. Consider an infinitely long transmission line excited by a current source
Ipe’" at 2’ and shown in Figure 5.16. Solve

2
‘i—‘; + ki V=—joldz-2), k§=w"LC(1-;G/(wC))
v4

Figure 5.15 Line current source excitation of a grounded dielectric sheet.
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Figure 5.16 Excitation of transmission line by a current source.

by means of Fourier transform [3]. Hint: The presence of shunt conductance will
displace the poles away from the real axis. For z > z” the inversion contour can
be closed in the lower-half plane, and for z < z” it can be closed in the upper-half
plane. Thus the inverse transform can be evaluated in terms of residues.

P5.8. Consider a lossy transmission line of length [ short-circuited at the ends
z =0 and z = [. The voltage Green’s function on this line satisfies the following
differential equation [8, p. 533]:

9%y ov %y , ,
y—RCg—LCyZB(Z—Z )O(t—1t")

where R, L, and C are line constants. Take the Fourier transform of this equation
with ¢ and show that the Fourier transform V(z, w) satisfies the following ordinary
differential equation:

2~
. . 1 jwt’
a_‘zl - —jwRCV + W LCV = —8(z—z2")e!
oz .

\/2_

You may use the direct construction method of Chapter 3 to solve this differential
equation, and show that

1sin(yz) sin(y(z" = 1)) _jor

: e for z <z’
. . 1 y sin(yl)
OO o | Lsinlyz) sin(yle =) or 4
y sin (yl) -

where 72 = o’LC - joRC. The inverse Fourier transform gives the following
expression for the voltage on the transmission line:

—+oo

1 J sin (yz) Sin(y(z'—l))ejw(t—t’) do forz<z’

v(z, t) 2 v sin(yl)

—oo

and a similar formula for z > z”. Show that the poles of the above integrands are
given by sin(y/) = 0 and not at y = 0; that is, at
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"R no\t 1 R?
w:,EiV<T>E_m n_13233)"'

Using the Cauchy residue theorem, show that v(z, t) is zero for ¢ < ¢’. Determine
the voltage on the line for ¢ > ¢”.

P5.9. Consider a microstrip line as shown in Figure 5.13. The conducting strip
and the ground plane are assumed to be perfect conductors. The strip thickness is
assumed to be negligible, and the dielectric substrate is assumed to be lossless.
Derive an expression for the capacitance per unit length of the microstrip line
assuming the following charge distribution on the strip:

} v W
2 =%=7

0 otherwise

! Y <x|
5 <
pslx) = 1-— |x| 2
w/2
0 otherwise

P5.11. An alternative approach for solving (5.43) for the half-space Green’s function
is to use direct construction approach. Assume the following [2, p. 190]:

Ae ko for x > x’

B sin kgx for 0 < x < x’

G(x;x") = {

and show that the Green’s function is given by (5.34).
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Introduction to Computational Methods

The boundary value problems in electromagnetics may be represented by the opera-
tor equation Lf = g. The computer-based solution of this equation is obtained by
discretizing it; that is, by expressing it in the form of matrix equation [A][x] = [b],
where [x] is the vector corresponding to the unknown function f, [A] is the matrix
corresponding to operator L, and the vector [b] represents excitation function g.
The vector and matrix representations are obtained in an appropriate function
space. Here we emphasize the use of function space consisting of subdomain
functions in order that the solution method can be applied to arbitrary shapes.
The accuracy of the solution depends on the size of vectors and the matrix. An
optimum size is realized as a compromise between the accuracy of solution and
computer resources required. This gives rise to the issues such as convergence,
accuracy, and stability of the solution. These aspects of computational methods
are discussed in general in this chapter. The specific computational methods are
discussed in later chapters.
In general, we can express the unknown function in the form of a series

f(r):zanfn(r) (6.1)

n

where f,(r) are known expansion or basis functions and a, are the complex
coefficients to be determined. The unknown distribution depends on factors like
geometrical shape, dielectric filling, frequency, excitation, and boundary conditions
of the electromagnetic device. The various methods of analysis differ in the choice
of expansion/basis functions and in the determination of coefficients.

6.1 Elements of Computational Methods

The analysis of a problem using computational methods involves three major steps.
This is shown as block schematics in Figure 6.1.

Step 1, Governing Equation: The different computational methods differ in
preprocessing of Maxwell’s equations to arrive at the governing equation. In the
finite-difference time-domain (FDTD) method, the Maxwell’s equations are
expressed in finite difference form in space and time. In the finite-difference method
(FDM), Helmholtz or wave equations such as the scalar inhomogeneous wave
equation

199
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!

Set up the integral
equation or differential
eqn. or integro-diff eqn.

v

Discretize the structure

h

Obtain the set of
simultaneous equations

v

Matrix equation solution

Figure 6.1 Major steps in the computational methods.

Viy+ kPy=g (6.2)

is employed and expressed in finite-difference form to arrive at the algebraic equa-
tion. The Maxwell’s equations or Helmholtz equations are processed to obtain
either functional form or weak wave equation form for finite element method
(FEM). The functionals are derived in Chapter 9. For the method of moments
(MoM), the integral equations are developed from the inhomogeneous wave equa-
tion with delta function as the source term.

Step 2, Device Domain Discretization: This step distinguishes computational
methods from analytical methods. In order to solve the governing equations for
an arbitrary shaped device with dielectric inhomogeneity, the device geometry is
discretized in the form of nonoverlapping cells. For this, the device geometry is
first marked by a mesh or grid. For illustration, the rectangular grid on an L-shaped
geometry in two dimensions is shown in Figure 6.2. Nodes are placed at the
intersection of grid lines. Some of the nodes are marked there. Next, the nodes are
joined by the straight lines as shown to form rectangular or triangular or quadri-
lateral cells or elements or subdomains. The whole device geometry is divided into
one type of nonoverlapping cells or combination of different types. The discretiza-

Figure 6.2 Discretization of device geometry into a number of cells or elements.
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tion is carried out such that the dielectric is homogeneous in each cell. This completes
device discretization.

The device discretization has not only separated out the dielectric inhomogene-
ity, it has discretized the function also into subdomains. The size of subdomain is
equal to the cell size. The basic cells or elements used in discretization are shown
in Figure 6.3.

The cell size is selected such that the function may be assumed to be uniform
or linearly varying over the cell. Quadratic and cubic variations over the cell are
used to improve efficiency at the cost of increased complexity in formulation. In
commercially available software, discretization is carried out using an automatic
mesh generator. Discretization of the device geometry results in a system of linear
simultaneous equations and can be described by the matrix equation

[A][x] =[] (6.3)

The size of the matrix is equal to the number of unknowns, sometimes more than
a few hundred.

Step 3, Matrix Equation Solver: The simultaneous equations of (6.3) can be
solved for the unknowns using the matrix equation solvers. Since the matrix size
may be large, it is important to employ efficient algorithms. These may include;
Gauss elimination, L-U factorization, and conjugate gradient method. Some of
these solution methods are discussed in Appendix A at the end of the book.

Step 4, Postprocessing: The raw data obtained in step 3 may be processed to
obtain characteristics of interest for the device. These may include capacitance and
characteristic impedance of waveguiding structures, resonant frequency,
S-parameters of circuits or antennas, radiation patterns, and RCS of scatterers.

The discretization of device geometry into a number of cells/subdomains is
equivalent to discretization of the unknown function f(r) into a number of sub-
domain expansion/basis functions f,(r) as described by (6.1). We now discuss the
various types of basis functions.

()

(b)

(c)

Figure 6.3 Basic cells or elements used in discretization of geometry: (a) one-dimensional; (b) two-
dimensional cells: triangle and rectangle; and (c) three-dimensional cells: tetrahedron and rectangular
brick.
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6.2 Basis Functions

There are two principle classes of basis functions. These are entire-domain, and
subdomain basis functions. The subdomain basis functions are discussed next.

6.2.1 Subdomain Basis Functions

The subdomain basis functions are versatile and take the guesswork out of the
unknown distribution. For this, the domain of the problem is first divided into a
number of subdomains of same size or different sizes. Each subdomain is spanned
preferably by a single function called subdomain function. The subdomain basis
functions are nonzero over the subdomain and zero outside, and can therefore
model the unknown distribution efficiently.

6.2.1.1 One-Dimensional Subdomain Basis Functions

Pulse or Window Basis Functions
Let us consider the range of interest or domain size as 0 < x < 1, and divide this
range into N + 1 equal subintervals/subdomains of width

1
hy= N (6.4)
centered about the points x,,, defined as
xmzﬁ, m=1,2,3, ... (6.5)

The subintervals and points x,, are shown in Figure 6.4(a) for N = 4. A pulse
or window function which is nonzero over only one subinterval and is centered
about x,, is defined as [1]

h b
1 forx,, - 2<x<x, +—=>
P(x — x,) = "2 "2

(6.6)
0 elsewhere

The function P(x — x,) is shown in Figure 6.4(a). A linear combination of pulse
N

functions according to f(x) = 2 a,P(x — x,) gives a step or staircase approxima-
n=1

tion as shown in Figure 6.4(b). It may be noted that pulse functions are orthogonal

in nature because they do not overlap with others. A pulse function can be differenti-

ated only once and therefore cannot be employed to approximate a function which

is to be differentiated twice.

Triangular Basis Functions
A triangular function or piecewise linear function (PWL) can be differentiated twice
and is defined as
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Sub-section
1 \l P(x-x,)
[
(a) | | | | J
0 X, X, X5 X, 1
v
(b)

Figure 6.4 Pulse or window basis functions and approximation using them: (a) a pulse function;
and (b) step approximation of a function using pulse functions.

(X = Xpm-1

forx <x<«x
m-1 m
Xm — Xm-1

T(x — x,) = 3 M for %, < % € %41 (6.7)
Xm+1 = Xm
L0 elsewhere

For N=4, the function T(x — x ) is plotted in Figure 6.5(a), and a linear combination
of these functions gives a piecewise linear approximation as shown in Figure 6.5(b).
The triangular functions are deceptively simple because of linear variation and
resulting integrability. It may be noted that the triangular functions exist over two
connected subdomains, and a subdomain is spanned by two basis functions. The
partial overlap between them makes triangular functions nonorthogonal.

rr /\T(x“xe]
(a) | | J
0 X, X, X; X, I
P // \\‘ —:<:
(b) }e 3 g b 172 G | |
0 x, x5 X % 1

Figure 6.5 Triangular basis functions and approximation using them: (a) a triangular function; and
(b) piecewise linear approximation of a function using triangular functions.
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Some of the commonly occurring mathematical operations with triangular
functions are as follows:

d? 1
WT(x—xn)—E[B(x—xn-ﬂ—25(x—xn)+5(x—xn+1)] (6.8a)
Xm+1 2Ax/3, forn=m

f T(x — x,,) T(x — x,,) dx = 4 Ax/6,  for |n —m|=1 (6.8b)

0 for [n —m|>1

Xm-1

Xyt Ax/2 3Ax/4, forn=m

f P(x —x,,)T(x —x,) dx =3 Ax/8, for|n—-m|=1  (6.8¢)
A 0 for |n —m|>1

x,,—Ax

The element size Ax is defined as Ax = x,,,,1 — X,,,.

Spline Basis Functions

A spline of order 7 has polynomial degree #» — 1 with order zero denoting a Dirac
delta function, order 1 denoted by pulse functions, and order 2 by triangle functions.
The order 3 spline function is called quadratic spline. It is continuous, has a
continuous first derivative, and is therefore smoother than triangular function. The
quadratic splines are defined as [2, p. 192]

for x < x,,,_3pn

0
9 3/x-x, 1 x—xm2
§+E< X >+§<T> for x,,_3p <x <xp-1p

3 x—xm2
Qlx —x,) =1 4" A for Xim-112 X% X112
2
9 3/x-x 1/x—x
§_§< A’”)+2< A’”) for x,, 412 < x < X430
0 for x 2 x,,.3n

(6.9)

The function Q(x — x,) is plotted in Figure 6.6. It may be noted that each spline
function spans three subintervals and each subinterval is spanned by three basis
functions. The subinterval A is defined as 3A = x,,, 132 — X,-3/2-

Various other subdomain basis functions including Lagrangian functions are
described in [2].

dQ(x - x,,) and dZQ(x - X,)

Exercise.  Determine and plot 3 over its domain.
dx dx
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3/4

Figure 6.6 Quadratic spline functions. Each spline spans three subintervals.

6.2.1.2 Two-Dimensional Subdomain Basis Functions

If the expected distribution f(x, y) can be described as separable in the two dimen-
sions, it may be expressed as

f(x,y) =fi(x) f2(y) (6.10)

The functions f1 (x) and f; (y) may now be expressed in terms of one-dimensional
subdomain basis functions; that is,

M N
fix)=Y amfim(x) and  fo(y) =Y, bufau(y) (6.11)
m=1 n=1

We now describe some of the popular subdomain basis functions in two dimen-
sions.

Pulse-Pulse Basis Functions
The pulse basis functions along the x- and y-directions are obtained from (6.6)
and are given by

h h

1 forxm—TxSxSxm+7x

fim(x) = (6.12a)

0 elsewhere

and

b b
1 fory,-L<y<y,+=
fanly) = o2 "2 (6.12b)
0 elsewhere

where by = x,,41 — x,, and by =y, 1 — v, are the subdomain lengths along the
x- and y-directions, respectively. The pulse-pulse subdomain basis functions for
Jx(x, y) defined over a pair of cells are shown in Figure 6.7(a).

Roof-Top Basis Functions

These basis functions are one of the most popular two-dimensional basis functions.
The roof-top basis function is a combination of piecewise linear (PWL) function
along one direction and pulse function along the other direction. For PWL variation
along the x-direction, the function is written as
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; Y
RIS / L X

A L W

(c)

Figure 6.7 Two-dimensional subdomain basis functions for current distribution: (a) pulse-pulse
basis functions for /, over a pair of cells; (b) roof-top basis functions for J, and /,; and (c) PWS-pulse
basis functions for J; and J,.

(x — xpm-1 )by forx,_1<x<x,

Fim(x) =4 (Xms1 —x)hy  forx, <x<x,4q (6.13)
0 otherwise

where x,, — X,,-1 = Py = X;u41 — X The pulse variation along the y-direction is
described by (6.12b). The roof-top basis functions for J.(x, y) and Jy(x, y) is
drawn in Figure 6.7(b).

PWS-Pulse Basis Functions

These basis functions are a combination of piecewise sinusoidal (PWS) and pulse
basis functions. For PWS variation along the x-direction, the function is defined
as

sin[k(x — x,,,—1)]/sin(kh,) for x,,_1 < x < x,,
Fim(x) =4 sin[k(x,, 41 — x)I/sin(kby)  for x,, <x <xp 44 (6.14)
0 otherwise

where k is a constant. The pulse variation along the y-direction is described by
(6.12b). The PWS-pulse basis functions for J,(x, y) and J,(x, y) are sketched in
Figure 6.7(c).

6.2.2 Entire Domain Basis Functions

As the name suggests, the entire domain basis functions are defined over the entire
domain, that is, the range of space variables over which the problem is defined.
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The expansion/basis functions employed in the analytical methods are of the
entire domain type and orthogonal in nature, as discussed in Chapter 2. One may
also use general orthogonal functions such as Bessel functions, Legendre functions,
Chebyshev polynomials, and power series. Use of entire domain functions is sup-
posed to make the analysis efficient because only the first few functions may be
needed to approximate f(r) to the desired accuracy. The efficiency improves if the
expansion functions match the eigenfunctions of the problem. The entire domain
basis functions are useful in describing smooth variations such as those on unloaded
regular shaped geometries such as rectangular and circular patches. Also, the distri-
butions that are fast varying may be determined using subdomain basis functions
and modeled for later use as a single-term entire domain function (e.g., charge and
current distributions on a strip or slot).

6.2.2.1 One-Dimensional Entire Domain Basis Functions

Series Expansion

Series expansion as defined in (6.1) is the most general form of expressing an
unknown distribution. One may write the power series expansion of one-
dimensional function f(x) as

F(x) =Y, aflx) with f;,(x) = (%)ﬂ n=0,1,2,... (6.15)

n

where w is the domain size. For the basis functions to represent even symmetric
distribution in x, only the even values of # in (6.15) should be selected. The
above basis functions can be easily Fourier transformed for their usage in Fourier
transform method.

Next we describe some efficient basis functions used in the study of metal strips
and slots.

Basis Functions with Edge Singularity

Consider an infinitely long metal strip of width w as shown in Figure 6.8. The
metal strip is common to microstrip line, strip line, coplanar strips, coplanar
waveguide, and printed dipole antenna. The charge density distribution on the
strip can be described by a single basis function as

Figure 6.8 Geometry of a metal strip of infinite length and width w.
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1- 2_x2—1/2 for—Z<x<¥
flx) = < <w>> 27772 (6.16)

0 otherwise

It may be noted that the function f(x) models a symmetric distribution with the
charge density suddenly increasing at the edges, x = +w/2. This behavior is called
edge singularity, and is due to the Coulomb forces of repulsion between the charges.
A similar behavior for the current distribution is observed along the length of a
wire (Section 11.2).

Generalized Current Basis Functions

The conduction current J(x) on a metal strip (Figure 6.8) may be decomposed into
the longitudinal part J,(x) and the transverse part Jy(x) as

Jx) =K T (x) + 2] (x) (6.17)

The current components may be discretized as

M N
Jex) = amlamlx) and [ (x)= Y by)m(x) (6.18)
m=1 n=1
with
]xm(x)=s1n<ZM7Tx>, m=1,2, M for—%SxS%
(6.19a)
and

Jon(x) =COS|:W:|, n=1,2,...N for—%ﬁxﬁ%
(6.19b)

as the basis functions. For better numerical efficiency of the solution, the current
basis functions with edge singularity are employed to model the longitudinal current
distribution on metal strips or wires, and are given by

[Z(n— 1)7rx]
cos| ————
w

2
w

The transverse current J, is not singular.

w w
= ——< < —
, n=1,2,...N, for > Sx<5

Jan(x) =

(6.20)
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The basis functions described above are orthogonal in nature, and J,, are
plotted in Figure 6.9 for n = 1, 2, 3. The singularity in current is related to the
singularity in charge by the equation V.] = —jwp.

The current basis functions can be Fourier transformed for their usage in
analysis in the spectral domain. The Fourier transform is defined as

7(a)=\/7 f J(x)e!™* dx (6.21)

The Fourier transform of the z-directed current is given by [3, p. 342]

- 1 7w wa wa
Jon(a) :’\/T_WT []o<‘7+ (n — 1)7TD +]0<‘T— (n - 1)7T|>]
(6.22)

where [ (.) is the Bessel function of order zero. The electric current basis functions
on the strips may be used to model the equivalent magnetic current distribution
in the slots because of the complementary nature of strips and slots.

6.2.2.2 Two-Dimensional Entire Domain Basis Functions

The two-dimensional basis functions are needed to describe the distribution on
surfaces when both the dimensions are comparable to the wavelength. These include

-6 L
-0.5 0 0.5
x/w

Figure 6.9 The longitudinal current basis functions /,,(x) on a metal strip.
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metal plates, wide slots in conductors, microstrip antennas, resonators, and micro-
strip circuits.

The complete set of entire domain basis functions for regular shaped geometries
like rectangles, disks, circular rings, a few triangles, and circular sectors may be
obtained from the eigenfunctions of the geometry. The electric or magnetic wall
cavity eigenfunctions are the most suitable and can be determined from the modal
analysis of the cavity. The eigenfunctions suitable for use in microstrip patch
antennas are available in [4]. For a rectangular patch in the xy-plane, the electric
current may be expressed as

Jlo, ¥) =X (2, y) + §]y(x, ¥) (6.23)

It is easier to describe J(x, y) mathematically if J(x, y) and ], (x, y) are separable
in x and y; that is, variations of these functions with respect to x is independent
of the variation with respect to y. We can therefore utilize the strip current basis
functions to develop the basis functions for a rectangular patch. Consider a rectan-
gular patch of dimensions [ X w oriented as shown in Figure 6.10. The current
components may be expanded as

Teles ) =20, @pun Jon (%, ) (6.24a)
and
Ty, ) =20 bpglpy(x, y) (6.24b)
P q

For the x-directed current, one may write
: )
T ) = )0 = sin (5 | )eos (B [ v+ 7| ) (6259

and the basis functions for the y-directed current are

y
N

«— % >

Figure 6.10 Geometry of a rectangular patch with the coordinate system.
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[ w

Jog(x, y) =] (x)] 7 (y) = cos <pT7T [x + Z]) sin (%’ [y + ﬂ) (6.25b)

The above basis functions are orthogonal. It may be noted that unlike the basis
functions for the current density on a strip or wire, the above basis functions do
not include the edge singularity factor. If required for faster convergence of the

solution, (6.25a) may be multipled by the factor 1/4/1 — (2y/w)2, and (6.25b) by

the factor 1/~J1 — (2x/I ). Figure 6.11 illustrates the behavior of several types of
basis functions for a rectangular patch. The basis functions are of the type (1, 0)
and (3, 0) for the x-directed current, and type (2, 1) for the y-directed current.
The advantage of using entire domain basis functions lies in their efficiency;
that is, we may need fewer number of basis functions to model the expected
distribution. However, the major disadvantages with these functions are as follows:
(1) it is necessary to guess the function we want to simulate; (2) the entire domain
functions are not versatile (i.e., they may not be able to model or may require a
large number of basis functions to model an arbitrary distribution, especially if
there is a notch or dip in the distribution); (3) the use of entire domain basis may
make the evaluation of matrix elements difficult; and (4) the stability of the matrix
solution techniques depends on the condition number of the matrix, and the condi-
tion number of the matrix increases with the order of matrix. The use of entire
domain basis functions is likely to increase the condition number very rapidly with

Figure 6.11 Some entire domain basis functions for the surface current on a rectangular patch:
(@ Jx(1, 0); (b) Jx(3, 0); and (c) /,(2, ).
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the order of matrix. Therefore, only the first few basis functions may be useful
before the instability sets in.

There are infinitely many possible sets of basis functions for a given problem.
Some sets of functions may give faster convergence than others, or give matrix
elements which are easier to evaluate. Thus, the choice of basis functions determines
the accuracy and efficiency of the solution. A poor choice may give a divergent
solution. For any particular problem our task is to choose basis sets which are
well suited to the problem.

The computer-based solutions suffer from the computer related problems like
finite word length, computer memory size, and processor speed. The finite word
length affects the precision of stored values and gives rise to round-off error. The
memory and processor time requirements increase with the decrease in cell size.
These limitations show up in the form of approximate, and/or false solutions. Next,
we discuss the effect of discretization or cell size on the convergence, discretization
error, and numerical stability.

6.3 Convergence and Discretization Error

The discretization of the unknown function in terms of basis functions, described
by (6.1), gives rise to error in the solution, called discretization error, if a finite
number of terms are used. Also, since we do not know the distribution f(r) a
priori, we rely on the convergence behavior of approximate f(r) as the number of
terms in the expansion is increased. These characteristics of the solution are similar
to that of numerical integration of a function. The numerical integration is carried
out by dividing the range of integration into a number of subintervals and by fitting
the unknown function in each subinterval by a pulse or linear or parabolic or
polynomial approximation. The quadrature algorithms are mostly function inde-
pendent.

We shall illustrate the typical characteristics of computer method based solu-
tions by evaluating the following integral numerically:

(6.26)

-t

Since numerical integration is carried out by discretizing the integrand, the effect
of step size on the accuracy of the integral is very similar to that observed in
computational methods due to discretization of unknown distribution. Also, the
integrand is singular at x = a, and the singularity is typical of the charge and
current distributions at the end points of a finite length conductor. The diagonal
matrix elements for MoM are also singular. The above integral can be determined
analytically for comparison with numerical results and is obtained as I = sin”!(x/a).

For numerical integration we divide the range of integration assumed (0, a/2)
into N equal steps of size b = a/(2N), sample the integrand at the mid-point of
each step, and sum the contributions as
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N 1
I=h 2 fi, fi= = (6.27)
= a* - <ih—%)

This process is shown in Figure 6.12 for a = 1, N = 5. The value of [ is given in
Table 6.1 for various values of b. It is observed that the value of integral approaches
sin_l(l/Z) = 7/6 =0.523599 as b is decreased. This behavior is called convergence.
Also, the error reduces by a factor of 4 as the value of b is made half. The last
column in Table 6.1 corresponds to the evaluation of (6.27) according to Simpson’s
rule, which employs parabolic interpolation over the step. It is observed that in
this case N = § only results in the exact value of the integral. This is because the

Integrand

1.05

Figure 6.12 Discretization of a function using pulse subdomain functions.

0.5
Table 6.1 Convergence of | = j X with Step Size h
1-x2
0
N h I (Mid-point) % Error I (Simpson)
N 0.1000 0.523279 0.062 0.523599
7 0.0714 0.523435 0.031 0.523599
10 0.0500 0.523519 0.015 0.523599
15 0.0333 0.523563 0.007 0.523599
20 0.0250 0.523579 0.004 0.523599
30 0.0166 0.523590 0.002 0.523599

I (exact) = 0.523599
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shape of the curve over the step resembles a parabola and the Simpson’s rule is
parabolic interpolation.

We have described convergence as a phenomenon in which the difference
between the computed and analytical values decreases monotonically as the step
size is reduced. In most of the situations, the analytical value or the expected value
is not known; how to determine the convergence of a function is described next.

The rate of convergence describes how fast I approaches the correct value
sin"'(1/2). A measure of this is called the order of convergence and is obtained by
fitting the numerical integration data to the expression

I=sin"! (g) +ch? (6.28)

where ¢ is a constant and p is called the order of convergence. Obviously, I
approaches sin” (x/a) when b approaches zero. Alternatively, one may carry out
the convergence test on the data to determine if the solution is approaching the
true value, and this is discussed next.

6.3.1 Convergence Test

The convergence test is based on the work of Richardson and is very well described
in [5]. Consider a function f(x). Let its value be f1, f2, and f3 corresponding to
the number of divisions (per unit x) 71, 7, and n3, respectively, with 7y >ny > n3.
The monotonic behavior of the solution can be tested by performing the ratio test
defined as [6]

ro2h-bifi

e (6.29)

where
bi=ni(n3-n3),  by=ni(n3-ni),  by=ni(ni-ni)

For true monotonic convergence R =1, and closeness of R to unity gives a measure
of convergence for practical cases. For the data given in Table 6.1, for the mid-
point rule, we find that R = 1.000001, indicating that the solution is converging.

6.3.2 Order of Convergence

The rate of convergence describes how fast the computed value f(b) for the step
size b approaches the asymptotic value fy. A measure of this is called the order of
convergence. The function f(b) may be expanded about f as

f(h)=fo+arh? +ay(h?y +. .. (6.30)

where p is called the order of convergence. In the vicinity of convergence, the step
size b is very small, and (6.30) may be approximated as
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f(h) = fo+arh? (6.31)

To determine the order of convergence we compute f(b) for a number of step sizes
h; chosen in geometric progression; that is,

hi _hiy

—_

(6.32)

RNyl

i+1 biy

3]

If f(h;) denotes the value of f corresponding to b;, the order of convergence as
obtained from (6.31) and (6.32) is

fhiv1) = f(his2)
b= (6.33)

hi
In [hi+1]

Fitting the data of Table 6.1 for the mid-point integration rule to (6.33) we find
that p = 2. This is confirmed from the observation that the error reduces by a
factor of 4 each time step size b is halved. A large value of p denotes faster
convergence.

ln[ flbi) = flhis1) ]

6.3.3 Disctretization Error and Extrapolation

From the analysis of the example described above we have observed that the
step size b determines the accuracy of the numerical solution and the associated
discretization error can be reduced by reducing /. There is, however, a limit to
this decrease, which is set by the round-off error generated by the computer word
length. Also, finer discretization requires more of computer memory and processor
time.

Extrapolation

It is possible to predict the asymptotic value f very closely without attempting a
very fine discretization. For this, one may carry out computations for a number
of discretization sizes and then extrapolate the curve obtained to predict the solution
for very fine discretization or the continuous case (zero step size) provided the
solution converges. Extrapolation requires polynomial fitting of the curve generated
if the number of points are three or more. Quadratic fitting of three data points
is described by Culver [7]. Let the value of the function f(x), to be extrapolated,
be f1, f2, and f3, corresponding to the number of divisions 71, n,, and n3,
respectively with 77 > n) > n3. Provided the function converges as described by
(6.29), the extrapolated or asymptotic value of f(x), called fy, is given as [7]

fo=fia1 + frax + f3a3 (6.34)

where
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i (n5 = n3) ny(ni - n3) n3(n3 = ni)

a1 = D s a) = D s as = D

D = nin3(n — i) + myn3(n5 = m3) + n3ui(ni — n3)

The extrapolated value of I based on the last three data points in Table 6.1
for the mid-point rule is found to be Iy =0.523598 which is very close to the exact
value 0.523599.

Effect of Using Higher-Order Numerical Integration Schemes

The pulse-fitting integration scheme, also called Euler’s rule or midpoint rule, is
the most primitive type. The rate of convergence of integration can be improved
if one uses higher order fitting of the integrand, say, for example, linear or quadratic
fitting. Linear approximation of the function is described well by the trapezoidal
rule, and Simpson’s rule implements parabolic fitting of the function. These integra-
tion schemes are defined as

Trapezoidal rule
N-1 b
I=h ¥ fi+5(fo+fa) (6.35a)
i=1
Simpson’s rule

I:

W =

(fot+4fi+2f2+4f3+...+2fN-2+4N-1+fN)  (6.35D)

The results of Simpson’s rule are included in Table 6.1. The integration is found
to converge to the analytical value for N=5. However, the performance of trapezoi-
dal rule is poorer compared to the mid-point rule. This is associated with the shape
of the curve being fitted. In general, the rate of convergence improves with the use
of higher-order fitting polynomials.

Effect of Singularity of the Function on Convergence

We have determined the rate of convergence when the integrand was well behaved,
that is, it did not have any singularity. Next we determine the effect of singularity
on the rate of convergence for (6.26). For this, we choose the range of x as (0, a)
with singularity at x = a. Assuming a = 1, the analytical value of the integral is
given by I(exact) = sin_l(l) =7/2=1.570796. The value of the integral for different
step sizes is given in Table 6.2. It is seen that I approaches the true value. However,
comparison of Tables 6.1 and 6.2 shows that the percentage error, for the same
value of b, is more now compared to the earlier case, suggesting that the rate of
convergence must be slower now. Trapezoidal and Simpson’s rules cannot be used
in this case because the function needs to be computed very close to the singularity
also. When fitted with (6.33), the value of p is found to be —0.4973 compared to
p = 2 for the nonsingular integral discussed earlier. This example shows that the
rate of convergence depends very much on the nature of the function. The data in
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1
Table 6.2 Convergence of | = f Lz with Step Size h

1-x
0

N h I (Mid-point) % Error

S 0.2000 1.380492 12.11

7 0.1428 1.409720 10.25
10 0.1000 1.435880 8.59
15 0.0667 1.460544 7.02
20 0.0500 1.475274 6.08
30 0.0333 1.492770 4.97
40 0.0250 1.503209 4.30
50 0.0200 1.510337 3.85
60 0.0167 1.515600 3.51

I (exact) = 1.570796

Table 6.2 was plotted as a function of /b based on the convergence estimate
obtained earlier. Figure 6.13 shows this plot. Linear fitting of the data gives
1=1.5706 — 0.42635/h.

In electromagnetics we frequently come across singular functions (e.g., diagonal
elements of MoM matrix, charge and current distributions at the end points of a
conductor, and so forth).

The integrands with end-point singularity can be determined numerically using
special integration schemes. One such scheme is available from Mathematica in
the form of Nlntegrate [8]. Some of the special integration schemes are described
in Appendix B at the end of the book.

6.3.4 Discretization of Operators

The computational methods provide the solution of operator equation Lf =g when
expressed in the form of matrix equation. This requires discretizations of operator
L and functions f and g. We can discretize the functions in basis functions and

1.6 T . T T .

1.58¢ 1

1.561 ~ ]

1.541 ~ 1

Ith)
'

1.52¢ > 1

1.5¢

1.481

1.46 : :
0 0.05 0.1 0.15 0.2 0.25

Figure 6.13 Plot of the data of Table 6.2 as a function of /h.
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express them in the form of vectors of expansion coefficients as discussed in Chapter
2. We need to discretize the operator L also using the same basis functions so that
the operator equation translates into a matrix equation that can be solved using
computers. The discretization of operators was discussed in Chapter 2, and was
implemented using eigenfunctions as basis functions to utilize the benefits of orthog-
onality of functions. This severely limits the range of applications of computational
methods. However, the concept of discretization of operators is general and can
be applied with reference to many types of basis functions, as illustrated next.
The discretization of a function is based on the concept of projecting a function
on the basis functions to determine the coefficients of expansion. It is implemented
mathematically as inner product between the functions (Section 2.5). The same
approach is applicable to the discretization of operators also. Let us illustrate
discretization of operators by considering the differential operator L = d*/dx*
and determine its matrix representation using various types of basis functions:
subdomain or entire domain type. In the process of discretization, the operator
operates on the basis function and the resultant function is projected (through
inner product) on another function called the test function, in the language of
MoM. The test functions may be the same as the basis functions or another type.

Linear Basis Representation of Operator
The linear bases in one dimension are defined in (6.7) and can be differentiated
twice (for L = d?/dx? ) to obtain

LT,=[6(x—x,_1) - 26(x —x,) + 6(x — x,41)//Ax (6.36)

We take its inner product with another linear function T, and obtain the following
expression for the matrix element:

1 {1 for |m—n|=1
(6.37)

Ly =<Ty, LT,> = (—

Ax)z -2 form=mn

The operator matrix defined by (6.37) is tridiagonal and therefore sparse. The
combination of linear basis for expansion and pulse function for testing also pro-
duces the same operator matrix.

Entire Domain Basis Representation of Operator
Let us choose the entire domain basis as

fu=x—x"*1 (6.38)
These functions are also called power basis, and when operated upon by L give
Lf,=-n(n+1)x""! (6.39)

and
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mn

Lin = <fwm> Lfn> = pesra—— assuming 0 < x <1 (6.40)

This operator matrix is full with all the elements nonzero.

Eigenfunction Basis Representation of Operator

The eigenfunctions for the given operator subject to f(0) = 0 = f(1) are given by
fulx) = \/f sin (nmx) with eigenvalues A, = —(n77')2. Using these functions as basis,
one obtains

Lf,y(x) = =2 (n7)* sin (nx) (6.41)
and

Lin = < fns Lfu> = = (n7) Sp (6.42)

The operator matrix in this case is diagonal with [,,, = A,,. This is due to the
orthogonality of eigenfunctions.

We shall have occasions to determine the operator matrix using FDM, FEM,
and MoM in the respective chapters. The structure of the operator matrix influences
the matrix solution technique and the stability of the matrix solution. The effect of
condition number of matrix on the stability of solution is discussed in Section 6.4.

6.3.5 Discretization Error in FDM, FDTD, and FEM

Now we discuss the effect of discretization on the accuracy of solution with reference
to the computational methods discussed in the book. For this, we consider sinusoidal
wave propagation in an infinite one-dimensional space. The analytical solution is
e7k0% and e k0% for the waves propagating along +z and —z directions, respectively.
Here, k is the free space wave number. For computational methods, we discretize
the media in steps of size ». The numerical solution denoted as wavenumber k is
found to be the function of 4. Also, the value of k varies with the computational
method and the order of basis functions employed. The results in the form of
dispersion relations are summarized next, and the details are included in the respec-
tive chapters.
Finite difference method, (7.66b) for pulse basis functions:

2
kb = cos ™! <1 - @) (6.43a)
or
(kh)* = 6(—1 + \/1 +%(/e0h)2> for koh < 1 (6.43b)

Finite-difference time-domain method, (8.22) for pulse basis functions:
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T .1 (1 . [akoh _ cAt

kb =2 sin <Z sin [ 5 :|>, a=-—= (6.44a)
or

kb = koh (1 -57 (koh)2> for koh < 1 (6.44b)

Finite element method, (10.51) for triangular elements:

1. Linear basis functions

(6.45a)

Th = cos! (M)

6 + (koh)*

or

2
by - <_1+\/1_§(%)) for kob <1 (645
0

2. Quadratic basis functions [9, p. 83]

_ _ 2 4
kb =L cos! (15 26(k°h)2 * 3(k°h4) > (6.46)
2 15 + 4(koh)* + (koh)
3. Cubic basis functions [9, p. 84]
_ _ 2 4 6
Bh = Lcos! (2800 11520(koh) 2+ 4860(/e0hl 324(1@0/;) ) (6.47)
3 2800 + 1080(koh)* + 270(koh)* + 81(koh)

The phase velocity defined as vy, = wlk is computed from the dispersion
relation, and is found to vary with discretization size h/A. Next we compute the
associated phase error per wavelength defined as

k - ko
ko

(degrees) (6.48)

8¢=360‘

The plot of phase error with »/A is given in Figure 6.14 for the FDM, FDTD, and
FEM with linear basis. The value of a is assumed to be 0.5 for FDTD. It may be
noted that in the figure h/\ is plotted decreasing (equivalent to A/b in increasing
order) along the axis. The convergence rate p, determined by the slope of the
curves, is same for all the three computational methods, and p = 2.

The use of higher order basis functions in computational methods is known
to reduce the discretization error, and the speed of convergence therefore increases.
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L

5 ¢ (degree)

10" 107

h/

Figure 6.14 Variation of phase error per unit wavelength with discretization size h/A. The value
of h/X is decreasing along the x-axis.

The order of a basis function is defined by the highest degree of polynomial used
to define the function. The computed phase error for the linear, quadratic and
third-order basis functions in FEM, (6.45) through (6.47), is plotted in Figure 6.15.
The order of convergence is p = 2 for linear basis functions, p = 4 for quadratic,
and p = 6 for cubic basis functions, indicating the higher efficiency of higher-order
basis functions. The main disadvantage with the higher order basis functions is
the complexity of formulation.

To determine the value of h/A for the desired accuracy, let us consider a
linear resonator. The phase error determines the corresponding error in resonant
frequency. For 1% accuracy in phase and therefore frequency, the maximum phase
error over one wavelength should be 3.6 degrees. The data from Figure 6.14
indicates that about 13 cells per wavelength are needed when FDM or FDTD is
used for analysis. The corresponding number of cells per wavelength or resolution
required for FEM (with linear basis) is about 12 cells per wavelength.

The phase error accumulates with the increase in distance traveled by the wave.
The importance of reducing phase error for large distances or large device sizes
therefore increases, and one needs to use higher order basis functions to limit the
phase error. For example, the phase error is about 6 degrees per A at h/A = 0.1
for FEM with linear basis functions. Over a distance of 10 wavelengths the phase
error becomes 60 degrees and might not be desirable. If the acceptable phase error
is 10 degrees, then either the resolution should be increased or higher order basis
functions should be employed. For FEM with linear basis, the resolution required
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Figure 6.15 Effect of higher order basis functions on phase error in FEM analysis.

is about 25 cells (Figure 6.15), whereas the use of quadratic basis would require
a resolution of less than 10 cells. This amounts to a considerable savings in computa-
tional costs for analyzing three-dimensional devices. However, the MoM solution
using an exact Green’s function spanning the whole domain will not accumulate
error [10, p. 200] because the medium of propagation is not discretized in MoM.
The effect of phase error on the device performance could be very important for
applications like design of low sidelobe antennas, radar cross-section calculations,
and the design of highly selective filters.

Convergence Rate for Practical Cases

It may be mentioned here that the convergence rate discussed above is the maximum
one can expect for a given step size h/A, order of basis function, and the computa-
tional method used. It does not apply to nonuniform discretization. The convergence
rate, in actuality, will be lower because of singularities of the current/charge distribu-
tion at the edges and corners of conductors and singularity associated with the
diagonal elements of MoM. In addition, the device geometry may be discretized
nonuniformly for better computational efficiency. The convergence in such cases
may be oscillatory, and it is often possible to extract a major portion of the order
of convergence using the procedure described above [10, p. 16]. An improvement
over this procedure is to use linear fit of the data to h?, where p is the estimated
order of convergence.
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6.3.6 Vector and Matrix Norms

Once the computer solution for f in the form of a data vector has been obtained,
one would like to describe it in the form of simple parameters so that it may be
compared against the expected value and the error determined. Norm of a vector
is a real number that provides a measure of the length or size of the vector, and
the Euclidean norm is defined as

(6.49a)

(6.49b)

The superscript ¢ stands for transpose and * denotes complex conjugate. The norm
of a matrix is defined similarly and is given by

Al = (6.50)

i=1

1l
—_

j

The norm may be used to test the robustness or stability of the numerical system;
that is, a small change Ab in b should produce a corresponding small change Ax
in x for a linear system described by [A][x] = [b].

Although norm of x may be used to test the stability of the matrix solution,
the principle contributor to this behavior is the matrix A. We now discuss the
stability of matrix [A].

6.4 Stability of Numerical Solutions

While analyzing an electromagnetic device using computational methods, we may
find that the numerical solution is diverging instead of converging to the expected
value as the discretization is made finer. This behavior is called numerical instability,
and may be defined as an increase in error as we reduce the step size. The increase
in error may be modeled as a growth factor g. If €” is the error in the solution
associated with the nth step size, and €"*1is associated with the smaller step size

n + 1, then
"l = ge” (6.51)

The growth factor is greater than 1 for unstable solution process. The error therefore
goes on increasing with finer discretization. There are varied reasons for the instabil-
ity of the solution process. Some of these are discussed next.
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6.4.1 Stability of FDTD Solution

One of the reasons for the numerical instability in FDTD is the violation of causality;
that is, information cannot be transmitted from one node to the next with a speed
exceeding the speed of light, c. The causality puts an upper limit on the time step
At for the stability of the numerical solution, and is given by At < Ax/c.

The effect of increasing time step on the pulse amplitude is plotted in Figure
6.16. Here a is defined as @ = cAt/Ax. The upper figure compares the propagation
of a Gaussian pulse in the discretized one-dimensional space at n = 185 for
a=0.5 and a = 1.0006, ; denotes the node number, and # is the number of time
step. For @ = 1.0006, the pulse has traveled far away compared to the case for
a= 0.5 because of the larger value of nAt and velocity associated with a =1.0006.
Also, the tail of this pulse has nonzero amplitude. The reason for this behavior is
that a Gaussian pulse consists of a large number of spectral components, and the
periodic arrangement of nodes in a grid acts like a low pass filter. Therefore, higher
spectral components are attenuated more. Also, these components travel slowly
compared to others and are left behind. These spectral components violate causality
and show growing amplitude or instability with increasing 7 and a. The lower
figure at 7 =200 shows the increase in amplitude of the tail while the peak remains
unaffected. The instability can be avoided by using a < 1.

The instability in the matrix equation based solution (e.g., FDM, FEM, and
MoM) is linked to the instability of the matrix and is discussed next.

-1
=189 0=1.0006

0=0.5 -

Amplitude

0 50 100 150 200
iAX

m:=200 0=0.5 =1.0006

Amplitude

0 50 100 150 200
iAX

Figure 6.16 Effect of a on the stability of FDTD solution.
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6.4.2 Stability of Matrix Solution

The condition number of matrix A in the equation [A][x] = [b] often provides a
good indication of numerical stability of the solution. If the condition number is
very large, it indicates a nearly singular matrix and therefore the matrix is ill
conditioned. Apart from the condition number, there are other checks, described
next, which may be performed to determine the condition of a matrix [11].

Determinant of the matrix: Unusually small values of the determinant may
give an indication that the matrix is ill conditioned. The condition number of such
a matrix is found to be large.

Sensitivity of the solution: If the solution [x] is found to be excessively sensitive
to small variations (1% to 2%) in some of the elements of the matrix or the
excitation vector, it indicates that the behavior is nonphysical and therefore the
matrix is ill conditioned. The condition number of such a matrix is found to be
large.

Condition number of a matrix: Condition number of matrix [A] is defined as
E(A) =||A|| |A7Y|l, where ||A]| denotes the norm of matrix [A] and is defined in
(6.50). A~!is the inverse of [A]. A good condition number is small, near to 1; and
k =1 for the identity matrix. The condition number of a matrix increases with the
size of the matrix.

The effect of changes in [A] and [b] on the solution [x] has been analyzed in
[2]. The change in [A] may represent the approximation and round-off errors,
while [b] may be changed intentionally to determine the sensitivity of the solution.
The solution will therefore differ from [x] by an amount [Ax]. If the increment in
[A] is denoted as [AA], and that in [b] as [Ab], the new matrix equation is

[A + AA][x + Ax] = [b + Ab] (6.52)

Considering all the increments as perturbations, the use of the Schwarz inequality
gives [2, p. 147]

A} _ k(A)M, for [Ab] = 0 (6.53a)
(| ] |A]l
| Ax|| |AL || B
<k(A) =2 o AAT =0 (6.53b)
[l ] o]l

The condition number of the matrix will therefore amplify the changes in A or b.
It may be noted that for an ill-conditioned matrix, minor changes in computational
algorithm also may lead to large differences in final results. If we approximate the
fractional change in [A] as

a4l _ 107 6.54
1Al - (6:5%)

the corresponding change in [x] is given by
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[[Ax]]
[l

Specifically, a change in the seventh decimal place for the norm of A translates to
a change in the third decimal place for the norm of x if k(A) = 10*.

The discretization of operator L = d 2/dx? for subdomain and entire domain
bases was studied in Section 6.3. The condition number of the corresponding matrix
is compared in Table 6.3 for linear bases, power bases, and eigenfunction bases.

It can be seen from Table 6.3 that the condition number of matrix increases
very rapidly with the size of matrix for entire domain basis whereas it increases
slowly for linear basis. The matrix solution is therefore more stable for subdomain
basis. This is another reason for the preference of subdomain basis over entire
domain basis functions.

A study of charge distribution on a perfectly conducting wire is carried out in
Chapter 11. The variation of ||Af||/||f|| and k(A) was studied as a function
of order of matrix N. The data is compared in Table 6.4 for pulse and entire
domain basis functions. The vector f is known analytically and is given by
f(x) = 1/A/1 = x%. k(A) and ||Af|| are obtained from MoM using point matching.
It may be noted that the matrix condition number k increases with N although
slowly for pulse basis and rapidly for entire domain basis. However, the error in
the unknown function is found to be similar for the basis functions considered.

The stability of the matrix solution is linked to the eigenvalues of the matrix.
The matrix is a discretized version of the operator. If the eigenvalue of the operator
vanishes, the eigenvalue of the corresponding matrix may not be zero because of
discretization error but is expected to be very small. When this occurs, the matrix
is nearly singular and cannot be inverted or factored into LU form [2, p. 235].
The numerical solution under these conditions becomes less stable. Therefore,
large condition number alone may not give rise to instability of the solution; the
corresponding eigenvalue of the matrix must be nearly zero. The study of charge
distribution on wire using 20 entire domain basis functions produces a stable

=10"k(A) (6.55)

Table 6.3 Condition Number of Matrix Operator
L = d?/dx? for Various Types of Basis Functions and Matrix Size

Matrix Size Linear Power Eigenfunction
N Bases Bases Bases

6 10.8 9.96¢07 36

8 20.3 1.067e11 64
10 33.1 1.15¢14 100

Table 6.4 Effect of Increase of Matrix Size N on the Solution
Accuracy and the Matrix Condition Number k(A)

Pulse Basis Entire Domain Basis
N AN/ k(A) A7/ k(A)
5 0.2436 1.72 0.247 63.84
10 0.3265 2.27 0.3308 1.743 x 10*
15 0.3653 2.78 0.3715 5.427 x 10°

20 0.3899 3.29 0.3969 2274 x 10
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solution even when the condition number of the matrix was of the order of 10°.
However, the use of entire domain basis functions in Example 11.1 produced
erroneous solution for N > 9.

6.5 Accuracy of Numerical Solutions

The question of accuracy of the solution is very important if it is to be reliable
and useful. The accuracy of the approximate solution determines its closeness to
the exact solution, assuming it exists. There are three principal sources of errors
in computational methods. These are [12]:

1. Modeling error;
2. Truncation error;
3. Round-off error.

Each of these error types affects the accuracy and therefore degrades the solu-
tion.

6.5.1 Modeling Errors

The modeling errors arise due to the simplifying assumptions made in arriving at
the mathematical model of the problem. For example, an irregular boundary may
be represented by a stair-step approximation. This type of modeling error may be
reduced by using a finer mesh.

6.5.2 Truncation Error

The truncation errors may arise due to the fact that an infinite series is implemented
numerically by a finite number of terms. For example, in series expansion for a
function we take a finite number of terms due to the finite computer memory. This
introduces truncation error. Truncation errors may be reduced by using a large
number of terms.

6.5.3 Round-Off Error

The round-off error symbolizes the fact that the computations can be carried out
on the computer with a finite precision only. The source of error in this case is
the limited size of the registers in the arithmetic unit of the computer. This error
is also termed finite word length error. The round-off error can be reduced by
using double-precision arithmetic. An alternative is to code all mathematical opera-
tions using integer arithmetic. This is hardly possible in most practical situations.
The round-off error in MATLAB (double precision) is 1071e,

It may appear from the above description that an increased accuracy of the
solution may be achieved by using a finer mesh to reduce discretization and model-
ing errors. However, there is a lower limit to the mesh size. This limit is set by the
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round-off error. As we reduce the mesh size, the number of mathematical operations
increase and therefore an increase in the round-off error. A point is reached where
the total error (sum of truncation error and round-off error) becomes minimum.
This point is illustrated qualitatively in Figure 6.17. The lower limit on the total
error and the optimum step size is set by the algorithm used and the word length.

An important feature of the matrix methods is that the condition number of
the matrix k(A) increases with the order of matrix as the solution attains better
accuracy, so much so that finally the matrix may become singular. Therefore,
although the condition number of the matrix k(A) is an indicator of the sensitivity
of the solution to precision and other errors, it is also a good indicator of the
accuracy of the solution. Therefore, a large condition number indicates a better
accuracy provided the solution is not nonphysical. This argument follows from the
expression

o 18x1 14l 6.56)
"l CTAA] |

6.5.4 Validation

Once the stability and accuracy issues are addressed, the following tests may be
carried out before accepting the results of computational methods:

» Validation of the software: For validation, a problem with the known solu-
tion should be solved on the software developed. The accuracy of the com-
puted solution can also be estimated by comparing with the known solution.

« Validation of the solution: The exact solution for the problem may not be
known for comparison and validation. However, the parameters of the given
problem may be modified so that it reduces to a problem whose solution is
known. The solution of this problem is carried out and compared with the
known solution. If the results agree, then it is expected that the results for
the given class of problems produced by the software will also be correct.
This type of validation may not always be possible.

Solun
error

error discretization

error

step size, h

Figure 6.17 Variation of round-off error, discretization error, and the total error in the numerical
solution with the step size.
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6.6 Spurious Solutions

Sometimes we find that the numerical solution we have obtained after going through
the rigorous checks is not the proper solution; that is, it is not consistent with
physical reasoning. This type of solution is called the spurious/false solution. There
are many reasons for this situation. The principal reason is the deviation of the
computer implementation of the solution from the rigorous theoretical formulation.
Some of the issues are discussed next.

When the proper boundary conditions are imposed using analytical functions,
the unique solutions are generated. However, in computational methods the bound-
ary conditions are enforced in an average sense. The approximate satisfaction of
the boundary conditions is not sufficient to guarantee correct solutions [13].

In FDM and FDTD methods, the partial differential equations are replaced by
the difference equations. Improper replacement may lead to spurious solutions.
For example, in our endeavor to improve accuracy we may use difference equations
which are of higher order than the differential equations they represent.

The spurious solutions in FEM were observed while solving the eigenvalue
problem for material discontinuities using node-based elements. These solutions
were found to be related to the property that node-based elements impose continuity
of tangential and normal components of field across the interface; whereas normal
component of field is not continuous at the interface, thus violating interface
condition, (1.13¢) and (1.13d). Edge-based elements, on the other hand, are found
to be free from spurious modes [9, p. 198].

For a given excitation, a number of modes may get excited; the contribution
of each of these modes to the solution depends on the coefficient of excitation and
coupling between them. If any of the excited modes is a spurious mode, the overall
solution may become erroneous depending on its contribution. It becomes difficult
to identify the spurious modes from the solution. Therefore, the eigenvalue analysis
of the system may be carried out to identify the spurious modes among them.

6.7 Formulations for the Computational Methods

The computational methods provide us the approximate numerical solution of the
given boundary value problem. Two methods of formulating such an approximate
solution are the Ritz or Raleigh-Ritz method, and the method of weighted residuals.
The method of weighted residuals is discussed in Chapters 9 and 11 and is employed
in the implementations of MoM and FEM.

In the Ritz method, functions f are sought which make a functional stationary.
This is equivalent to solving the operator equation L(f) = g. The MoM approach
can also be fitted into this formalism. The Ritz method is discussed in Chapter 9.

Some of the useful texts on computational methods include [1-3, 9, 10, 13-20].

6.8 Summary

The major steps in the analysis of boundary value problems based on computational
methods include development of governing equations, discretization of device
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geometry into subdomains, application of governing equation to each of the sub-
domains, and the solution of resulting simultaneous equations. This process is
equivalent to expressing the unknown function as a sum of known functions with
unknown coefficients of expansion. The various computational methods differ in
the choice of expansion functions and in the determination of coefficients. Subdo-
main expansion functions are employed to make the solution technique applicable
to arbitrary shaped geometry and dielectric configuration. The various types of
subdomain and entire domain expansion functions are described. Single-term basis
functions may be developed by fitting the expected distribution. The basic character-
istics of the solution such as convergence and discretization error are discussed
with numerical integration as an example. The phase error as a function of discreti-
zation size in FDM, FDTD, and FEM is compared. The cumulative phase error
might not be permissible with certain phase sensitive devices such as low sidelobe
antennas. The phase error may be reduced by employing higher order basis func-
tions. The stability of the solution is described in terms of causality for FDTD,
and matrix condition number for matrix based solutions such as FDM, FEM, and
MoM. The matrix representation of operator with respect to various types of basis
functions is discussed. The condition number of the operator matrix increases
slowly if the subdomain basis functions are employed. The origin of spurious
solutions is briefly discussed.

References

[1] Harrington, R. F., Field Computation by Momemt Methods, Malabar, FL: R.E. Kreiger
Publishing Co., 1982.

[2] Peterson, A. F., S. L. Ray, and R. Mittra, Computational Methods for Electromagnetics,
New York: IEEE Press, 2001.

[3] Itoh, T., (ed.), Numerical Techniques for Microwave and Millimeter-Wave Passive Struc-
tures, New York: Wiley, 1989, Chapter 5.

[4] Garg, R., et al., Microstrip Antenna Design Handbook, Norwood, MA: Artech House,
2000, Chapter 2.

[5]1 Atkinson, K. E., An Introduction to Numerical Analysis, New York: Wiley, 1989.

[6] Green, H. E., “The Numerical Solution of Some Important Transmission Line Problems,”
IEEE Trans. Microwave Theory Tech., Vol. MTT-13, 1965, pp. 676—692.

[7] Culver, R. C., “The Use of Extrapolation Techniques with Electrical Network Analogue
Solutions,” Brit. J. Appl. Phys., Vol. 3, 1952, pp. 376-378.

[8] http://documents.wolfram.co.jp/mathematica/book/section-3.5.
[9] Jin, J., The Finite Element Method in Electromagnetics, 2nd ed., New York: Wiley, 2002.
[10] Bondeson, A., T. Rylander, and P. Ingelstrom, Computational Eleciromagnetics, Berlin:
Springer, 200S.
[11] TIskander, M. F., et al., ““A New Course on Computational Methods in Electromagnetics,”
IEEE Trans. Education, Vol. 31, 1988, pp. 101-114.

[12] Stutzman, W. L., and G. A. Thiele, Antenna Theory and Design, New York: John Wiley,
1981.

[13] Collin, R. E., Field Theory of Guided Waves, 2nd ed., New York: IEEE Press, 1991.

[14] Volakis, J. L., A. Chatterjee, and L. C. Kempel, Finite Element Method for Electromagnet-
ics, Hyderabad: Universities Press (India), 2001.



Problems

231

[15]
[16]
[17]
[18]
[19]

(20]

Problems

Booton, R. C., Jr., Computational Methods for Electromagnetics and Microwaves, New
York: John Wiley, 1992.

Chari, M. V. K., and S. J. Salon, Numerical Methods in Electromagnetism, New York:
Academic Press, 2000.

Sadiku, M. N. O., Numerical Techniques in Electromagnetics, 2nd ed., Boca Raton, FL:
CRC Press, 2001.

Davidson, D. B., Computational Electromagnetics for RF and Microwave Engineering,
New York: Cambridge University Press, 2005.

Taflove, A., and S. C. Hagness, Computational Electrodynamics: The Finite-Difference
Time-Domain Method, 3rd ed., Norwood, MA: Artech House, 2005.

Sullivan, D. M., Electromagnetic Simulation Using the FDTD Method, New York: IEEE
Press, 2000.

P6.1. Wire dipole antenna is analyzed in Section 11.2 using pulse expansion and
point matching. Assume the following parameters for the dipole antenna: A = 1m,
a=0.0051,1=0.47\. The value of input resistance R, as a function of the number
of segments N is given in the table below. Perform the ratio test (6.29) on the last
three values and show that R = 1.0071. Implement (6.34) and show that the
extrapolated value from the last three data is found to be R;,, = 82.43 ohms. The
exact value for the dipole is near 80.0 ohms.

Number of

Divisions N R,
21 47.11
41 67.92
61 76.17
81 78.94

P6.2 The sine integral is defined as

x .
Si(x) =fs”;t dt
0

The value of Si(2) for various divisions of the range of integration is given in the
table below for mid-point and Simpson’s rules of integration. Determine the rate
of convergence p and the asymptotic value of Si(2). Comment on the poor perfor-
mance of the mid-point rule of integration.

N h I (Mid-point) I (Simpson)
5 0.40 1.3046 1.5996

10 0.20 1.3021 1.6040

20 0.10 1.3015 1.6051

40 0.05 1.3014 1.6053

I (exact) = 1.60541
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P6.3. The MoM analysis of strip line is carried out in Section 11.2. Pulse expansion
and point matching is employed to solve the integral equation. The expression for
the matrix element is given in (11.85) and coded in the software stripline.m.
Determine the condition number of the matrix for the integral operator and plot
it as a function of N for N = 8:8:32. Comment on the stability of the matrix
solution.

P6.4. Consider discretizing the operator L = d 2/dx? by employing quadratic spline
functions of (6.9) as basis functions. Show that the following expression for the

matrix element is obtained in each case:

1. Point testing

2/IA* form=n

Lin = 1/A? for |m—n|=1
0 for |m —n|>1
2. Pulse testing
-2/A form=mn
Ly,=9 1A for|m—-n|=1
0 for |m —n|>1

3. Triangle testing

-5/(4A) form=n

1/24)  for |m—mn|=1
T = 1/(8A)  for |m —n|=2

0 for |m —n|>2

P6.5. The potential distribution in a rectangular trough is analyzed in Section 7.1
using finite difference method. The computed data and the exact theoretical solu-
tion, (7.20), is given there for 6 x 6 discretization of the trough. Use this data to
determine || @exac|| and the error || Ptdm — Pexact |-



Method of Finite Differences

Many engineering problems in electromagnetics may be formulated as partial differ-
ential equations (PDE). This may include electrostatic problems formulated as
Laplace or Poisson equations; or dynamic problems such as wave equations. Only
a few of the useful geometries can be solved using analytical methods. Computers
may be used to directly solve the boundary value problems to include the effects
of dielectric inhomogeneities and irregular boundary. For the direct solution of
PDE, the differential equations should be expressed in a form suitable for computers.
The difference form of the derivatives is most suitable and can be programmed in
a computer. The method of finite differences is based on the solution of PDE when
expressed in finite difference form. This method is least analytical and therefore
easy to follow. It is a versatile method, but its efficiency is poor. This method is
taught to the undergraduate students as a part of numerical solution of PDE.
With this preparation, the students can be easily introduced to the computational
methods. A very good exposition of finite difference method (FDM) with its applica-
tions in electromagnetics is available in [1-4].

7.1 Finite Difference Approximations
The method of finite differences involves the following major steps:

1. The difference form of the derivatives is used to express the differential
equation in the finite difference form, and the governing equation obtained.

2. The device is discretized in the form of cells, creating a number of nodes.

3. The finite difference form of the differential equation is applied at each and
every node creating a number of linear simultaneous equations.

4. The set of simultaneous equations is solved to determine the unknown nodal
potential.

5. The potential distribution may be used to derive engineering-important
characteristics like capacitance, characteristic impedance, cutoff wavelength,
resonant frequency, and so on.

7.1.1 Difference Form of the First Derivative

Consider the function f(x) in Figure 7.1. The derivative of the function at x is
defined as

233



234

Method of Finite Differences

Sx)

S (%o +Ax) = f(x,)

J(x, + Ax)
f(xo)
f(xo -—Ax)

Xo—Ax X, x,+Ax

Figure 7.1 lllustration for the difference form of the first derivative.

) = flxo)

X=X X = X0

f'(xo) = (7.1)

Although this definition is exact, it is not computer friendly. The value of the
function might not be available for all values of x, but only at discrete points. For
this reason, we may approximate the derivative as follows:

Ax) - Ax) -
oy = o Srotdmlofiz) feorbaofiml

where Ax is the discretization length along x. Expression (7.2a) is called the forward
difference approximation of the derivative. This form of derivative is approximate
when Ax is nonzero. Another possibility is

~ flxg - A — flxg - A
o) = Axlio f(x0) Z(;o x) _ flxo) Z(;Co x) (7.2b)

This expression is called the backward difference approximation of the derivative.
Still another possibility is

v flxo+Ax) = flxo — Ax)  flxo+ Ax) — f(xo — Ax)
fllao)= B 2Ax = 2Ax

(7.2¢)

This equation is called the central difference approximation of the derivative.

The three different forms of the first derivative are found to give varying amount
of approximation to the derivative for nonzero value of Ax. Let us first determine
the approximation involved. Consider the Taylor series expansion of f(x) about
the point x,
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(Ax)’ d*f
3V 43

Ax)? d%f
+ )
X0 2 dx

flo £ Ax) = fxo) + Ax o +

X0

Using this expansion in the forward difference approximation (7.2a) gives

flxo + Ax) = f(xo) _df
Ax T dx

+A7ﬂ

dx*

+... (74a)

X0

The second, third, and subsequent terms on the right side represent the error terms
for Ax # 0. Similarly, the backward difference approximation gives

(Ax)* d*f
31 xS

&

flxo) — fleg—Ax) _df| Ax
2 gx?

Ax T dx

X0

+... (7.4b)

X0

X0

Adding (7.4a) and (7.4b) gives the following expression for the central difference
approximation [1-7]:

flxo+Ax) = f(xo — Ax) _df
2Ax T dx

,Ax)t df
%, 30 43

+... (7.4¢)

X

It may be observed that the error in finite difference approx1mat10n is of the order
of Ax in (7.4a) and (7.4b), and it is of the order of (Ax) for the central difference
approximation, (7.4c). The error is lower in case of (7.4c), because Ax < 1. The
error is called discretization error and may be reduced for the same step size by
using more nodal values about the central node [4]. Care must be exercised in
applying the higher-order approximations in finite difference methods because the
resulting expression may represent higher order derivative than the intended second
order derivative and may lead to spurious solution.

7.1.2 Difference Form of the Second Derivative

Solutions of Laplace, Poisson, or wave equations, using the method of finite differ-
ences, require the knowledge of the difference form of the second derlvatlve and
the associated errors. In order to find the difference approximation for d? f /dx?,
let us consider three nodes in the grid at x(, x¢ + Ax, and x(y — Ax, as shown in
Figure 7.1. Using the Taylor expansion (7.3) gives

2d*f
f(x0+Ax)+f(x0—Ax 2f x() Ax F
X

or
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d*f | _ flxo+Ax) = 2f(xo) + f(xo — Ax) _ (Ax)* d*f
3| = 3 - A
dx %, (Ax) 12 gx X
It is obvious from above that if dzf /dx? is approximated as
2
d_l; _ f(xo+Ax)—2f(x02)+f(xo—Ax) (7.6a)
dx” |x, (Ax)

the error in (7.6a) is of the order of sz; thatis, O (sz ). Similarly, for the function
f(x, y) of two independent variables x and y, the derivative 9°f/dy* may be
approximated as

ﬁz flso, 30+ Ay) = 2f 0, y0) + £, Yo = Ay) (7.6b)
ay (Ay)

7.1.3 Difference Form of Laplace and Poisson Equations

Let us consider the solution of electrostatic problems governed by the Laplace
equation,

Vie=0 (7.7)
or
2 az

+
ox dy

S¥)
AS]
AS)

[}

0 in two-dimensions (7.8)

o

To derive the difference form of (7.8), let us consider four nodes surrounding the
central node in a square grid with node spacing » as shown in Figure 7.2. The
value of the function ¢(x, y) at the surrounding nodes are ¢1, ¢3, ¢3, and @4.
Using (7.5) for the second order derivative along the x-direction, we have

p el | @,
hl :
P e- ---o:-qfo—-——o @
[
h o
@y
X

Figure 7.2 Nodes in a square grid.
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82¢:¢1—2¢o+¢>3_b_234¢+
ax* h? 12 9xct

(7.9a)

Similarly, the second order derivative along the y-direction is given by

82¢:¢z—2¢o+¢4_h_234¢+
2 B 12 5y

(7.9b)

Add (7.9a) and (7.9b), use Laplace equation (7.8), and multiply throughout by h?
to obtain

4 4 4
h'[d"¢ 8_40} (7.10)

1
¢0:Z(¢1+¢2+¢3+¢4)_K[8x4+ 2

If the value at the central node is approximated by the first term on the right
side, the last term contributes to the error due to the nonzero value of 4. The error
is of the order of h*. We may approximate (7.10) as

1
¢o:1(¢1+¢z+¢3+¢>4) (7.11)

Equation (7.11) may be generalized for any node (i, j) as

1
e, j)=Zleli+ 1))+ o, j+ 1)+ eli-1,7) + ¢, j-D]  (7.12)

Equation (7.12) is the governing equation for the finite difference analysis of
Laplace equation. It is also called the five-point finite difference approximation of
Laplace equation. It implies that the potential at the central node is the average
of the potentials at the four neighboring nodes, and may be used to determine the
potential distribution for a problem satisfying Laplace equation. For this, (7.12)
is written for each and every node in the problem space. Arranging these equations
gives a set of simultaneous equations which can be solved for the unknowns. Some
of these equations may be eliminated by the boundary conditions. The set of
equations is singular unless the potential of at least one node is specified.

The Poisson equation defined as

2 ng
+ 22 o, 7.13
St oyr =P Y) (7.13)

S¥)
AS]
S¥)

o

may also be discretized in the same way as the Laplace equation to obtain the
following approximate expression for the potential at the central node:

1
¢ozz(¢1+¢2+¢3+ o4 — plxo, y0)h?) (7.14)
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For a rectangular grid with node spacing Ax along the x-direction and Ay along
the y-direction, the discretized form of the Poisson equation for the potential at
the central node at (i, j) may be written as

Ay Ax 1Ay Ax
@i, <E + E) =3 [E(%‘H,;‘ + @i-1,j) + E(%‘,;‘H + @i j-1) — plx;, yj) Ax Ay}
(7.15)
This expression reduces to (7.14) for Ax = Ay = b.

Quiz 7.1. The discretization error associated with the approximation

f’ (xo + %) = flog + hh) ~flxo) is of the order of

h
(b) h*
N

(c) None of the above

Answer.  (b). The given expression is central difference approximation about the

point (xg + h/2). Or expand f(xg + b) and f(x() about f(xo + h/2).

Example 7.1. The geometry in Figure 7.3 consists of an infinitely long square
metal pipe with insulation at the corners so that the different faces of the pipe
can be raised to different potentials. We would like to determine the potential
distribution, V inside this pipe.

Since the geometry is invariant along the length, we expect the potential distribu-
tion also to be invariant along the length. Therefore, the problem reduces to a
two-dimensional problem in the cross-sectional plane, xy.

VU VO VO

: : :' y
| S £ S 3 2R i ¢ 0

: : s>
S BRRRRER £ LR O ¢
R L S ¢ L

Figure 7.3 Geometry of a square pipe showing grid lines, nodes, and boundary conditions.
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The inside of the pipe is discretized in square cells of size b x h. The nodes
are introduced at the crossings of grid lines. There are 23 nodes in Figure 7.3, with
9 nodes distributed inside the pipe and 14 on the surfaces. The nodes on the
surfaces are called fixed nodes because the potential on these nodes is fixed by the
boundary conditions. The internal nodes are called free nodes because the potential
at these nodes is free to adjust to satisfy the boundary conditions. The governing
Laplace equation should be satisfied at each and every point of the geometry. Let
us apply the discretized version of Laplace equation, (7.12), at the various nodes
of Figure 7.3. Next the boundary conditions due the voltage at the four conducting
strips constituting the pipe are applied. Let these potentials be: 0V, 0V, 0V, and
V. Since the potentials on the nodes residing at the four surfaces is specified, we
need not write (7.12) for these nodes. This way we are left with only nine nodes,
distributed inside the pipe, at which the potential is to be determined. The symmetry
of the pipe and the boundary conditions about the mid-plane parallel to the y-axis
indicate that ¢1 = ¢3, ¢4 = ¢4, and @7 = @9, leaving six unknowns, ¢1, ¢, ¢4,
©s5, ¢7,and ¢g. Implementing (7.12) at the six nodes gives the following equations:

4p1=0+Vo+ @2+ ¢4 (7.16a)
4oy =1+ Vo + @1 + 05, because ¢3 = @1 (7.16b)
44 =0+ @1+ @5+ @7 (7.16c¢)
405 = @4+ @2+ ¢4+ g,  because gg = @4 (7.16d)
4p7=0+ @4+ @3+ 0 (7.16€)
4og =07+ @5+ @7+ 0, because @9 = @7 (7.16f)

The above set of equations may be expressed in the form of a matrix equation
with known quantities transferred to the right side. One obtains

4 -1 -1 0 0 01l Vo

-2 4 o -1 0 0 @) Vo

1 0 4 -1 -1 0 || o4 0

0 -1 =2 4 0 -1]]|es 0 (7.17)
0 0 -1 0 4 —1|]e¢; 0

Lo 0 0 -1 -2 4dbegd Lod

Solution Methods for the Set of Simultaneous Equations

The application of the finite difference method to the Laplace equation has led to
a set of simultaneous equations as described above. Their efficient solution is a
major problem in itself. For matrices of small sizes, one may use a direct approach
in the form of matrix inversion or by using the Gauss elimination method (see
Appendix A). The indirect or iterative methods are more efficient for matrices
which are diagonally dominant, sparse, and large. The above matrix is diagonally
dominant and sparse.
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Iterative Methods

An iterative method is one in which a first approximation is used to calculate a
second approximation, which in turn is used to calculate the third approximation,
and so on until a specified tolerance is attained. The three common iterative methods
are: Jacobi, Gauss-Seidel, and successive over-relaxation (SOR). We discuss the
implementation of SOR next.

The value at the free nodes may be set equal to zero to start with in the absence
of any educated guess. Now consider node ¢1 and apply (7.12) as in (7.16a). We
raster scan, from top to bottom and left to right, through all the nodes at which
the potential is to be determined. This procedure is iterated a number of times
such that the potential at a node does not change much in the next iteration and
is within a specified tolerance. For example, if the specified tolerance is 1%, then
the iteration is continued until

leit! = of il <[0.01¢] | (7.18)

where the superscript 7 denotes the iteration number. The problem of Example
7.1 was solved using this method. It was found that after six iterations

01 = 04274V, @3 = 0.5256V, ¢4 = 0.1863V, (7.19)
@5 = 02488V, o7 = 0.0708V,, @3 = 0.0976V,

The accuracy of this solution can be determined by comparing it with the values
given by the exact solution [8],
sinh <m>
a

2V) w .
ole,y) =0 Y [1 - ()] —— sm(’”a”“> (7.20)
n=1 n sinh<—>

where a is the width and b is the height of the pipe. The values obtained from
(7.20) are as follows:

@1 = 0.4320V, ¢ = 0.5405V,, ¢4 = 0.1820V,
@5 = 02500V, o7 = 0.0680V,, g = 0.0954V,

The difference between the analytical solution and the finite difference solution is
found to be about 4%. The error can be reduced by reducing the cell size b, that
is, by increasing the number of nodes inside the pipe.

Successive Over-Relaxation (SOR)

The simplistic structure of the FDM needs very fine discretization for accurate
results. The number of nodes, therefore, becomes very large, resulting in large
computer storage and the number of iterations. The iterations can be reduced by
using SOR. The relaxation formula for the new value go,’»ljl in terms of the old
value goz/- is given by
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1 1
ol = e+ QR]T (7.21a)

where Q) is the relaxation factor which determines the rate of convergence and

R?;rl is the residual at each node and is defined as

nel 1 n n+1 n+1 n n
RiT = (el i+ ol v ol v o) - el (7.21b)

It may be noted that updated nodal values are included for the nodes surrounding
node (i, ). The residual R may be regarded as a correction, which must be
added to gpl to make it nearer to the correct value. As convergence to the correct
value is approached R} j 1 tends to zero. The process of successive correction of
the nodal value for Q¢ =1 is called relaxation. An optimum value of () may reduce
the number of iterations considerably. The optimum value of () is determined by
trial and error and is found to lie in general between 1 and 2 [3]. For the rectangular
cells the optimum relaxation factor is given by the root of the quadratic equation

[9]
02,2 B
5r5 =160y + 16 =0 (7.22a)

where 7 = cos(7/Ny) + cos(w/N,), and Ny and N, are the number of cells per
unit length along the x- and y-directions, respectively. Therefore,

8 — /64 — 1612

2

Qg =

(7.22b)

It has been found that the optimum value Qg holds for sufficiently large node
density.

The trough problem of Example 7.1 is now analyzed for a large number of
nodes. For this, a software trough.m is developed. This software employs an iterative
method for the solution of the matrix equation. SOR is used to improve efficiency.
The number of iterations as a function of ) for 1% tolerance is plotted in Figure
7.4. The node density N = N, = N, = 30.

The software determines the optimum value of () from the number of iterations
and compares this value with the value given by (7.22b). The optimum value in
this case is found to be 1.8170, whereas the analytical value is 1.8107. The number
of iterations required is 14. The equipotential contours are plotted in Figure 7.5.
As expected, the potential decreases away from the top plate and is symmetric
about the mid-plane because of the symmetry of the boundary conditions.

Exercise.  Determine the optimum value of ) as a function of node density for
square cells using software trough.m. Assume N > 20 and tolerances of 1% and
0.1%. Compare the values with those obtained from (7.22b).

Quiz 7.2. In Example 7.1, the potential distribution is symmetric about the
y-axis. It is due to:
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Plot of number of iterations versus omega
80 T T T T T T T T

70

T

No. of iterations

10
1.5 1.55 1.6 1.65 1.7 1.75 1.8 1.85 1.9 195

omega

Figure 7.4 Plot of number of iterations as a function of relaxation factor, ). The node density
N: 30 and tolerance: 1%.

(a) The symmetry of the trough about the y-axis

(b) The symmetry of the boundary conditions about the y-axis
(c) Both (a) and (b)

(d) None of the above

Prove your point through simulations after making suitable changes in the problem.
Answer. ().

Quiz7.3. InExample 7.1, the potential distribution depends on the discretization
size b. In other words, the potential distribution changes with change in the value
of h. Also, the boundary condition is satisfied at different number of points for
different values of h. The change in potential value at a common node is:

(a
(b
(c

(d

Due to the change in discretization error
Due to the modified boundary conditions
Due to both (a) and (b)

None of the above

= — = =

Please choose the correct entries and explain why.

Answer.  (c).
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Equipotential contours
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Figure 7.5 Equipotential contours for the trough. Node density N: 30, tolerance: 1%.

7.2 Treatment of Interface and Boundary Conditions

One of the reasons why we use computational methods is the ease with which the
material inhomogeneity and the complicated geometries can be handled. These
may give rise to nodes at the dielectric interface, nodes at the corner, and nodes
on the edge [1]. The finite difference equations for these nodes are different from
the equation for the node in the interior. Let us first consider the nodes on an
interface between two dielectrics.

7.2.1 Nodes on the Interface

The dielectric interface occurs in geometries with dielectric inhomogeneities such
as planar transmission lines and partially filled waveguides. The analysis of these
geometries invariably involves placing nodes on the interface. Consider Figure 7.6
with nodes at the interface of two dielectrics €1 and €. Let us determine the finite
difference equation for the central node with assumed potential ¢g. If there is no
charge on the interface, then the application of Gauss’s law will give rise to an
equation for ¢ in terms of the potentials at the nodes in the neighborhood. Using
the dotted line cell as the Gaussian surface, we determine the flux leaving this
surface. The Gauss law for the electric field states that the electric flux leaving a
Gaussian surface is equal to the free charge enclosed by the surface [2]; that is,
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Figure 7.6 Nodes at the interface of two dielectrics.

ﬁgeE.qu:o (7.23)

N

Since there is no free charge enclosed by the Gaussian surface, g is set equal to
zero. Substituting E = -V gives
- 35 eVo.de=0 (7.24)

4

where the two-dimensional closed surface has been replaced by the closed contour
¢ in Figure 7.6. Denoting the derivative of ¢ on the contour by d¢/dn, we obtain

b
- fﬁ ea—: dc=0 (7.25)

4

where 7 is the unit outward normal to the contour. The flux leaving the right side
of the contour is

__e1—¢@oh P1-¢oh
YR =€ A 7 + € 2 5 (7.26a)
Similarly, the flux leaving the left side is
- oo b - oo h
W = elw F+e 3 : 0 3 (7.26b)
The flux leaving the top side is
WT = € w b (7.26¢)

and the flux leaving the bottom side is
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wp= e ) (7.26d)

Setting the total flux leaving the Gaussian surface to zero, we obtain

P1—¢oh p1—¢oh p3—¢oh p3—¢oh
€1 2 5 + € A 7 + €1 2 5 + € 2 5 (7.27)
P2 — Po P4 — PO
+e—p h+ e 2 h=0
Rearranging the terms gives
€1+ € 1/e1+ e €1+ €
lT¢o=1< 12 prte1+t— €03+62€04> (7.28)

It may be noted that (7.28) reduces to (7.11) for €1 = €, . Also, (7.28) can be written
down by inspection from (7.11) if the average of the permittivity surrounding the
node is used as the permittivity multiplier; that is, (€1 + €;)/2 for the nodes on the
interface and the appropriate € value for the nodes in the medium. If the dielectric
interface occurs along the line joining the nodes 2 and 4, the expression for ¢ in
this case may be obtained from the simple permutation of (7.28) [1].

7.2.2 Dielectric Inhomogeneity in One Quadrant About a Node

The geometry of dielectric inhomogeneity in one quadrant about a node is shown
in Figure 7.7. Here, the dielectric €) occupies the fourth quadrant of the Gaussian
surface while the other three quadrants are occupied by €;. Using the procedure
described in the last subsection, the total flux leaving the Gaussian surface is found

to be
P1—¢oh p1—¢oh ®2 = @0 ®3 = @0
€1 b 5 + € b 7 + €1 2 b+ €1 2 h (7.29)
¢a=@oh _ea—eoh

+ €1 b 2+62 b 7

Figure 7.7 Node at the corner of dielectric inhomogeneity.
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Rearranging (7.29) gives for the potential at the central node

3e1 + € 1/e1+e€ €1+ €
1+ e (1 2 1 2¢4> (7.30)

4 %077 5 PLteiprtErp3t T
Again, (7.30) can be written down by inspection if the average permittivity sur-
rounding the node is used in (7.11). If the dielectric inhomogeneity occurs in a
quadrant other than the fourth quadrant, then the simple permutation of the terms
in (7.30) can be used to obtain the expression for ¢ [1].

7.2.3 Neumann Boundary Condition and the Nodes on the Edge

Sometimes the normal derivative of the potential at the boundary is specified to
determine the unique solution of the Laplace or Poisson equation. This condition
is called the Neumann boundary condition. In this case, we may obtain the finite
difference expression as follows.

Consider the geometry of Figure 7.8. In this case the potential at the central
node is to be determined in terms of the potential at nodes 1, 2, 3, and the boundary
condition about the line joining nodes 1 and 3. We know that if node 0 is the
interior node, (7.11) can be used to determine ¢ in terms of ¢1, ¢, ¢3, and ¢4.
However, node 4 condition is outside the solution domain and its value ¢4 is not
known. This situation may occur if the nodes 0, 1, and 3 lie on an edge of the
problem space. The outward normal derivative of potential at node 0, about the
line joining the nodes 1 and 3, is expressed as

do _d¢ @2 — ¢4
on  dy  2Ay (7:31)

The value of ¢4 is thus obtained as

d
o4 =-20y5%2

Iy + ¢ (7.32)

at the edge 31

Substituting for ¢4 in (7.11) gives

(7.33)

1 de
~— +2¢) + o3 — 2Ay =—
#0717 <§D1 25 yay attheedge3l>

domain

Y
Solution rpz i

Figure 7.8 Node at an edge with the Neumann boundary condition specified normal to the edge
1-3.
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A special but very common case is the homogeneous Neumann boundary condition
dp/on = 0. It means ¢, = ¢4 and the equipotential lines are perpendicular to the
edge. For the Neumann boundary condition, (7.33) reduces to

1
¢0=7 (1 +2¢2 + ¢3) (7.34)

Expression (7.34) applies to the nodes on the bottom edge of the problem space,
with normal derivative zero at the edge. For the top edge, left-hand edge, and the
right-hand edge, the corresponding expressions for ¢ may be obtained by the
simple permutation of (7.34) [1].

The homogeneous Neumann boundary condition may be used to reduce the
size of the problems with magnetic wall or electric wall at the symmetry plane, for
example, Example 7.1, shielded centered strip with two planes of symmetry (Prob-
lem 7.3), square coaxial line (Problem 7.4), double strip (Problem 7.5), and coaxial
line with circular inner conductor (Problem 7.6).

Quiz 7.4. Consider the arrangement of nodes as shown in Figure 7.9. The
expression for ¢s subject to de/dn = 0 is given by (Ax = Ay):

1
(a) eops =7 (€op1 + (€0 + €) s + €9 ¢9)

N

1
(b) €ops =7 (€oe1 +2€0¢6 + €099)
1
(c) €0es =7 (€0p1 + 2€ep6 + €0 ¢9)
Choose the correct expression and justify.

Answer.  The expression (b) is correct, because similar to Figure 7.6 the contour
is drawn enclosing node 5 and mid-way between node 5 and the surrounding
nodes.

Quiz 7.5.  For the arrangement of nodes shown in Figure 7.9 the expression for
@¢ 1s given by (Ax = Ay):

wall \ %:
5 %&, 8
& '
’ % %o
2 3 4

Figure 7.9 An arrangement of nodes for Quiz 7.4.
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€)t+ €

1
(a) 5 €D6=Z<60§05+ (¢2+¢7+¢10)>

1 €y + €
(b) 5 €D6=Z<€0€D5+ 02 (¢2+€010)+6¢7>

€y + € 1 €y + €
(c) 02 §06:Z<250€05+ 02 (¢2+¢7+¢10)>

Choose the correct expression and justify.

Answer.  The expression (b) is correct, because the contour is drawn enclosing
node 6 and mid-way between node 6 and the surrounding nodes.

7.2.4 Node at a Corner

Consider the left-hand side bottom corner of the geometry shown in Figure 7.10.
It consists of two intersecting edges and three nodes, 0, 1, and 2. The value ¢ is
to be determined in terms of ¢1, ¢;, and the normal derivatives d¢/dx and d¢/dy
at the two edges of the corner. Proceeding in the same manner as in the last section,
we can write

de
=-2Ay=— + 7.35
w4 Y 0y lat the edge 01 #2 ( a)
and
_ 2ax2® + (7.35b)
$3= 0X |at the edge 02 1 )

Use of (7.35) in (7.11) gives the following expression for ¢g:

de
— Ax =X
at the edge 01 ox

) (7.36)
at the edge 02

1 do

¢0~z<€01+¢72—A)’@

For the special case of homogeneous Neumann conditions d¢/dx = dp/dy = 0, the
above expression becomes

@,
Solution y
domain i

@, At > X

Figure 7.10 Node at a corner with the Neumann boundary conditions specified along two edges
crossing at the corner.
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1
¢0=75(e1+ ¢2) (7.37)

The expressions for the potential at the nodes of right-hand bottom corner, left-

hand top corner, and right-hand top corner can be written down by inspection of
(7.37).

7.2.5 Node at an Edge with Dielectric Inhomogeneity About the Node

Consider the node at an edge with dielectric inhomogeneity about it as shown in
Figure 7.11(a). The dielectric constant of the medium is € in the second quadrant
and € in the first quadrant. The edge condition is converted into symmetry condi-
tion about the x-axis by change in dielectric in the third quadrant as shown in
Figure 7.11(b). The new geometry is similar to Figure 7.6. From (7.28) we can
write

e+ey 1

€+ €p €+ €p
L0 :Z(éo¢1+¢2 5 T EP3t o4 > (7.38)
Since d/dy = 0 means ¢4 = ¢, the above expression becomes
1
¢o(e+ €0) =5 (€0p1 + p2(e+ €9) + €¢3) (7.39)

7.2.6 Treatment of Curved Boundaries

The finite difference method relies on a regular grid, which means only those
geometries can be analyzed which can be fitted into regular grid patterns such as
rectangular grid. In order to extend the validity of finite difference method to
geometries with irregular shapes, some approximation in the contour of the given
geometry or the modification of (7.11) for the nodes near the boundary may be

r-mme D g

(a) (b)

Figure 7.11 Neumann boundary condition with dielectric inhomogeneity about the central node:
(a) original problem; and (b) equivalent problem.
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attempted. The stair-step approximations to the curved boundary shown in Figure
7.12 may be attempted. The dotted curve a is the inside fit to the curved boundary,
whereas curve b is the outside fit to the boundary. For better approximation, one
can solve the problem twice for the dotted boundaries and take the average. Another
approximation is the zigzag approximation through the curved boundary as shown
in curve ¢ of Figure 7.12. Modification of (7.11) for the nodes on the boundary
is discussed next.

The nodes on an irregular boundary may be expressed as unequal separation
between the nodes. Consider the irregular boundary and the finite difference nodes
in Figure 7.13. The nodes 1 and 2 are on the boundary. Let the distance between
the nodes 0 and 1 be ¢/, and that between nodes 0 and 2 be ¢, /. Let us assume
c3 = c4 = 1 to start with. The constants ¢ and ¢ lie between zero and one, and
b is the normal spacing of the nodes. In this case, the potential ¢( will be expressed
in terms of @1, @7, ¢3, and @4.

Let us now assume that ¢(x) varies as a quadratic function of x in the vicinity
of the boundary with [5]

P(x) = ag + a1x + ayx? (7.40)

The constants a(, a1, and @, can be determined from the potential on three nodes
along the x-direction. Using ¢ at x = 0, ¢1 at x = c1h, and ¢3 at x = —h, we
obtain

Figure 7.12 Stair-step approximations to the curved boundary in rectangular grid.

Y

o
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1
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Figure 7.13 Curved boundary with nodes on it.
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©o = ag (7.41a)

2,2
¢1=a0+a1c1h+azclh (741b)
Y3 = ap— a1h + azhz (7.41¢)

Solution of these equations for a; yields

N _e1=(+ci)pot+cies

7.42
c1h*(1 +¢q) 7:42)
Taking the double derivative of (7.40) gives
Bzgo
— =2« (7.43)
ox? 2
Therefore,
2 —
I%¢ _,e1=(1+ci)eo+cies (7.44)

2
O crh® + cih®

This expression reduces to the standard finite difference form for ¢1 = 1. Similarly,

e _ 92" (1+co)ep+creq

(7.45)
y? czbz + c%hz
Adding (7.44) and (7.45) and applying the Laplace equation gives
1 1
€1 2 c1h“(1+¢c1) ch™(1+¢y)

Expression (7.46) should be used in place of (7.11) for nodes near the irregular
boundary. It reduces to (7.11) for ¢1 = ¢, = 1.

The above procedure may be generalized for an arbitrary separation between
the nodes as shown in Figure 7.13

+ (7.47)
c1c3  cac4 ciesler +¢3)  cacalca +cq)

[ 1 1 ]_[C3¢1+61¢3 C4¢2+62¢4]
0 = +

One of the attractive features of the finite difference method is the conversion of
the differential form of the equation to the algebraic form like (7.12). If the parame-
ters of the problem are chosen judiciously, coarse discretization and symmetry
properties may be used to reduce the number of simultaneous equations. Analytical
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solutions of these equations may be attempted to obtain design guidelines. This
step may be followed by accurate analysis with finer discretization. An example
is attempted next and in Section 7.3.4 to describe the procedure.

7.2.7 Finite Difference Analysis of an Inhomogeneously Filled Parallel Plate
Capacitor

As an application of interface and Neumann boundary conditions, let us analyze
the parallel plate capacitor of Figure 7.14 using FDM. The upper plate is charged
to 1 volt and the lower plate is grounded. The side walls are terminated in magnetic
wall boundary condition to limit the size of the problem in FDM. This amounts to
neglecting the fringing fields of the capacitor. Analytical solution for this geometry is
available [8, p. 124] with which we can compare the FDM solution.

For FDM analysis, the capacitor geometry is discretized into square cells with
Ax = Ay = a. The boundary conditions at the top and bottom plates lead to
©9=010= @11 = ¢12 = 1V; ¢1 = ¢2 = ¢3 = ¢4 = 0. The unknown potentials are
then ¢35, ¢¢, ¢7, and ¢g. From the symmetry of the structure about the y-axis we
can write ¢35 = ¢g and ¢ = ¢7.

We now use the interface condition of Section 7.2.1 and Neumann boundary
condition of Section 7.2.3 to write the following expressions for the potentials at
nodes 6 and S:

€y + € 1/€y+ € €y + €

02 ¢6=Z< 02 ps + 02 ¢7+Eo¢>10+6¢>2> (7.48)
€y + € 1 0+ €
—5 ¥5=7% 6401+2 2 6+ €09 (7.49)

Applying the boundary and symmetry conditions leads to the following solution:

_ _ 0 _ _
P5=P6= e PTT 48 (7.50)
Y
A
9 [ B 12
E E : Magnetic  C,
\\ K\\\\\\\\ ws wall
C,
M _____ LT
3a

Figure 7.14 An inhomogeneously filled parallel plate capacitor and its equivalent circuit.
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In order to determine the capacitance per unit length C(, we calculate the energy
stored in the electric field as

%” e|Vg0|2ds=%ff ¢|E|* ds (7.51)

where the integration is carried out over the cross-section of the capacitor. The
electric field intensity is given by

Ey(y) =—<¢(y+AAyy)_ “”) V/m (7.52)

For the region between the top plate and the interface, the electric field is constant
and is given by

P9~ ¥5 €

The energy stored in this region is therefore obtained as

2a 3al2

3 2
eof f ( (€T <o) ) dxdy = 5 €0 <6+€60> (7.54a)

a -3al2

The energy stored in the lower half of the capacitor is similarly given by

a 3al2

3 2
——ef f < a(e+ ) > dxdy=§e<€j_0€0> (7.54b)

0 -3a/2

The total energy stored in the capacitor is therefore

3 €€

(7.55)

. 1 : o
Equating W, to 5 Co V2, where V is the potential difference between the plates

(V =1 volt), yields the following expression for capacitance:

_ ey
Co =t e (7.56)

The analytical expression for the capacitance may be obtained by modeling the
parallel plate geometry as a series combination of capacitors due to the upper half
and lower half portions, as shown in Figure 7.14 [8]. The capacitance of the upper
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half portion is given by C, = 3¢y, whereas C; = 3¢ for the lower half geometry.
Series combination of C,, and Cj results in C(y, the FDM expression derived above.

It may be observed from the above analysis that in spite of crude discretization
used here, the FDM result matches exactly with the analytical expression; that is,
the discretization error is zero in this case. The reason for this accuracy lies in
the potential distribution we are modeling using FDM. The expected potential
distribution is linearly varying along the y-direction and is constant along the
x-direction.

7.3 Finite Difference Analysis of Guiding Structures

The method of finite differences has been used successfully to solve many diverse
problems [7, 10, 11] including transmission lines [12-15], waveguides [16-19], and
microwave circuits [20-22]. Finite difference analysis of microstrip line, rectangular
waveguide, and ridge waveguide is discussed next. The effect of discretization error
on the propagation constant leading to numerical dispersion is also included.

7.3.1 Analysis of Enclosed Microstrip Line

Consider the cross-section of a microstrip line as shown in Figure 7.15. It consists
of a metal strip of width W on a grounded dielectric substrate of thickness d and
dielectric constant €1. The free space above the strip and the dielectric substrate
are infinite in size. The open region geometry gives rise to an infinite number of
nodes, which is impossible to solve on computers due to limited computer resources.
The metal enclosure around the microstrip line has been placed here to limit the
number of nodes. The characteristics of the line remain unaffected if the enclosure
size is sufficiently large.

The characteristic impedance and the phase velocity of the transmission line
can be determined from the capacitance per unit length of the line as described in
Section 1.14.

f— & |

Figure 7.15 Cross-section of an enclosed microstrip line.
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The potential distribution in the microstrip line is determined by discretizing
the geometry and satisfying the Laplace equation at the free nodes, as described
in Example 7.1. The only difference is that the nodes at the interface are subjected
to (7.28) and not (7.12). Once the potential distribution has been obtained, the
charge on the strip may be obtained using Gauss law, described as

ﬁg eE.ds =g (7.57a)

N

Since the cross-section of the microstrip line does not change along its length, the
charge distribution on the strip also remains same with length. Integrating over
unit length gives

35 eE.dc = g

4

where g is the charge per unit length, and c¢ is the contour enclosing the strip. The
above expression may be written as

- § eVe.dc = q, since E =-Vg

4

or

d
3§ ea—:dc =—q; Cm (7.57b)

c

The charge density ¢; can be determined by utilizing the nodal potential values
about the contour. The contour ¢ for computing the charge enclosed is shown
separately in Figure 7.16. The contour integration is carried out here in the form
of summation by dividing the contour in smaller segments. Applying the definition
of dp/dn along this contour, we obtain [2]

Figure 7.16 Contour c and the nodes employed in calculating the charge.
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- - — o1\ b — o1\ b
L+ <§D62h§05>h + € <¢42h¢3>b + € <¢22h¢1>z+ € <¢22h¢1>z+ o

+ contribution from other sides of the contour = g (7.58)

Here b is the separation between the nodes in either direction.
The line capacitance is given by

Co= (7.59)

<=

where V is the assumed potential difference between the strip and the ground plane,
normally 1 volt.

The microstrip line is next completely filled with air and the above procedure
is repeated to calculate C{, the capacitance per unit length with air as dielectric.
These values of capacitances are used to determine the characteristic impedance
Z and the effective dielectric constant ¢,, according to (1.62). A Fortran source
code for the finite difference analysis of microstrip line is included in [4].

In order to compare the results with the data reported in [2], we select the
following parameters (in arbitrary units) for the microstrip line of Figure 7.15:

H=2,L=7.0,d=1.0, W=1.0, 1 = 9.6¢,

The dimensions are normalized to d. The actual dimensions, whether expressed in
meters or microns or any other unit, is not important here.

There are a number of issues to be discussed before we present the final results.
These are related to the convergence aspect of the FDM, the number of cells per
unit length N, the number of iterations I used for solving the set of simultaneous
equations iteratively, and accuracy of results.

Convergence

All the computations reported here are carried out using the source code mstrip.m.
Figure 7.17 shows the effect of number of nodes or node density on the characteristic
impedance of microstrip line. It may be noted that the impedance value converges
for N > 24. The number of iterations used for each point of calculation is 1,000
because SOR is not used here. A large number of nodes on the strip are required
for accurate calculation of Zy. This is related to the physical charge density distribu-
tion on the strip. Due to the mutual repulsion between free charges on the strip,
the charge density should be large at the ends and flat in the middle for a zero
thickness strip. The charge density is plotted in Figure 7.18 for two different values
of N. It is seen that N = 24 gives rise to a larger peak/minimum value of charge
density compared to N = 20 case, and therefore more accurate value of Z).

We next discuss the optimum number of iterations, I. The value of Zj is
expected to be sensitive to I because the calculation of charge on the strip involves
derivative of potential, (7.58). A sufficiently large number of iterations will produce
an accurate potential distribution about the strip from which we can determine an
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Figure 7.17 Computed characteristic impedance of the microstrip line as a function of node
density N. W/d=1, ¢=9.6, | =1,000.

accurate value of dg/on. Variation of Z( as a function of number of iterations [
is plotted in Figure 7.19 for N = 20. The converged value of I is 2,000. The
equipotential contours about the strip are plotted in Figure 7.20. For this we have
used the MATLAB command contour. This plot may be used for the diagnostics
of the data generated. It may be noted that the equipotential contours are similar
to the magnetic field lines encircling the strip. Finally, the electric field distribution
about the strip is plotted in Figure 7.21. The electric field is not tangential to the
interface because of refraction there.

The computed characteristic impedance and the effective dielectric constant
for the microstrip line are given in Table 7.1 for various values of W/d. The value
of I used is 1,800 and N = 24. For comparison, the impedance reported in [2] for
W/d =1 is 42.76 ohms. It may be noted from Table 7.1 that the effective dielectric
constant €, for the given geometry is nearly equal to (€, + 1)/2. This is because
the microstrip line behaves like a strip line for H = 2d. The characteristic impedance
Z of strip line is given by (11.115) with €, replaced by (e, + 1)/2. The exact value
for strip line for W/d =1, €, = 9.6, b = 2d is 43.65 ohms, which is very close to
the finite difference value of 42.98 ohms. The error in the computed value based
on FDM is due to the discretization of microstrip line.

This code mstrip.m may also be employed to analyze a shielded strip line by
homogeneous filling of the enclosed microstrip configuration. Use of SOR reduced
the number of iterations from 2,000 to 250. Square grid with the value of omega,
given by (7.22b), was used for the purpose.
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Figure 7.18 Charge density distribution on the strip for W/d =1, e, = 9.6: (a) N = 24, | = 2,000;
and (b) N = 20, I = 2,000.

Effect of Strip Thickness

It has been assumed in the analysis described above that the metal strip thickness
is zero. The effect of strip thickness on the line impedance can be included in the
FDM analysis easily. For this, the discretization of the line geometry is carried out
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Figure 7.19 Variation of W/d of microstrip as a function of number of iterations /. W/d = 1,
€=9.6, N=20.
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Figure 7.20 Equipotential contours about the strip, V=1 at the strip. N=10, /=1,000, W/d =1,
Hid=5,L/d=7, &=9.6.
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Figure 7.21 Electric field distribution about the strip, V = 1 at the strip. N =10, / = 1,000,
Wid=1,H/d=5,L/d=7, ¢=9.6.

Table 7.1 Computed FDM Results for a
Microstrip Line with H=2, L =7, ¢,=9.6

Characteristic— Z €
widl

1 42.98 5.297
1.5 33.97 5.299
2 28.11 5.299
2.5 23.98 5.299

as before and all the nodes on the strip are assigned the same potential, 1 volt in
the present case. The discretized strip with strip thickness # = Ay is shown in Figure
7.22. The Gaussian contour c, for the determination of g;, may have to be redrawn
so that it encloses the strip.

Nonuniform Discretization
It may be observed from Figure 7.18 that the charge density on a metal strip is
maximum at the edges and minimum at the center. This distribution can be modeled

S, /11 /1111

Figure 7.22 Discretization of metal strip for nonzero value of strip thickness t, Ax = 2Ay.
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more efficiently if we discretize the strip nonuniformly; that is, the step size b
should be smaller near the edges and larger in the middle. One may use the following
expression to describe the coordinates of nodes on a strip of width W:

w i

. W W
BINE i=1,2,3,...N for—-—<x<— (7.60)

2 2

X;=-

7.3.2 Analysis of Geometries with Open Boundaries

In the finite difference analysis in the last section, we enclosed the microstrip line
in a metal box to limit the number of nodes for the open region problem. But, we
do not know the appropriate size of the box. For this one may carry out a number
of simulations for increasing the size of the box. The resulting data for Zj may be
used to plot a curve as a function of box size. This curve can be extrapolated to
determine the value of Z( for an open region problem. The accuracy of the solution
depends on the size of the box used to enclose the device. An alternative approach
for the open boundary problems is to use a fictitious boundary [23] outside the
device, or the use of asymptotic boundary conditions [24]. The first method is an
iterative method in which the approximate potential distribution inside the fictitious
boundary is used to calculate the total charge enclosed. This charge distribution
is next used to determine the potential on the boundary. This procedure is repeated
iteratively to produce the correct potential distribution on the fictitious boundary.
For a microstrip line geometry, the results at the interior nodes are found to be
independent of the location of the boundary for a grid size larger than 18 x 12
[23].

The asymptotic boundary condition (ABC) is a (local) radiation boundary
condition expressed as a partial differential equation. The enclosure of Figure 7.15
at which ¢ =0 has been assumed, may be called the Oth order ABC. The first order
ABC at the x = constant boundary is defined as

1 de
+ —_—
<‘P yay

boundary X

9e
ox

> (7.61)
boundary

Similarly, the ABC at the other boundaries can be written down. Second order
ABC is also described in [24]. The partial derivatives in (7.61) can be described in
terms of the nodal values near the boundary, which are already known. The use
of first-order and second-order ABC may be used to bring the boundary close to
the device without affecting the device characteristics. This reduces the size of the
matrix to be solved. However, the number of iterations required (if iterative method
is used) to determine the nodal values increase considerably compared to the Oth
order ABC, because the nodal values at the boundaries are not fixed and depend
on the value at neighboring nodes and change with iteration.

Another approach for analyzing open boundary problems is to combine confor-
mal mapping and FDM for problems in electrostatics. Conformal mapping may
be used to reduce the open region problems like that of planar lines to closed
geometry (Chapter 4). FDM may now be used to determine the capacitance of this
geometry [25].

Effect of the discretization error on dispersion is discussed next.
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7.3.3 Wave Propagation and Numerical Dispersion

We have discussed the error associated with the discretization of function and by
implication the discretization of domain in Section 6.3. The discretization is neces-
sary so that computers may be used to solve problems with arbitrary shape and
dielectric inhomogeneity. When FDM is used to solve problems based on wave
propagation, we come across a phenomenon called numerical dispersion. In this
case the wave suffers dispersion, and the propagation constant becomes a function
of frequency, even though the medium may be dispersionless. To describe this
behavior mathematically we consider the solution of one-dimensional scalar Helm-
holtz equation [26],

d*E
R kOE,(z) =0 (7.62)

The traveling wave solution of this wave equation is of the form
y
E,(z) = Egeko (7.63)
Let us now discretize (7.62), determine the propagation constant, and compare it
with kg to determine the numerical dispersion.
We assume a large free space with no boundaries and discretize it uniformly
with cell size Az, as shown in Figure 7.23. The central difference approximation

of the double derivative in (7.62) gives rise to the following form of discretized
Helmholtz equation about node i:

2Ey (i) = Ey(i = 1) = Ey(i + 1) = (kgA2)*E, (i) = 0 (7.64)
We now solve this equation using a discretized version of (7.63); that is,
E, (i) = Ege P43 (7.65)

where g is the propagation constant in the discretized medium. Substituting the
proposed solution in (7.64) gives

(2 = (koA2)2)Eq — Ege/P% — Ege B8 =

or
2 — (kgAz)? = 2 cos(BAz) (7.66a)
Az
<>
---------- e SRl DL Z
i- I i+l

Figure 7.23 Discretized one-dimensional space for wave propagation.
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or

2
B= Al—z cos™! (1 - @) (7.66b)

Equations (7.65) and (7.66b) constitute the numerical solution for wave propaga-
tion on an infinite, uniform mesh. The propagation constant B is found to be
different from the free space propagation constant k( and is dependent on cell size
Az and k(. In the limiting case, Az — 0, 8 — k( as expected. In the lossless medium,
B is real valued for cos(BAz) = -1 or

koAz <2 (7.67)

Therefore, for cell sizes smaller than Az = A/, the error in the numerical solution
is simply phase error. The phase error across a single cell is given by

Phase error = (kg — B)Az (7.68)

The phase error per wavelength is listed in Table 7.2 as a function of Az/Ag. It is
observed from this table that 8> k() for all values of cell size. Also, the phase error
decreases as h?. For example, the phase error per A is —6.19° for Az = A(/10 and
decreases to almost one-fourth of this value when the cell size is made half. The
error is less than 1% for Az/Ag < 0.055.

Exercise.  Determine the rate of covergence and the extrapolated value for 8/k
from the data given in Table 7.2.

Quiz 7.6.  Table 7.2 shows that B/kg > 1 for the discretizations employed. The
effective relative dielectric constant €,, of the medium, defined as €, = € €, (similar
to that for a microstrip line), is given by

€< 1;
€ > 1;
€re=1;
none of the above.

Choose the correct option and explain why.

Answer.  (b).

Table 7.2 Phase Constant and Phase Error per
Wavelength as a Function of Cell Size Az/Aq

Phase Error

Az/Ag BAz (rad) koAz (rad) per Ag (deg)
1/4 1.8067 1.5708 -54.06°

1/5 1.3588 1.2566 -29.27°
1/10 0.6391 0.6283 -6.19°

1/20 0.31546 0.31416 -1.49°
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7.3.4 Analysis of Ridge Waveguide

Next we apply the finite difference method to the eigenvalue problem in rectangular
waveguides, Figure 7.24. The governing PDE in this case is the Helmholtz or wave
equation

Vigp+kre=0 (7.69)

where ¢ = E, for the TM modes, or H, for the TE modes, and k = w+/ue is the
wave number. The permittivity e and permeability u characterize the medium filling
the waveguide. They may be real for lossless medium and complex for lossy medium.
The variation of fields along the longitudinal direction is assumed to be exp (jBz),
and the wave equation reduces to the two-dimensional form as

e e
¥+W+kcg0=0 (770)

[oB)

where
k2 =% - g? (7.71)

and is called the cutoff wavenumber. In the eigenvalue problem (7.70), the
unknowns are k. and ¢. For each eigenvalue k; there is a corresponding eigenfunc-
tion ¢;, which represents the field configuration of a propagating mode.

Now we discretize the waveguide using a square mesh as shown in Figure 7.24,
and apply the FDM. Use of (7.15) for square grid in (7.70) gives

oli+1,j)+@li=1,7)+ @li,j—1)+ (i, j+ 1) — (4 = b*k2) @(i, j) = 0
(7.72)

where h = Ax = Ay is the mesh size. Equation (7.72) is applied to the all the free
nodes. For the nodes on the boundary of the waveguide, Dirichlet condition

[
i re--e- [ Sesiciai
y[F

|( a >=

Figure 7.24 Rectangular waveguide discretized in square cells for analysis using FDM (a = 2b).
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(¢ = 0) is applicable for the TM modes, and Neumann condition (d¢/dn = 0) for
the TE modes. The Neumann condition is specified by (7.34). By applying (7.72)
to all the nodes in the cross-section of the waveguide, we obtain a set of simultaneous
equations which can be cast into the matrix equation

([A] = AlID[e] =[0]  or  [A]lle] = Ale] (7.73)

where A is the coefficient matrix of known integer elements, and
2,2
A=4 - bR (7.74)

is the unknown eigenvalue, I is an identity matrix, and ¢ = (¢1, 2, 3, ... ) is
the eigenvector. The set of simultaneous equations represented by (7.73) will have
nonzero solution only if the determinant of the matrix vanishes; that is,

det[A — AI1=0 (7.75)

There are several ways of determining As and the corresponding eigenfunctions
¢s. We describe two approaches here [2, 4].

Direct Solution Method

In this method, det[A — AI] is set equal to zero, and results in a polynomial in A
which can be solved for the various eigenvalues As. For each of these eigenvalues
the corresponding eigenfunction ¢ is obtained from the matrix equation Ap = A¢.
This method requires storing the matrix elements and is therefore used for small
sized matrices.

Example 7.2.  Let us determine the cutoff frequency of modes in a rectangular
waveguide. The dimensions of the waveguide and discretization are selected such
that it produces a small sized matrix which can be solved almost analytically. In
the process we will clarify some of the computational aspects. The rectangular
waveguide is analyzed for the TE mode cut off.

As shown in Figure 7.25(a), the waveguide with aspect ratio 2:1 is discretized
in square cells of size » x h. The total number of nodes is 15 and all of these are
free nodes for the TE modes. In order to keep the matrix size small, we shall
assume TE, o modes for analysis. For constant field distribution E, along the height
of the waveguide, the potential ¢ is also constant along the height; that is,

P11 = ®6 = @1 P12=¢7= ¢ P13 = P8 = @3 (7.76)

and so on. Therefore, we need to determine the potential at nodes 1, 2, 3, 4, and
5 only. The problem therefore becomes one-dimensional. The size of the problem
can be reduced further if we restrict the solutions for 7 = odd or even modes only.
For odd modes, the potential function ¢ = H, is odd symmetric about the plane
passing through 13-3-8 and maximum at the side walls. Therefore, the device
geometry reduces to that shown in Figure 7.25(b) with ¢3 = 0. Applying (7.72)
for the potential at the nodes 1 and 2 gives
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Figure 7.25 Simplification of the analysis of a rectangular waveguide using symmetry. (a) Discret-
ized geometry before symmetry consideration. (b) Waveguide geometry for the analysis of
TEno (n, odd) modes. Odd symmetry about 13-3-8 plane results in ¢ = 0 at this plane.

Ao = @11 + 297 + @g using (7.34) for the edge condition  (7.77)

Apy=@1+ @2+ @3+ @7 (7.78)
where A has been defined in (7.74). Use of (7.76) and ¢3 = 0 gives
(A=2)e1=2¢; and (A-2)p=¢ (7.79)

or

A=2 =2 @1
=0 7.80
[ -1 A= 2] [‘Pz] 7:80)
The eigenvalue equation is obtained by setting the determinant to zero. We obtain
(A — 2)2 =2, and the eigenvalues are A1 =2 + \/f and A, =2 - \/E The corre-

sponding values of k. obtained from (7.74) are hzkfl =2 - \/Z and
hzkfz =2 + /2. The first eigenvalue gives

27h \ 2
(Ad):Z_\/z’ kc:A_c
or

A =2Th (7.81)

/0.586

For h = a/4, where a is the width of the waveguide, one obtains

Ta

~2/0.586

Aot =2.05a (7.82)
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This value is very close to the exact value of 2a for the TE g mode. The eigenfunction
for the mode is obtained by substituting A = A1 =2 + \/Z in (7.80) and solving for
@1 and @;. It yields, ¢y = gol/\ﬁ, which is exactly the value obtained from
cos(mx/a).

The second eigenvalue A3 = 2 — /2 leads to

Ta

Aoy = — = 0.849% (7.83)

2+/3.414

The exact cutoff wavelength for the TE 39 mode is 0.667a.

Iterative Solution Method
In this method, we begin with the assumed values of ¢1, ¢3, ¢3, ... and the
eigenvalue A. For the solution of wave equation, (7.21a) is modified as

QO n+l

(4—h kc)

n+l _ n
Pij =it

(7.84)
Since we start with an assumed value of k., it needs to be updated from one
iteration to the next. When we have the exact value of go,’f/, the value of k. can
be determined from (7.70) yielding
2 2 2
Vie 2 d 0

=t oy (7.85)

‘ ¢ b ox? ayz

This expression is applied at each node (7, 7). Since gozl-is known only approximately,
the value of k. may vary from node to node. One may take the average of k. over
all the free nodes and use this value for the next iteration. A better choice than
(7.85) is its weighted average with respect to ¢ [26]. Expression for this average
is obtained by multiplying (7.70) with ¢ and integrating over the cross-section;
one obtains

S — (7.86)

This expression is called the Rayleigh formula, and it is found to be variational in
nature [6, 14].

Now we replace Vtz @ by its finite difference equivalent based on (7.9) and
carry out the integration using the discrete values of go,’-l, j» resulting in

—Z 2 (i ey j+ 1) + @liy j= 1) + @i+ 1, ) + (i = 1, j) = 4eli, /)]

M=

3

i=1j

GD

Il
—_

(7.87)
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where the summation is carried out over all the free nodes in the device geometry.
We use this value of k. to update (7.84) and continue the iterations until convergence
is reached. The cutoff wavelength for the mode is obtained from the final value of

(lecla)2 as

2
27”“) (7.88)

2_
kebP = (7

We now apply this method to determine the cutoff wavelength of the ridge
waveguide of Figure 7.26. The waveguide dimensions are a1 =2 c¢m, by/a; = 0.5,
and the discretization used is Ax = Ay =0.01 cm. The ridge parameters were varied
as follows: ay/a1=0.1t0 0.9 insteps of 0.1,and b,/b1=0.80 to 0.95 in steps of 0.05.
The computed cutoff wavelength for the dominant mode of the ridge waveguide A/
was normalized to the cutoff wavelength in the waveguide without ridge, A, =24a1.
The software used was waveguide.m, and the results are plotted in Figure 7.27. It
is seen that the A/ increases with increase in the ridge height b;. It also increases
with g, until it becomes maximum at a,/a; = 0.5. The cutoff frequency for the
dominant mode of the waveguide may therefore be decreased using a single ridge
by a factor of about 3.8.

Once the cutoff wavenumber k. is obtained from the analysis, it may be used
to determine the propagation constant S for the mode by using k% =k" - ,82, where
k* = w*ue. The constant H . lines for the dominant mode are plotted in Figure
7.28, and are similar to the electric field lines for the mode. This plot may be
employed for diagnostics of the data.

The FDM is a very simple, versatile, but inefficient method. It requires large
node density for accurate results. The asymptotic value corresponding to the zero
discretization size may be obtained by extrapolating the data obtained for decreas-
ing discretization size [6]. The extrapolation technique is discussed in Chapter 6.
The basic concepts of finite difference method are utilized in the time-domain finite-
difference method discussed in the next chapter.

7.4 Summary

The finite difference method is a simple and versatile differential equation solver.
However, its efficiency is poor because the node density required for accurate

A

Ik

A

— @ —f

Figure 7.26 Cross-section of a ridged waveguide.
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Figure 7.27 Ratio of the cutoff wavelength of the ridge waveguide A/ and the corresponding
rectangular waveguide without ridge A.(a; =2 cm, by/a; =0.5), Ax=Ay=0.01 cm.

solution is more than 20. For the application of this method, the derivatives in the
differential equation are expressed in the finite difference form resulting in an
algebraic equation. This equation is applied at each node after the discretization
of the device geometry. Some of the nodes are called fixed nodes because the value
at these nodes is determined by the boundary conditions or excitation. The other
nodes are called free nodes at which the potential values are obtained from the
solution of simultaneous equations. The matrix equation is solved using iterative
methods because the size of the matrix obtained for accurate solution is very
large. Successive over relaxation may be used to reduce the number of iterations
considerably. A simple expression is given to determine the optimum value of
relaxation factor. Various types of boundary conditions one may come across while
attempting FDM solution, like node on the interface, magnetic wall boundary
condition, and node on a corner, are analyzed and expressed in finite difference
form. The FDM is illustrated by its application to problems like inhomogeneously
filled parallel plate capacitor, microstrip line, and rectangular and ridge waveguide.
The effect of discretization on the accuracy of the solution is addressed through
numerical dispersion determination. Examples are so designed that FDM analysis
is carried out in a tutorial fashion without the use of software. For this the size of
the problem is kept small through crude discretization and the use of symmetry
conditions. The same problem is next worked out using the software and fine
discretization to obtain accurate results.
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Figure 7.28 Plot of constant H, contours for the dominant mode. The parameters are:
02/01 = 0.5, bz/b1 = 0.5, a) = 0.02m, b1 /01 =0.5.
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Consider the trough problem discussed in Example 7.1. Use a 6 x 6 set of

square cells to determine the potentials at the nodes for a given tolerance. Next,
increase the number of cells to 12 x 12 and again determine the potential distribution
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for the same tolerance. Compare your computed values with those given by (7.20)
and comment on the accuracy of the solution with the decrease in cell size.

P7.2. Consider the trough shown in Figure 7.29. The lower half of the trough is
filled with a dielectric having €, = 3 and the upper half with €, = 1. Show that the
solution based on finite-difference method (FDM) is [7]

01=0.3929V) ) =04777Vy 4= 0.0938V,
05 =0.1250V)  ¢7=0.0357V,  ¢g=0.0491V,
P7.3. The geometry of a shielded strip line is shown in Figure 7.30. Determine the

potential distribution and the characteristic impedance of the line Z( with w/b =
0.8,t/b=0,0.1,0.2, and 0.3, s/b = 0.1 to 0.7 in steps of 0.1 [3]. Plot the potential

o~
L g?
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e e R
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___ n i

—| s k= w —>| s fe—

Figure 7.30 Cross-section of shielded strip line.
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distribution in the cross-section. You may use the symmetry of the structure about
the width and height to reduce the problem domain to its quarter and use the
Neumann boundary conditions at the symmetry planes. Compare the results for
wlb=1.5, (2s + w)/b = 4 with the laterally open strip line case solved using MoM
(Section 11.2.2). MoM result is 47.92 ohms for w/b = 1.5, €, = 1. The FDM result
is 47.12 ohms for L/W = 3 (using mstrip.m).

P7.4. Square coaxial line is a configuration similar to that given in Figure 7.30.
Consider the coaxial line shown in Figure 7.31. Using the symmetry considerations,
the problem can be reduced to one-fourth of its size. Show that

@1 =140/322Vy @y =S56/322Vy @3 =91/322V,
@4 =42/322V) s =21/322V,

Also, show that the capacitance per unit length of the line is given by

Vo—o1
Vo 2.26€

Cop=4e
where € is the dielectric constant of the medium filling the space between two
conductors [7].

P7.5. The geometry of a suspended coupled strip line is shown in Figure 7.32.
Determine the characteristic impedance of the line for a = 5.0 cm, b = 5.0 c¢m,
h=1.0cm, w=2.0cm, t=0.001 cm, €] = €y, and €3 = 2.35¢(. The reported
impedance value is 65.02. The geometry of Figure 7.32 can propagate two different
modes depending on the potential at the strips. If the strips are at the same potential,
the mode of propagation is called the even mode. The symmetry plane parallel to

Figure 7.31 Cross-section of square coaxial line.
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le— ® %|

Figure 7.32 Cross-section of suspended coupled strip line.

the strips and passing through the substrate is the magnetic wall. When the strips
are at different potentials, the mode of propagation is called the odd mode and
the symmetry plane is the electric wall or ground plane. Placing this symmetry
plane will convert the given geometry into a microstrip line geometry. Another
symmetry consideration will reduce the problem to one-quarter size [27].

P7.6. The geometry of a coaxial line with circular inner conductor and rectangular
outer conductor is shown in Figure 7.33. Determine the characteristic impedance
of the line for a = 1.0 cm, b = 1.25 cm, d = 0.51 c¢m, and € = €(. The reported
impedance value is 50.43 ohms. You may use symmetry considerations to reduce
the size of the problem [27].

P7.7 Solve the following wave equation:

2
—lza—¢=0, O<x<1, t>0
ox ot

S¥]
AS]

S}

subject to the boundary conditions
0(0,2)=0=¢(1,¢), t=20

and the initial conditions

7
@ |-
&y |
A _—
k— b >

Figure 7.33 Cross-section of a coaxial line with circular inner conductor and rectangular outer
conductor.
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o(x, 0) = sin(7x), O<x<1

de(x, 0)
ot

=0, O<x<1
Compare your solution with the analytical value obtained from
o(x, t) = sin(7wx) cos(mct)

Fortran code for a similar wave equation problem is available in [4].

P7.8. Solve the following Poisson equation:

Fo o ps
—2+—2=——, OSx,yS1
ox”~  dy €0

subject to the boundary conditions
e(x,0)=0V;  ¢(0,y)=-10V;  o(1,y) =10V;  ¢(x, 1) =20V

Assume p; = x(y — 1) X 10~ C/m?, divide the region into 4 x 4 cells, and plot the
potential at the free nodes. You may use successive over-relaxation. The analytical
solution to this problem may be obtained by using (7.21) and superposition. If ¢
is the solution to the Laplace equation v? ¢1 = 0 subject to the boundary conditions
given above, and ¢ is the solution to the Poisson equation Vzgoz = —p,/€( subject
togp=0atx=0,1;y=0,1, then

p=¢1t @2
where ¢ is obtained by the eigenfunction expansion method and is given by
C . (mmx\ . [nmy
@) = Z z A,y sin <T> sin <T>
m=1n=1

with

a b
A= —f f ':_)—; sin <m;7'x> sin (%) dxdy
00

For the given problem a=1,b =1 and p;=x(y — 1) X 107 C/mz, one obtains

1-(1-(-1)") 144(-1)"*" -1 144 (-1)"*"
A= 5 5 = 5 5 , for n odd
(mm)" + (nw) mnir (mm)" + (nw) mnir

The Fortran source code based on SOR and the solution is available in [4].
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P7.9. Use FDM to solve the following one-dimensional scalar Helmholtz equation:

d*Ey(x)

2
X

+ CR*Ey(x) = 0

where k = 277/ defines the wavelength in the medium. Show that the value of C
such that the propagation constant 8 in the discretized medium is equal to k, the
propagation constant in the continuous medium, is given by the expression

. (kAx\
sm(—2 >
kAx
2

C=

Calculate C for Ax/A = 1/8, 1/12, 1/20, and 1/40 and compare with the values
obtained in Problem 7.10.

P7.10. The field distribution in a transmission line resonator is described by the
following scalar wave equation:

d’E
#Z(x) + 7Ey(x) = g(x), 0<x<1

with the boundary conditions
Ey=0atx=0andx=1

Assume the resonator length to be 1m and therefore the resonant frequency is
150 MHz. Now discretize the wave equation and use finite difference approxima-
tion to obtain the following expression for the ith cell:

2E,(i) - Ey(i = 1) = E, (i + 1) = (wA2)2Ey (i) = gi)

y( y

To fine tune the resonator and to determine the phase velocity in the discretized
domain, we introduce a correction factor C in the above expression to give

2E, (i) = Ey(i — 1) = Ey(i + 1) = C(wA2)*Ey (i) = g(i)

Assume g(i) = 1 at the central cell and 0 for others. Tune the resonator to
150 MHz by varying C for three different cell sizes Ax = 0.25m, 0.2m, and 0.1m.
Determine the amplitude distribution over the resonator as a function of C. Interpret
the results in terms of phase velocity of the wave (see also Section 10.2.2).

P7.11 (a) Derive the finite difference implementation of the boundary condition
D;, = D, for Vq located on the dielectric boundary as shown in Figure 7.6.
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(b) Derive the finite difference implementation of the symmetry condition
dV/dn = 0 along the y-axis as shown in Figure 7.34.

P7.12 Consider the rectangular waveguide of Figure 7.24 with b = a/2. The wave-
guide is half filled with a dielectric of € = €(€, so that the nodes 1, 2, 3, ... are
on the interface as shown in Figure 7.35. We are interested in finding the approxi-
mate closed-form expression for the cutoff wavelength for the dominant TE 1y mode.
For this we use symmetry condition about x = a/2 plane and coarse discretization to
model the problem as shown. The potential function ¢ represents H, field for the
TE mode. Therefore, the boundary conditions are: ¢ = 0 at 13, 3, and 8. Also
assume that ¢4 = ¢11 = ¢1 and @12 = ¢7 = ¢, for the mode. Show that the cutoff
wavelength A, for b = a/4 is given by

mTa 61’+1
A=22

2 \J4-2)(e+1) -4

where a is the width of the waveguide.

P7.13. Consider a square waveguide with dimension b = a as shown in Figure
7.36(a). Use FDM to determine the approximate solution for the cutoff wavelength
for the dominant TM 11 mode. For this we use symmetry conditions about x = a/2

y
N
p |
3
OF—e---2> X
o2

Figure 7.34 Geometry of nodes with Neumann boundary condition.

Figure 7.35 Geometry of a rectangular waveguide half filled with dielectric and symmetry condition
employed.
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Figure 7.36 Geometry of a square waveguide: (a) discretized waveguide geometry; and (b) wave-
guide with two-fold symmetry.

and y = b/2 planes and coarse discretization with square grid to model the problem
as shown in Figure 7.36(b). The potential function ¢ represents E, field for the
TM mode. Therefore, the boundary conditions are: ¢ = 0 at 11, 1, 6, 7, and 8;
and de/on = 0 at 12, 13, and 3. Show that the eigenvalues are given by
A =%2+/2, and for b = a/4 the cutoff wavelength A, for the mode is obtained as
Ac = 1.4517a compared with the exact value of 1.4144, an error of less than 3%.

P7.14. Consider a rectangular waveguide of dimension a X b, and b=a/2. Determine
the cutoff wavenumber k. for the TMi; mode using FDM. Use Ax = a/2,
Ay = b/2 for the discretization of the geometry. Compare with the analytical

1 1
solution k. = 77\/(—2 + ?> You may use a = 2 cm for comparison.
a
P7.15. Consider a parallel plate capacitor inhomogeneously filled with the dielectric
as shown in Figure 7.37. The upper plate is charged to 1 volt and the lower plate
is grounded. The boundary conditions therefore are: ¢; = 0 for i = 1 to 7, and
¢; =1 for i=15 to 21. The side walls of the capacitor are terminated in magnetic

19

20 Zl/go
e Magnetic
13

Figure 7.37 Geometry of a parallel plate capacitor inhomogeneously filled with dielectric.
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walls to limit the size of FDM domain. The geometry is discretized as shown with
Ax = Ay =a/2. Determine the capacitance per unit length. Compare the computed
capacitance with the analytical value C = (2¢( + €).

P7.16. The singularity of charge density distribution on the metal strips in planar
lines is principally determined by the dielectric configuration below the strip. In
CPW line, the charge distribution is similar to the one that shown in Figure 7.18
if the substrate is single layered. Let us now introduce two thin dielectric layers
between the main substrate and the metal strip as shown in Figure 7.38. Determine
the charge density distribution on the central strip and show that the increase in

density towards the edges is almost linear for w = 30 um, s = 15 um, €1 = 3.8,
€, = 440(1 — j0.01), and €,3 = 23.5 [28].

P7.17. Use FDM to solve the following differential equation for the box shown in
Figure 7.39:

2 2
8V+a_ 50 =0, 0<x,y<1
ox? ay

subject to the boundary conditions V=10 at x =0, 1; dV/dy = 40 at y = 0, and
dV/dy =-20 at y = 1. Assume Ax = Ay =h = 1/3 and
el e sy
////////////////////,,///// / // 7. ¢ 0.1um
\ AMIINMMTMMIMNMIRINMIRIAR \\ (b 0.5um

500 um

Figure 7.38 A multilayered CPW geometry.
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Figure 7.39 Discretized rectangular box geometry.
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. Obtain an expression for V(i, j) in terms of the values at the four nodes

surrounding it.

. To implement the boundary condition at y = 0, obtain an expression for

V(i, 1) in terms of values at the nodes surrounding it.

. To implement the boundary condition at y = 1, obtain an expression for

V (i, 4) in terms of values at the nodes surrounding it.

. How can you reduce the number of unknowns? Write down the final matrix

equation to be solved.

. Develop a computer code to solve the same problem using » = 0.05, 0.1,

0.2, 0.25, and 0.5.
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Finite-Difference Time-Domain Analysis

Most of the full wave computational methods produce the wave analysis of the
device when subjected to a time harmonic excitation of the type exp (wt). The final
result is the steady state behavior of the field. Between the excitation and steady
state, the wave undergoes reflection in to-and-fro manner and the time history of
the process is not available. The measurements at RF and microwave frequencies
are generally carried out with time harmonic excitations and steady state behavior
is measured. The measurements are therefore compatible with time harmonic analy-
sis of the wave equation. The time domain measurements are not carried out due
to the nonavailability of fast oscilloscopes at these frequencies. However, things
are changing now. Not only is the analysis carried out to determine the time domain
or transient behavior, but fast oscilloscopes are available now to record events at
the RF and microwave frequencies. FDTD method is compatible with changing
scenario in electromagnetics in this respect. The impetus for the progress in FDTD
method is provided by the unique contributions of Yee [1].

To simulate time varying electromagnetic fields in any linear, isotropic medium,
Maxwell’s curl equations are sufficient, and the solution of these equations gener-
ates time history of the event. This is called animation, which separates FDTD from
other computational methods. This feature of FDTD is very useful for diagnostics of
the device, for broadband information, and as a teaching aid.

FDTD analysis simulates propagation behavior in time domain. The steady
state behavior of a device is the cumulative effect of the time domain behavior and
therefore these behaviors are different from each other. The excitation is not
assumed to be time harmonic to bring out the usefulness of FDTD. Since we are
mainly trained for steady state analysis, it takes time to learn FDTD analysis. Some
of the basic concepts of FDTD, like reflection at an impedance mismatch, standing
wave and resonance formation, can be understood from the wave propagation in
transmission lines. This is discussed next.

8.1 Pulse Propagation in a Transmission Line

Consider a transmission line characterized by impedance Z and the phase velocity
vp. We assume the transmission line to be lossless and the phase velocity to be
constant, independent of frequency. Let us launch a rectangular pulse of width A
as shown in Figure 8.1. The source impedance is R, and the load impedance is
R;.

281
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Zyv
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l«— ¢
=0

Figure 8.1 A transmission line terminated with load resistance R; and driven by a pulsed source
of internal resistance Ry.

We assume that no signal exists on the line at # < 0, and the pulse is launched
at ¢t = 0. The pulse originates at z = 0 and travels towards the load. Let the voltage
of the pulse be V™ and the current be I * at z = 0. These values can be determined
from the lumped circuit of Figure 8.2(a). It may be noted that the load resistance
R is not shown in the circuit at # = 0 because the wave has not reached the other
end of the line where the load is located. This is different from the lumped circuit
behavior where the effect of transient in any part of the circuit is assumed felt
instantaneously in other parts of the circuit. It is not so in the transmission line
or distributed circuits because travel delay is comparable to 1/frequency. Applying
Kirchhoff’s voltage law to the circuit in Figure 8.2(a) gives

Vi=V,-1"R, (8.1)
Also, 1" = V*/Z. Therefore,

Zo ., v Vo

+ _ -
v _VORg+ZO’ I ~Zy Rg+Z

(8.2)
The voltage wave V' travels towards the load with velocity vy, and reaches the
end of the line at time ¢ = €/v;,. The wave gets reflected at the load because of the
mismatch between the line impedance Z and the load Ry . Let the reflected wave
be described by voltage amplitude V™ and current amplitude I . The total voltage
across R is therefore V' + V™ and the total current through the load is I* + 1~
as shown in Figure 8.2(b). Applying Kirchhoff’s voltage law at the load gives

I+ I

(a) (b)

Figure 8.2 Equivalent circuits for the wave: (a) at z=0, t=0; and (b) at z= 1.
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Vi+ V =R (IT+17) (8.3)

We know that I " = V¥/Zgand I~ = =V ~/Z (by convention the current is assumed
negative when directed backward); therefore,

Ry -Z
- _y+ L 0
Vo=ViR g (8.4)
With the voltage reflection coefficient of the load defined as

V. _Ri -2

L_V+_RL+ZO (8.5)

the reflected voltage is given by

V =V, (8.6)

This wave travels towards the generator and gets reflected there with voltage
reflection coefficient of the generator defined as

Ry - Zg

I,=%"—
s Rg+ZO

(8.7)

The process of rereflection continues in time until the energy of the pulse is absorbed
in the resistors.

In order to illustrate the effect of reflections on pulse amplitude in time, let us
assume that the velocity of the wave and length / of the line are such that the travel
time on the line €/v;, = 1 ns. The pulse width Az is assumed to be 100 ps, that is,
one-tenth of travel time. The velocity of the wave is assumed to be independent
of frequency so that there is no dispersion. The other parameters are assumed as:
Zy = 50Q, Ry = 30Q, R, = 20Q, and Vy = 2V. Therefore, I'r = -0.250,
Iy =-0.429, and V' = 1.429V. Let us plot the pulse amplitude at the mid-point
z =1/2 as a function of time. The (incident) pulse of amplitude 1.429V reaches
this point at ¢t = 0.5 ns. After reflection from the load, the pulse of amplitude
I} V™=-0.357V reaches z = [/2 at ¢ = 1.5 ns. This pulse will get reflected from
the source side and reach this point again at # = 2.5 ns with amplitude
l"gFLV+ =0.429 x 0.357 = 0.153V. The progress of the pulse with time is plotted
in Figure 8.3. It may be observed that the amplitude of the pulse decreases steadily
with time due to absorption in the resistors.

If the wave velocity v, is a function of frequency, the various frequency compo-
nents of the pulse will take different times to reach the load, and the pulse will get
broadened.

Review Question 8.1.  Consider the transmission line circuit of Figure 8.1. For
Vo =2V, Ry =Zy= 500, Ry, =, the voltage V(z) for t > 2€/v, is given by:
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Figure 8.3 Progress of voltage pulse in a terminated transmission line at z = //2. The parameters
are: Zg = 50Q, R =30Q, Ry =200, Vo = 2V, pulse width =100 ps, €/vp,=1 ns.

ov
0.5V
2V
1v

e

Choose the correct entry and explain why?

Answer 1. The pulse reflected from Ry travels towards the source and gets
absorbed there, since Ry = Z.

8.2 FDTD Analysis in One Dimension

Let us now analyze the transmission line problem of Section 8.1 in the language
of FDTD. To simplify the implementation of FDTD we shall discuss plane wave
propagation in one dimension in free space. We assume TEM-wave propagation
along the x-direction although the z-direction would have been consistent with
the analysis in Section 8.1. The Maxwell’s curl equations (1.1) for TEM wave
propagation along the x-direction reduce to the following (for d/dy = 0, d/dz = 0,

Js=0)
JEy  9H,
607 = - Ox (882[)
oH, oE,
M5 =" ox (8.8b)

For the FDTD analysis, we express the derivatives in terms of finite difference
approximations as in Chapter 7. The central difference approximation is used for
higher accuracy and is defined as
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o))
- 2 8.9)
. v o + O(Au) (8.

o
Ju

where O(.) stands for the order of. Expression (8.9), when applied to (8.8), implies
that the E and H fields should be known in space and time at discrete points
(x;, t,) only, where x; = iAx and t,, = nA¢ with Ax and At representing the step
size.

Staggered Grids

First we discretize the space domain in segments of size Ax and the time domain
in steps of Az. Nodes are introduced at the end points and at the mid-point of the
segments. Next, we arbitrarily locate the electric field nodes E,, at integer values
of 7 and the magnetic field nodes H, at half-integer values of 7 such that electric
fields nodes are separated by magnetic field nodes and vice versa. This is called
interleaving in space and is shown in Figure 8.4. For (8.8a), we apply the central
finite-difference approximation at x; = iAx and ¢, = (n + 1/2)A¢, giving rise to

n+1i2f. 1 ne1in (. 1
EM) EN) 1 <’+2>_HZ (’_2)

At € Ax

(8.10a)

This approximation is also called staggered grid approximation. Similarly, (8.8b)
is subjected to derivatives at ((i + 1/2) Ax, nAt) for consistency with (8.10a) and
grid arrangement,

1 1. 1
H P2 (e S - HY I+
) 2) F 2) 1 EJi+1)-E}(i)

At B 7 Ax

(8.10b)

The electric field values are computed at #A¢ instants, whereas magnetic field
values are computed at (1 + 1/2) At instants; that is, field calculations are interleaved
in time also. The alternate updating of electric and magnetic fields in time reduces
the processor time by half. Averaging may be used to determine the fields at
intermediate nodes or time instants if needed.

Equations (8.10) may be arranged in an algorithm as

Nl

t ot

tE o H, z
2

Figure 8.4 Positions of E and H nodes for TEM wave propagation along the x-direction.
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1 _ 1 A
HZ””Q(H—):H;’ 1/2<i+—>— t [E;’(Hl)—E;(i)] i=1,2,...

2 2 MroAx
(8.11a)
n+l,.\ _ png. At n+12( . 1 n+12 (. 1 .
Ey (z)—Ey(z)—GOAx[HZ <1+2)—Hz <1—2>] i=1,2,...
(8.11b)

An alternative to the first order coupled differential equations of (8.8) is the second
order differential equation in E, or H,, called wave equation. Eliminating H, from
(8.8) yields the following wave equation in E,:

2 2
PEy, 1 E,
otr  H0€0 x>

(8.12a)

The discretization of this equation on integer grid points in ¢ and x leads to

E;’”(z’) - 2E(i) + E;“‘l(z') 1 EJ(i+1)=2E/(i) + Egf(i—1)

(At)?  €op0 (Ax)?

(8.12b)

The solution of this equation and that based on the staggered grid approach of
(8.11) are found to be equally robust in dispersion and stability [2, p. 65].

Space, Time Marching of Fields

The expression (8.11a) shows that the new value of H, is calculated from its
previous value and the most recent value of E,. The computation of E, is carried
out similarly. This process is depicted graphically in Figure 8.5 and is called leap-
frog marching [3]. The rectangular grid in space-time domain is also shown there.
Time marching of fields is similar to the marching of a two-legged creature with
one leg representing the electric field and the other representing the magnetic field.

Expressions (8.11) may be coded as follows in MATLAB:

% nmax is the nunber of tine steps for which the sinulations are
carried out.
% imax i s the nunber of nodes.

for n =1 to nnax
for i =1 to imx
hz(i) = hz(i) - b*(ey(i+1)-ey(i)) Yb=At/(uodx)
ey(i) =-ey(i)-a*(hz(i) -hz (i-1)) Ya=At/(eyAx)
end
end

The time index 7 is implicit in these expressions. The values on the left side
are the new values (at a later instant) being calculated, whereas similar entries on
the right side are the old values of the available field components. The space index
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Figure 8.5 Discretized space-time domain and graphical representation of time marching of fields
according to (8.11). (After: [4].)

i is explicit. However, indices i + 1/2 and i — 1/2 for the array hz(.) have been
rounded off to i and i — 1, respectively, for the ease of book keeping [5].

Let us try to understand the physical process and the mathematical procedure
involved in space-time marching of fields represented by (8.11). Consider the
discretized space along the x-direction and shown in Figure 8.6. The E-nodes are
numbered ... 4,5, 6,7 ... in this figure.

Let us assume for simplicity: Ax = 1 mm, and cAz = Ax. With this choice,
(8.11) reduces to

(. 1 1. 1 1 . . .
Hzn+ <l+§>=Hzn (Z+z>—m[E;(l+l)—E;(l)] l=1,2,...

1 1
EJ i) = EG) - 12077[H;’”’2<z‘ + Z) - Hz’””z(z' ‘Z)] i=1,2,...

—>
HO
«—» n
HO
«—> O
HO
a«— I
HOo
«—>
MO
b

OTOTO
tE, oH, A

Figure 8.6 Discretized space along the x-direction showing positions of E- and H-nodes.
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The following starting conditions are assumed: ES (1)=0, H S () = 0. Let us
now introduce excitation in the grid through initial conditions by defining
ES (5)=1, E}(,) (6) = 1. The update of the fields at the various nodes results in the
following values (= 1207):

nodes — 3 3% 4 4% 5 S 6 6\ 7 7% 8
n=0 o 0 0 0 1 0 1 0 0 0 0
1 n+1/2

n="%H!IT) — 0 — -y — 0 — 1Uyp — 0 —

n=1E") o0 — 1 — 0 — 0 — 1 — 0

n=1% — -1y — 0 — 0 — 0 — 1n —

n=2 1 — 0 — 0 — 0 — 0 — 1
(8.14)

The excitation is located at nodes 5 and 6 as indicated by initial conditions.
The nodal values for various time instants show that the excitation marches outward
as the time progresses. This is the essence of propagation phenomenon. The phase
velocity can be determined from the displacement of excitation with time. Since
the excitation moves one node in Az, the velocity of propagation is c, the velocity
of light. If Az is reduced to half its present value, the number of time steps required
will double for the same distance traveled, resulting in the same wave velocity.

Exercise 8.1.  Show that if Az is reduced to half (i.e., cAt = Ax/2) in the example
discussed above) the new table is obtained as follows:

nodes— 3 3% 4 4 5 5% 6 6, 7 75 8

n=20 0 0 0 0 1 0 1 0 0 0 0
n="% — 0 — -12n — 0 — 127 — 0 —
n=1 0 — 174 — 34 — 3/4 — 1/4 — 0
n=1%, — -18yp — =3/4n — 0 —  3/4n — 1/8n —
m=2 1716 — 916 — 38 — 38 — 916 — 1/16

We next clarify some important issues such as step sizes Ax, At, source excitation,
absorbing boundary condition and stability of the solution before we work out a
one-dimensional problem using FDTD.

8.2.1 Spatial Step Ax and Numerical Dispersion

In Chapter 7, we discussed the effect of step size Ax on the accuracy of solution.
Associated with nonzero step size Ax is the phenomenon of numerical dispersion.
However, in FDTD the numerical dispersion depends on time step Af also.

The finite difference implementation of the derivatives makes the solution
approximate. Consequently, the phase constant varies with frequency in an other-
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wise dispersionless medium. This dispersion is called numerical dispersion (3, 4].
The amount of dispersion depends on the wavelength, and the discretization size
Ax, and Atz. The effect of numerical dispersion is equivalent to filling the medium
with a dielectric constant different from the actual dielectric constant of the medium.

To illustrate the phenomenon of numerical dispersion let us consider the wave
equation of (8.12a), repeated here for convenience,

1 0’E, 9°E,
& o x?

(8.15)

Consider the following monochromatic, sinusoidal, traveling wave solution,
Ey(x, t) = e/(@ =k (8.16)
with propagation constant,

w
k=x2
C

(8.17)

The phase velocity, group velocity, and guide wavelength or grid wavelength for
the wave are defined as

phase velocity, v, = % =+c (8.18a)
) dw
group velocity, v, = i (8.18b)
. 2
grid wavelength, A, = & (8.18¢c)

The phase velocity being independent of frequency implies dispersionless propaga-
tion. Now, we shall determine the finite-difference solution of (8.15) and the
associated numerical dispersion.

Use of the central difference approximation for the double derivatives in (8.15)

gives
n+l,. n,. n-1,. n,. n, - n,.
Ey (7) —2Ey(;) +Ey (7) N O[(At)z] _ 2 {Ey(z +1) —2Ey(12) +Ey (i—1) N O[(Ax)z]}
(Az) (Ax)
(8.19)

Let us assume a discretized version of solution (8.16). This is obtained by sampling
the continuous solution at the discrete space-time point (x;, ¢,),

E;’(i) _ Eoe,’(wnm-mx) (8.20)
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Here, k is the propagation constant of the numerical traveling wave in the finite-
difference grid. In general, & differs from k and this difference causes numerical
errors resulting in numerical dispersion artifacts.

We now substitute (8.20) in (8.19) and neglecting the error term on both sides
obtain the following expression:

_ 2 _ _ _
o (@(n+1)At=RiAx) _ <ﬂ> [e/(amAt—k(Hl)Ax) _ 9 pilwnht-Fidx) ej(amAt—k(i—l)Ax)]

Ax

+ [ze;'(mnAt—EiAx) _ e;‘(w(n—l)At—EiAx)] (8.21)

After deleting the common factors on both sides, we obtain

. A 2 T = )
o @A _ <%> (e jRAx 24 e;kAx) +(2-e /a)At)

or

2
cos(wAt) = (%) [cos(kAx) — 1]+ 1

or
sin <“’TM> - i<%> sin <%> (8.22)

Equation (8.22), relating w and k, is called the dispersion relation. It can be verified
that this expression reduces to the exact solution (8.17) in the limit Ax — 0 and
At — 0. It is interesting to note that (8.22) again reduces to (8.17) for the time
step cAt = Ax, independent of the choice of space and time steps (coarse or fine).
The wave propagation is therefore dispersionless for this combination of Az and
Ax. Because of the unexpected behavior of the numerical wave, the step size
At = Ax/c is called magic time step. The reason for zero numerical dispersion is
that (8.19) is no longer an approximate form of (8.15); it becomes exact with error
term on both sides of (8.19) canceling each other. The magic time step is a useful
feature of one-dimensional FDTD analysis. It allows (ideal) FDTD analysis of the
problem without incurring the errors associated with discretization.
Defining v, = w/k, (8.22) may also be expressed as

= (8.23)
Ao 77'an>

sin
. 1 < Ao
sin - - 7/

a

U_p mAx 1
c
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where o= cA#/Ax is called the stability ratio, and A is the free space wavelength.
The phase velocity v, /c is plotted in Figure 8.7 as a function of the cell size Ax/A(
with @ as a parameter. These curves are compared with the exact solution « = 1.
We observe that the numerical wave defined by (8.20) shows error in phase velocity
with discretization. For small values of Ax, the errors are small. In other words,
the numerical dispersion can be reduced by using more accurate finite difference
approximations of second order derivatives. For a given value of Ax, the use of
small relative time steps (a < 1) also increases phase error, consistent with the
magic time step.

_ Another measure of numerical dispersion is the grid wavelength defined as
Ag=2m/k. We obtain the following relationship:

vp_wl
Cc Cc

e

[\)|>,,|
y oS
a8

(8.24)

~le

For 7, < ¢, the grid wavelength Xg < Ag. The discretized free space may therefore
be modeled as a medium with equivalent dielectric constant €, > 1 which varies
with frequency.

To get an idea about the phase error introduced by dispersion, consider an
example with Ax = A¢/5 and « = 1/2. Inserting the assumed values in (8.23), we
obtain 7, /c = 0.943. The numerical phase velocity for this wave is seen to be in
error of —5.7% compared to the free space phase velocity c. It implies that for a
physical wave propagating over a distance of 101 (50 space cells), the numerical

1.05 T T T T
j o=1
1= — T o A
ool e
005 = o= = = “‘:\H: ) . s ."-—.,,.L.‘H: ......... L — -
: e N SO a=075
0'9, L T T ""-_ =ie i i G SRS mestieT DT
o] . . e - .
'-a 5
= : E N . :
0.85 = === = =i RIE I e I
, , ’ N . a=0.50
. . . NE
3 ; s Noo=0.25
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Axfhg

Figure 8.7 lllustration of numerical dispersion in one dimension, which is variation of normalized
phase velocity with normalized cell size with « as a parameter.
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wave would propagate only 50 x 0.943 = 47.15 cells. It amounts to a phase error
of (50 — 47.15) x 360°/5, or 205.2°, and is considerable. The phase error due to
numerical dispersion can be reduced by reducing the cell size. For example, in the
above example if the cell size is reduced by half, the phase error will reduce by a
factor of 4 (i.e., 51.3°). The factor of four reduction in phase error is due to the
second order accuracy of central difference approximation.

We know that the origin of pulse dispersion is the difference in phase velocity
of the different frequency components of the pulse. To investigate this phenomenon
further, one may carry out the following simulations. First, the propagation of the
time pulse is observed in the FDTD grid as described above. Next the discrete
spectral components of the pulse are obtained using the fast Fourier transform
(FFT). Each spectral component is multiplied by the appropriate phase factor,
added and inverse FFT taken to reconstruct the pulse after # time steps. The
reconstructed pulse is found to compare well with the FDTD solution [6]. On the
other hand, if the phase velocities are replaced by the true speed ¢ (of propagation
in continuous medium), no distortion in waveform is observed.

Rule of Thumb for the Step Size Ax

For FDTD analysis, the medium in the electromagnetic device is discretized in cells
such that the material properties and the field distribution in the cells are assumed
to be uniform. Smaller cell size means more number of cells for a given device size
and therefore better accuracy at the cost of increased computational requirement.
The cell size is a function of frequency, material parameters, and the expected field
distribution where the cell is located. As a compromise between the accuracy and
computational resources, the rule of thumb is that in the worst case situation, the
cell size should not exceed A/10 at the highest frequency and the highest value of
material loading. For an accuracy of about 1%, one may reduce the cell size to
A/20. For initial estimates or for crude approximation one may even choose A/5
for the cell size.

8.2.2 Time Step At and Stability of the Solution

Once the cell size Ax has been selected, we next choose the time step At since the
two step sizes are related. The minimum time taken for the wave to travel a distance
Ax between two consecutive nodes is Ax/vyay, Where v,y is the maximum phase
velocity in the device. The maximum time step permitted is therefore Az, =
Ax/Vpax. If we choose At > At ., the distance traveled by the wave over the time
interval Az will be more than Ax and the wave will miss the next node implying
that the FDTD grid is not causally connected, and leads to instability in the solution.
The condition

At < Ax

VUmax

(8.25)

is called Courant-Friedrich-Levy (CFL) stability condition [3], and a = cAt/Ax is
called the stability factor. Due to the inhomogeneity of the medium in the device,
the phase velocity may vary from cell to cell and from one frequency to the
other. We may therefore introduce a safety margin and choose At = (1/2) Ax /v pax
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uniformly to simplify coding. It implies that @ = 1/2 and the wave takes 2A¢ to
travel to the next node.

Example 8.1.  In this example we study the propagation of TEM wave in free
space. Our aim is to quantify the effect of dispersion on the pulse shape. Let the
wave consist of E, and H, components with propagation along the x-direction.
The propagation of the discretized version of the wave is described by (8.11). For
the simulation we use a rectangular pulse. In order to limit the size of space domain
for simulations, we use the first order Mur analytical boundary condition (to be
discussed later), at the ends. This condition is defined as

n n - 1 n n
E} NN+ 1)=Ey(N)+(%)(Ey+l(N)—Ey(N+ 1) (8.26)

Figure 8.8 shows the propagation of a rectangular pulse in the discretized space.
The excitation is implemented as a rectangular pulse of width T = 500 ps on the
node 7 = 0. The values of @ used are 1, 0.99, and 0.5. As seen in Figure 8.8(a) for
n = 250, the pulse shape in space is a rectangular pulse with spatial pulse width
given by ¢T =3 x 10% x 500 x 1072 = 0.15m. Since Ax used in the simulations is
1.5 mm, the spatial width of the pulse is 100 space steps. The distance traveled
by the leading edge of the pulse over 250 time steps is 250Ax because @ = 1. The
trailing edge of the pulse is located at i = 150 as shown in the figure. Figure 8.8(b)
depicts the same pulse at 7 = 250 for @ = 0.99. The significance of this value of
alpha is that although the time step At = aAx/c is very close to the magic time
step, the various frequency constituents of the pulse travel at different phase veloci-
ties giving rise to distortion in pulse shape. In Figure 8.8(c), we have selected
a = 0.5. The value of A¢ therefore becomes half and it takes a larger number of
time steps for the pulse to travel the same distance. It took 480 time steps now
for the leading edge of the pulse to reach i = 250, as shown in Figure 8.8(c). Also,
the received pulse is broader due to dispersion. The calculations are carried out
using the source code dispersion.m. There is a provision in the code to select the
Gaussian pulse.

The numerical stability of the solution is illustrated through Figure 8.9. Here
we plot the propagation of Gaussian pulse in discretized space. The value of
a = 1.00004 has been purposely chosen to violate the CFL stability condition,
(8.25). Figure 8.9(a) shows that the instability has set in at 7z = 480 and is described
by the nonzero amplitude at the trailing edge of the pulse. The instability is mainly
contributed by the high frequency components of the pulse traveling at lower
speeds. As time progresses, the amplitude at the site of instability increases as
shown in Figure 8.9(b) for n = 550.

It may be noted from Figure 8.8 that a rectangular pulse (in time) launches a
rectangular pulse in space. Similarly, a Gaussian pulse in time will launch a Gaussian
pulse in space domain. The transformation from time domain to space domain is
independent of the shape of the waveform because of the linear relation x = vt.
For example, a window pulse in time described by

E(t) = Ey, fort1<t<ty (8.27a)
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Figure 8.8 Effect of dispersion on the pulse shape: (a) magic time step «=1, n=250, no distortion;
(b) @ =0.99, n = 250, distortion at the leading and trailing edges of the pulse; and (c) @ = 0.5,

n = 480, broader pulse due to dispersion.
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Figure 8.8 (continued).

will produce a window function in space with the spatial width given by
E(x) = Ey, vt1 < x S vty (8.27b)

Hence, we may specify the excitation or source in FDTD in time domain only.
However, if we are exciting a particular mode like TE,,,,-mode in a waveguide,
the field distribution in space matching that of TE,,,,,-mode will have to be specified
as a part of source function.

8.2.3 Source or Excitation of the Grid

In the FDTD analysis, we launch a particular time waveform to carry out nar-
rowband or wideband analysis of the device. This waveform is called excitation
or source. The source may be introduced in two different ways. These are based
on the initial conditions, and a point source specification. The excitation of the
grid in (8.14) is through the initial conditions specified as Ey (5) = 1, Ey (6) = 1.
This is a rectangular pulse excitation with pulse width equal to 2Ax. One may
choose Gaussian or other forms of excitation by specifying the source distribution
in space as initial condition. A Gaussian pulse is defined as

2
E,(x, t) = exp [— (’LC_Ct) ] (8.28)

w
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Figure 8.9 Numerical instability produced by violating CFL condition (a=1.00004, Ax=1.5 mm,
pulse width = 500 ps): (a) n = 480, sign of instability; and (b) n = 550, growth of instability with

time.
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where w is the width of the pulse in space. The discretized version of (8.28) at
¢t = 0 for all nodes in the grid is given by

)
EJ(i) = exp [— <’ ~ ’5> ] (8.29)

by

Here i stands for the peak position of the pulse and i,, is its width, both expressed
in index 7. The initial condition excitation is not a compact representation because
it requires specifying the source amplitude at a number of nodes.

In the point source excitation, the excitation is introduced at the source node
while other nodes are specified to be zero at ¢ = 0. The value at the source node
is updated with time according to the amplitude variation of the source. For the
Gaussian pulse, the value at the source node i is varied as

2
EJ(is) = exp (— [” - "0] ) (8.30)

where 7 is the center of the pulse and #,, is the width of the pulse, both defined
in time step A¢. As the value of 7 is increased from 0 to 7, the source amplitude
increases in the Gaussian fashion and then decreases. The algorithm described
earlier may be modified in the following manner to include the point source:

for n=1to nnax%time | oop
pul se = Gaussi an/ sinusoidal /wi ndow function in tine
for i =1 to imx % node | oop
hz(i) = hz(i) — b*(ey(i + 1) — ey(i)) Y=At/(pnoAx)
ey(i) =ey(i) —a*(hz(i) - hz(i - 1)) Ya=At/(egAx) (8.31)
ey (ic) = pul se %ic is the source node
end
end

In the above algorithm, the statement on the source node ic overrides what
was previously calculated. The normal FDTD update now propagates the source
pulse away from the source node.

Hard Source and Soft Source. The expression (8.30) implies that the source
function should be on during the entire simulation. However, this may give rise
to what is called hard source conditions. As time stepping is continued for suffi-
ciently large values of 7, the reflected numerical wave generated by the scatterer
eventually returns to the source node. Because the source condition, E;’ (is), fixes
the total electric field at the node ig, regardless of any impinging wave there, it is
equivalent to a spurious, retro-reflection of these waves at i; back toward the
scatterer. This type of source, called hard source, is nontransparent to reflections
from the scatterer because it prevents the reflected signal to travel through the
source node. The hard source condition can be easily understood. For example,
the electric field given by (8.30) decays to zero for (n — ng) > n,,. The source
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point then simulates a perfectly conducting barrier having zero tangential electric
field.

It is possible to make a hard source transparent to impinging fields by specifying
the field at the source node, (8.31), as

ey(ic) = pulse + ey(ic), % ic is the source node (8.32)

The Choice of Time Varying Function for the Source

The time variation of the source is chosen depending on the bandwidth of the
device to be analyzed. For applications where frequency dependent data is to be
generated, a pulse is used such that its frequency content covers the desired fre-
quency range. A Gaussian pulse is frequently used in FDTD analysis because of
its smooth amplitude variation and large frequency content. It may be defined as

(8.33a)

(t = to)*
T? ]

E,(f) = exp [—

where ¢ defines the center of the pulse and T governs the width of the pulse. The
values of t( and T are selected so that the truncation of the pulse does not introduce
unwanted high frequencies in the spectrum, and yet does not waste computation
time on determining values of the fields that are essentially zero. Normally, # is
selected so that when the source is turned on at £ =0, E (¢) = e ; that is, zg = 3T.
The pulse turns off at ¢ = 2¢(. Therefore, pulse width is 2¢9 = 6T. The Gaussian
pulse of (8.33a) is plotted in Figure 8.10.

A modulated Gaussian pulse may be used to generate passband about f,. This
excitation is defined by

(t— o)
Ey(t) = exp [—T} cos{27f, (¢t — ty)} (8.33b)

The spectrum of this pulse is similar to that of (8.33a) except for a shift in frequency
by f.. The bandpass Gaussian pulse is plotted in Figure 8.11. Its frequency spectrum
is obtained by taking the Fourier transform of (8.33b) and is shown in Figure 8.12
for two different values of ¢( and f. = 500 MHz. It is observed that the narrow
Gaussian pulse with #y = 5 ns is relatively broadband in nature. The frequency
spectrum of modulated Gaussian pulse is compared with the modulated rectangular
pulse in Figure 8.13. The pulse width is assumed to be 60 ns for the rectangular
pulse which corresponds to ¢y = 30 ns for the Gaussian pulse. The center frequency
is 500 MHz. The bandwidth over which the spectral components are relatively
large defines the useful spectrum of the pulse. The useful bandwidth of the Gaussian
pulse is found to be much wider.

To generate a continuous sinusoidal wave of frequency f,, the time varying
function may be selected as

Ey(t) = sin(27f1) or Ey(t) = cos(2mf.t) (8.33¢)

This source function is suitable for narrowband studies.
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Figure 8.11 A modulated Gaussian pulse (parameters: to =10 ns, T = to/3, f. = 500 MHz).
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Figure 8.12 Comparison of the frequency spectrum of the modulated Gaussian pulses with different
pulse widths, f. = 500 MHz.

The time waveforms (8.33) can be easily discretized for FDTD simulations.
For example, to generate E, field component at the source node i, (8.33b) can
be written as

2
E(is) = Eq exp (- [” ~ ”0] > cos [277f.(n — ny)] (8.34)

Ny

where 7 is the center of the pulse and 7,, is the width of the pulse, both defined
in time step At.

Excitation of Modes in Guiding Structures

For many uniform guiding structures, the electromagnetic field distribution in the
cross-section is known, and this knowledge may be used to excite fields in the
FDTD lattice. Consider a rectangular waveguide and the source plane as shown
in Figure 8.14. The TE,,,,-modes in the waveguide may be excited by using the
following electric field distribution at the source plane:

Es=JE,(x, y)P(2) (8.35)

where P(¢) is a time varying source pulse, and E, (x, y) is the space variation. The
space variation for the TE{y-mode is shown in Figure 8.14.
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Figure 8.13 Comparison of the frequency spectrum of the modulated rectangular and Gaussian
pulses with identical pulse widths, 60 ns.
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Figure 8.14 Source plane for the excitation of modes in waveguide.

Plane-Wave Excitation
Another important class of excitations is the plane wave excitation. Plane waves
are an essential part of electromagnetic wave analysis. We first come across plane
waves at the undergraduate level when we study propagation and reflection of
waves in unbounded media. The radiation from antennas at a far-off distance
can be approximated as a plane wave. The radar cross-section studies require
illumination of objects by plane waves. We next discuss excitation of plane waves.
The plane wave may be simulated by means of a one-dimensional array of
nodes in the x-y plane, and is shown in Figure 8.15. The nodes are located at
(i=1i4,j4<j<jp). Each of the nodes may be excited by the field component, say,
E., as discussed earlier. The time variation may be Gaussian, pulse, or sinusoidal
according to the bandwidth requirement. The direction of propagation is deter-
mined by the phase difference between the excitation at various nodes. If all the
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Figure 8.15 Plane wave excitation using a linear array of nodes.

nodes are excited in phase and with the same amplitude, it will simulate a phase
front coincident with the y-axis and propagating along the x-direction. The simu-
lated wave is called uniform plane wave. The direction of propagation of the wave
may be controlled by introducing constant phase difference between the nodes,
Ja<]<]b-

The most popular method of plane wave generation is based on total-field/
scattered-field formulation [3, p. 186]. In this formulation the device to be illumi-
nated by the plane wave is placed at the center of domain and is surrounded by a
rectangular shaped (for convenience) enclosure which is followed by another enclo-
sure as shown in Figure 8.16. The scattered field around the device is accompanied
by the incident field also, and their sum is called total field. Therefore, total fields
are defined in region 1. Only the scattered field is defined in region 2. The incident
wave is generated from the connecting condition at the interface between the total-
field region and the scattered-field region. This condition needs corrective measures
while updating the fields near the interface and the incident wave is introduced as
a correction term. This is illustrated by way of one-dimensional example next.

ABC

Region I:

Total fields x

ABC| >

4
Region 2:/

Scattered

fields /

Connecting ABC
surface and

plane wave

source

ABC

Figure 8.16 Division of two-dimensional domain in total-field and scattered-field regions for the
application of total-field/scattered-field formulation to generate plane waves.



8.2 FDTD Analysis in One Dimension 303

Figure 8.17 shows the discretized one-dimensional space along the x-axis. It
is terminated by absorbing boundary conditions (ABC) at the ends. According to
the total-field/scattered-field formulation, the total-field region (region 2) is placed
in the middle where the scatterer is also located and is surrounded by scattered-
field region 1. The nodes i, and i}, are assumed to be the part of total-field region
2. The normal FDTD field update at node i, gives the following;:

total ;. total ; . At total (.1 1 total (.1 1
E, " (i;,n+1)=E, (la’n)+60Ax <Hy <za+z,n+§> -H, (za—— n+—>)

The terms on the right are stored in the memory. However, field update based on
Figure 8.17 requires that

total , . total , . At total [ . 1 1 scat | . 1 1
Ez (zd,n+1)=EZ (la,n)-l-EO—Ax(Hy <Za+z,n+z>—Hy <la—z,n+z>>
(8.37)

since the node i, — 1/2 is located in the scattered-field region. The difference between
(8.36) and (8.37) lies in the last term. In order that the normal FDTD update can
still be applied and the last term is the scattered field, we modify the implementation
of FDTD update at i, as follows:

Eztoml(iaa nt1) = Eztoml(ias n) + E()A_Atx<H;oml<ia +%, - %) 3 H;Cdt<ia _%’ - %))
(b

since
H;Ot“l _ H;cat " H;’nc (8.39)

Equation (8.38) implies that the field at i, should be corrected by the term

At inc | . 1 1 )
egAx Y <’a 5. nt z) after the normal FDTD field update.
Total field region 2
i P
ABC % |—% aBc — x

Scattered field region 1

Figure 8.17 Division of one-dimensional domain in total-field and scattered-field regions for the
application of total-field/scattered-field formulation.
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Similarly, the H, field update at i, — 1/2 should be corrected as follows since
it involves a node in the total field region also,

1 1 1 1 A
H3 (=g mt 3 ) = B (g m =3 ) i (B, m) = 2= 1, )

At
HoAx

Eém(ia, n) (correction term) (8.40)

A similar correction is applied for updating the field components about the
right side of junction between regions 1 and 2, and yields the following:

. . At | 1 | 1
E,(ip, n+ 1) = E (ip, n) +60—Ax<Hy<zb+—, n+z> —Hy<zb—z, n+z>>

At incf . 1 1 .
cohx H, <zb ot E) (correction term) (8.41)

and
1 1 1 1 At . .
Hy<zb ty.m +Z) - Hy<zb ta.m ‘Z) +M(Ez(zb +1, 1) — E(ip, n))

At
poAx

Eém(ib, n) (correction term) (8.42)

By specifying Eénc(ia, n) we can generate a waveform of arbitrary duration and
shape. It may be noted that the correction terms in (8.38) through (8.42) amount
to inserting excitation at the left junction and deleting it at the right junction. An
advantage of this formulation is that the ABC used in this case is not exposed to
the incident wave because it lies in the scattered-field zone, thus eliminating the
contamination produced by residual reflection of incident wave.

A source code in C for simulating plane TM wave based on total-field/scattered-
field formulation is available in [5, p. 72].

Example 8.2.  Retro-reflection due to a pulsed hard source in FDTD method can
be avoided by removing it from the algorithm after the pulse has decayed essentially
to zero. Now consider a Gaussian hard source located at i = 0 in the region
specified by

50 <i < 50, EJ (i) = Ege ="l g = 3u,, and n, = 30

1. Determine if the source would have decayed to zero before the leading edge
of the reflected signal reaches the source? Assume zero numerical dispersion,
Ax =2 mm, cAt = Ax/2 and E, = 0 if it is < Eoe_9.

2. Determine the pulse width in space domain.

3. Calculate the value of # when the source should be removed from the grid
and the normal field update can be resumed.
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4.

It is desired to observe the reflected signal at i = 40. Calculate the value of
n when the peak of the reflected signal passes this grid point.

5. Write a simple algorithm to remove the hard source after the source has
decayed to zero.
Solution.
1. Forn=0 Eo(i )=E e = 0;forn=2n Ezno(i )=E ¢ = 0. Therefore
. s Ly s 0 5 05 &y s 0 . >

5.

the pulse width in time between zero amplitude points is 21 = 67, = 180.
The distance traveled by the leading edge of the reflected signal to reach
the source node is 100Ax. Also, the time taken to travel a distance Ax is
2At¢ because cAt = Ax/2. Therefore, the time taken by the leading edge of
the reflected signal to reach the source node is 100 x 2A¢ = 200A¢. Since
the source pulse requires 180A¢ to decay to zero, which is less than 200A¢,
the source would have decayed to zero before the reflected signal reaches
the source node.

. Source width in time, 272( = 180. The distance traveled in one time step is

Ax/2. Therefore, pulse width in space: 90Ax.

. Pulse width 272 = 180. Therefore, source decays to zero for n > 180. It can

be removed at 7 > 180 and normal field update can be resumed. Also, the
leading edge of the source reaches the source node at n = 200. Therefore
the required value of 7 for removal of source is 180 < n < 200.

. The peak of the source is formed at i = 0 when 7 = ng = 90. The peak

takes 100A¢ to arrive at i = 50. Therefore, peak of the reflected signal
reaches i =40 at n =90 + 100 + 20 = 210.

The statement (8.32) may be employed to remove the hard source condition.

Review Question 8.2.  The distance traveled by a wave is given by x = v, ¢, where
vy is the phase velocity of the wave. In the discretized medium, v,, depends on Ax.
For design purposes we may assume v, = ac/Je,. Now consider a rectangular
pulse with pulse width 20Ax and centered at i = 10Ax at ¢ = 0. Let i, = 200
and the pulse is propagating in free space from left to the right side. The center
of the pulse will hit the right side boundary at

1.
2.
3.
4.

n =180, for a=1/2
n = 380, for a = 1/2
n=180, fora=1
n =200, fora=1

Choose the correct entries and explain.

Answer. 2.

8.24

Absorbing Boundary Conditions for One-Dimensional Propagation

A large number of problems are open region problems and require infinite amount
of memory for storage of data and equally large amount of processor time for
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computations unless the domain of the problem is truncated. Absorbing boundary
conditions are used for truncation of the domain. These conditions allow the signal
to propagate forward without producing any reflection at the boundary.

Mur’s First Order Absorbing Boundary Condition
Analysis for this absorbing boundary condition is based on the work of Enquist
and Majda [7], and the optimal implementation given by Mur [8]. A reflectionless
boundary is created if a wave incident on it continues to propagate in the forward
direction only. We know that the Dirichlet and Neumann boundary conditions
described by ¢ = 0 and d¢/dn = 0, respectively, generate perfect reflections at the
boundary. One may wonder if appropriate specification of ¢ at the boundary may
produce zero reflection. Let us now discuss how a reflectionless boundary can be
described using the appropriate boundary condition there.

Consider a plane wave traveling along the —x direction as shown in Figure
8.18. Heuristically, this wave will not suffer reflection at x = constant plane if

o(x, t) = o(x — Ax, t + At) (8.43)
and the velocity of wave propagation is ¢ = Ax/At. The Taylor’s series expansion

ox — Ax, t + At) = o(x, t) — (0@/dx)Ax + (d@/dt) At and the use of Ax = cAt
results in

Ip(x,t) _10¢(x, 1) (8.44a)
C

ox ot

This expression is called the ABC or reflectionless boundary condition for a plane
wave incident from the right. Similarly, the ABC for the wave incident from the
left on the x = constant plane is obtained as

9p(x, 1) 13dlx, 1)

o Pl (8.44b)

Similar partial differential equations representing traveling waves along +y-axis
and —y-axis can be written down by inspection of (8.44).
In the finite difference form, (8.44a) can be written as

R

T SR
]
Vv
e

i=0 1=1

Figure 8.18 Propagation of wave along the —x-direction in the two-dimensional space. The node
i=0is at the boundary.



8.2 FDTD Analysis in One Dimension 307

n+1/2

P

n+1/2

- ¢y
Ax

(8.45)

1
1615 — i
c At

for the two-point finite difference approximation centered at x = Ax/2 and
t = (n+ 1/2)At. In this form, the finite difference approximation is accurate to the
second order in Ax and At. If the values at the half grid points and half time steps
are not available, for example, for the electric field nodes, they may be obtained
by averaging as,

n+1 n
b, +¢ Dmsl+ D
En+1/2 m 5 m and 5 i = m+12 m (8.46)

Use of (8.46) in (8.45) produces the following algorithm:
1 cAt — Ax 1
$0 =i+ <m>(¢’f+ - ¢5) (8.47a)

for updating the tangential fields at the boundary node at x = 0 node. Similarly,
the expression for updating the tangential fields at the boundary at x = (N + 1) Ax
is derived as

cAt — Ax
PN = ol + <m>(¢"z\1+l - dN+1) (8.47b)

Expressions (8.47) are called the first order analytical or Mur’s boundary
condition and are found to be unconditionally stable [8]. The expressions for the
field component E,, are obtained by replacing ¢ by E,.

The boundary conditions derived above are exact only for a plane wave at
normal incidence for the continuous case, and a = 1 for the discrete case. For all
other values of a(= cA#/Ax), the residual reflection arises due to the phase velocity
being different from ¢, and the approximations made in Taylor series expansion
at the boundary node.

The residual reflection produced by the Mur’s ABC may be determined by
assuming the presence of a reflected wave at the boundary node such that

o(x, 1) = e/ (e TR 4 ReTRY) (8.48)

This expression is substituted in (8.47) after discretization, and solved for the
reflection coefficient R. A similar procedure was used in Section 8.2.1 for dispersion
analysis. The reflection coefficient is found to be

ejEAx 1+ 1e]wAt _e/wAt_a_l
a+1 a+1

_pikax(y ezl -1 o it +e;‘wm+a—1
a+1 a+1

R = (8.49)
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The reflection coefficient (for normal incidence) for the first order ABC and
a= 0.9 is plotted in Figure 8.19 as a function of Ax/\A(. Simulations were carried
out by terminating free space with Mur ABC and studying the reflected waveform
in time domain. Modulated Gaussian pulse with modulation frequency of 1 GHz
was used for simulations. The ratio of the peaks of the reflected and the incident
waveforms gives the value of reflection coefficient at 1 GHz. The simulations are
compared in Figure 8.19 with the values obtained from (8.49). The comparison
appears to be very good. The software used for simulations is called mur_abc.m.
The ABC was located at i = 400. A typical waveform sampled at i = 350 is plotted
in Figure 8.20 for Ax/Ay = 0.14. The other parameters for the simulation are:
to=3ns, T=1ty/3, @ =0.9. The magnitude of reflection coefficient is found to be
0.0106.

Review Question 8.3. The propagation phenomenon is the basis of FDTD
method. The following differential equations in one-dimension are suggested to
describe the propagation either along the +x or —x directions or both. Choose the
correct entries and explain why.

d*E

1. 5 + kZE =0

dx
’E 1 9°E
ax*  c* oot

0.012 T T T T T

0.01F

0.008F

Theoretical
-=-=---= Simulations -

0.004

0.002

0 1 1 1
0.02 0.04 0.06 0.08 0.1 0.12 0.14
A xfhgy

Figure 8.19 Comparison of theoretical, (8.49), and the value obtained from simulations for the
reflection coefficient for first order Mur ABC, @ = 0.9.
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Figure 8.20 Time waveform at i = 350 for Ax = 0.042m, f. =1 GHz, a = 0.9. The magnitude of
reflection coefficient is 0.0106.
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Answer. 2, 3, and 4, because propagation involves time variation. 1 produces
steady state solution and not time varying.

The waves which are obliquely incident to the boundary suffer a higher reflec-
tion coefficient. For this, one needs to use differential equation in two dimensions
to arrive at the analytical absorbing boundary condition [8, 9], and this is described
in Section 8.4.

8.3 Applications of One-Dimensional FDTD Analysis

We now describe some of the applications of one-dimensional FDTD analysis.
These include reflection at an interface, determination of propagation constant in
the medium, design of material absorber, and extraction of frequency domain
information from the time domain data.

8.3.1 Reflection at an Interface

One of the common phenomena in an electromagnetic device is the reflections
suffered by the incident wave at various points of the device. It is important to
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locate these reflections to improve the device design. FDTD method may be used
to locate the centers of reflection and therefore help in diagnostics. We next deter-
mine the reflection coefficient at the interface of two media. The procedure may
also be used to determine the residual reflection associated with absorbing boundary
conditions.

Consider the discretized medium in the form of a number of layers with the
first few layers in the free space (€, = 1) and the rest in a medium characterized
by €g€, and ug. Let a TEM wave be incident normally on the interface with electric
field tangential to it. The reflection coefficient due to impedance mismatch is given

by

MO MO
~ Zmedmm _ gair _ '\/EOET €0 ~ 1— '\’6,,

T = _ — = = 8.50a
Zmea’mm 4 7 %0 %0 1+ [67 ( )
coe, " N e
The transmission coefficient is obtained as
2
T=14+T=—"— (8.50b)
1 +A/e

Let us choose a Gaussian pulse and a layered medium with free space for i < 249
and €, =4 for 250 <i < 350. The other parameters are: Ax = 1.5 mm, At = 2.5 ps,
pulse width at nearly zero amplitudes = 400 ps, and a=0.5. The FDTD simulations
for this case can be carried out as described by (8.11) and its subsequent modifica-
tions for the compact soft source. The other change in the code is to define the
medium parameters properly and modify the value of g as

At
a =
€0 €,Ax

(8.51)

Equations (8.11) are modified to include the effect of dielectric loading, and are
given by

1 _ 1 Az . .
HE i g) =1 (i) s (B 0= B0 8520

E} i) = EJ () - 2—; 601@ [H;’”/2<z‘ + %) - H;’”’2<i - %)] (8.52b)

The simulation results for n = 400 is shown in Figure 8.21(a). The pulse is
centered at about 160Ax and therefore has not yet reached the interface. The pulse
at n =700 is shown in Figure 8.21(b). It comprises a reflected pulse centered near
190Ax and a transmitted pulse peaking near 275Ax. The peak amplitudes provide
the values of transmission and reflection coefficients. Since the reflected pulse is
inverted with respect to the incident pulse, we obtain I' = —0.333. Similarly,
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Figure 8.21 Propagation of a Gaussian pulse in a layered medium with air medium for i < 249
and e, =4 for 250 < i< 350: (a) the incident pulse for n =400; and (b) the reflected and transmitted
pulses for n = 700.
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T = 0.667. These values are consistent with the values obtained from (8.50). The
widths of the transmitted and reflected pulses depend on the €, value of the medium.
The pulse width is 49Ax for the reflected pulse and 27Ax for the transmitted pulse.
The narrow width for the transmitted pulse is due to the higher dielectric loading
of the medium which reduces the velocity of propagation. The software used for
the simulation is slab_reflection.m.

8.3.2 Determination of Propagation Constant

The propagation constant of a wave defined as y= « + jB can be determined using
FDTD analysis. For this we may employ CW sinusoidal excitation and study the
propagation behavior in the medium. The medium is assumed to be the same as
used in the last section, and conductor loss in the form of ¢ is added to the layers
for 250 < i £ 309 so that attenuation constant @ may also be computed along
with the phase constant 8. The set of parameters selected for the study are:
freq = 50 MHz, @ = 0.5, ¢, = 1, Ax = 15 ¢cm, and Az = 250 ps for i < 250; and
€ =4, 0=0.001 S/m for 250 <i < 309. The field updating equations (8.52) are
modified to include the effect of medium losses, and are given as

H;’+1/2<i+%>:H;’_m<i+1> At [EJi+1)-EJ()] (8.53a)

2 _,L,L()Ax
oAt
. €N Ey _2 i
n+l, .\ .
Ey (i) = —+ TA7 Ey (i) (8.53b)
€0E +——
2
1 1
_ﬁ_; 1 - [H21+1/2<i+z> B H?+1/2<i_§>}
€€+ ——

2

The simulation results for # = 800 is displayed in Figure 8.22. The waveform
consists of three distinct portions: the incident wave of amplitude unity for 0 <
<100, the standing waveform between 100 < i < 250 with amplitude 0.667, and
the transmitted waveform for i > 250 with decaying amplitude. The amplitude of
the standing wave depends on the phase relationship between the two waves and
therefore on 7. Since the reflection coefficient at the interface is I' = —1/3, the
amplitude of the wave in this region is 1 — 1/3 = 2/3. The transmitted wave has
amplitude T =1 + I" = 2/3 at i = 250; thereafter it decays exponentially as
E, = Ege ™" due to losses in the medium, where ay is the attenuation constant.

The phase constant can be obtained from the wavelength in the medium A as
B = 2m/A. The wavelengths in the media can be determined from the separation
distance between the consecutive peaks in Figure 8.22. It is found to be 6m in free
space, and 3m in the dielectric medium, consistent with the excitation at 50 MHz
and dielectric loading of €, = 4. The attenuation constant a4 in the dielectric is
obtained from the amplitude decay of the signal. The amplitude of the wave is
0.5686 at i = 260 and 0.3175 at i = 300. Modeling the decay in amplitude as
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Figure 8.22 Propagation of a CW sine wave through a layered medium. The interface at node 250
separates air region from the lossy dielectric. The parameters are: Ax=15 cm, At= 250 ps, «=0.5,
n =800, freq = 50 MHz.

E, = Ege ", gives the value ay=0.097 Np/m. The analytical value of the attenua-
tion constant may be obtained from the following expression if conductivity o of
the medium is known [10, p. 420]:

_ —2 12
X _ €& g _
= \/2 \/1 + <w606r> 1| Np/m (8.54)

and is found to be @y =0.0963 Np/m at 50 MHz for o= 0.001 S/m. This value
of a4 is comparable to the value based on FDTD data. The difference may be due
to the discretization error. Alternatively, one can obtain the value of o from the
computed value of ay and (8.54). It may be noted that for the simulations carried
out, Ax/A = 1/40 in free space and 1/20 in the dielectric. The simulation results
are based on the code propagation_constant.m.

8.3.3 Design of Material Absorber

The problem discussed in the last section is characterized by a reflected wave at
the interface and an exponentially attenuated transmitted wave. If the parameters of
the lossy medium are designed properly, it may be possible to develop a reflectionless
interface. Let us design an artificial dielectric for the lossy medium with parameters
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(u’, €', o*, o) where ois the electrical conductivity and o* is the fictitious magnetic
conductivity of the medium. The material parameters are selected such that when
a wave is incident normal to the interface separating free space and lossy medium,
there should be no reflection. This is possible only if the intrinsic impedance of
the two media is same; that is,

Zo="Zm (8.55)

where Z is the free space impedance \/ug/€gp, and Z,, is the impedance of the
lossy medium defined as

N ey
Zm—\/ g (8.56)

Equation (8.55) therefore becomes

\/“0 \/_—"’ (8.57a)
e —jo

For convenience, if we choose the parameters of the lossy medium as p” = pg and
€’ = €), the matching condition (8.57a) gives

g _Z (8.57b)

With this design, the layers 250 <7 < 400 were designed as lossy air medium with
o increasing linearly from 0.001 to 0.01 S/m as defined below

(1 —250)(0.01 - 0.001)

;= 0.001 + 300 — 250)

(8.58)

and of = (120 77)20',- to satisfy (8.57b). The value of o* was slowly increased from
0 to the maximum value given by (8.57b) in order to minimize reflection due to
discretization of o*. The updating expressions for the fields (8.53) are modified
to include the effect of magnetic conductivity o* as well, and are obtained as

o*At
1 MOMy — 75— _ 1
Hzn+1/2<i+z> :—O_ZAtHzn 1/2<i+z> (8.59a)
Moy + b
At 1 n n
A oar BV D -]

Mo fy +T
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oAt
n+1 €0er 2 n
Ey (l) :FEJ/ (l) (859b)
0€r ™75
2
A 1 1

_ﬁﬁ[h{?m(”z) _H;z+1/2<i_§>:|

€EQE, + ——

2

The reflection coefficient as a function of frequency for the Gaussian pulse incident
on the layered lossy medium is shown in Figure 8.23. The pulse width is assumed
to be 250 ps. The other parameters are: Ax = 1.5 mm and a = 0.5. It may be
observed from this figure that the reflection coefficient is of the order of 10~ for
frequencies up to 6 GHz. At 3 GHz, Ax/A = 0.015. The material absorber is
employed to truncate the size of the open region problem. The resulting absorbing
boundary condition is called the material absorbing boundary condition and pro-
vides the basis for the development of perfectly matched layer (PML). The extraction
of reflection coefficient as a function of frequency from the time domain data is
described in Section 8.3.5. The software used for this simulation is
material_absorber.m.

Reflection coefficient

Frequency x10°

Figure 8.23 Reflection due to a lossy medium with linearly increasing conductivity.
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8.3.4 Exponential Time-Stepping Algorithm in the Lossy Region

The material absorber is in general characterized by high values of o and o* in
order to reduce the number of cells in the absorber region. For example, only 8
to 12 cells may be sufficient to attenuate the waves to an acceptable value. Therefore,
fields decay rapidly (exponentially) and the linear differencing used in the lossless
medium is no longer appropriate for the absorber region. Instead, exponential
time-differencing is used and the update equations corresponding to (8.59) are
written as [3]

1\ g - 1
H;Hl/z(i + Z) —e @ Af/(#oﬂr)H;’ 1/2<i + Z) (8.60a)
At e—O'*Af/(zﬂoﬂy) " "
Sy B+ - B )]
—-oAt/(2€g€,)

ntl o _ —oAtllege) pryy At e T . 1N avinf. 1

Ey (l)_e Ey(l) A.’X,’ €€, |:Hz (1"1‘2 Hz 1 2
(8.60b)

These equations reduce to (8.59) for small losses and were used in computing
the data for Figure 8.23.

8.3.5 Extraction of Frequency Domain Information from the Time Domain
Data

The FDTD method has been used extensively for calculating the frequency domain
characteristics such as propagation constant, S-parameters, driving point imped-
ance, and so on. When the frequency response over a broadband spectrum is of
interest, a broadband pulse excitation can provide this frequency response with a
single FDTD simulation. The conversion from the time domain to frequency domain
is achieved using either discrete Fourier transform (DFT) or fast Fourier transform
(FFT). For ease of implementation and the use of an arbitrary number of samples,
DFT is preferred generally. This transformation is defined as

N
G(x, [)=At Z glx, nAt) exp(—j2mf(n — 1)At) (8.61)

n=1

where g(x, nAt) is the pulse response, A¢ is the sampling interval or time step in
the FDTD process, and N is the total number of samples. The frequency resolution
of the waveform depends on both N and Az, and is given by

1
A=A (8.62)
Since commonly used pulse shapes do not have a uniform frequency spectrum, the
final values G(x, /) must be normalized by the DFT of the incident pulse to obtain
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frequency domain data equivalent to data which would have been obtained if the
given problem had been excited by a uniform frequency spectrum [11].

As an example, let us determine the reflection coefficient as a function of
frequency for the problem discussed in Section 8.3.1. The number of layers is 400
with the first 250 layers described by €, = 1 and the other 150 layers by ¢, = 4.
The change in permittivity changes the intrinsic impedance and gives rise to reflec-
tion. The voltage reflection coefficient for this configuration is found to be —1/3,
as shown in the time waveform of Figure 8.24(b). However, the phase velocity
variation due to discretization of the medium makes the reflection coefficient vary
with frequency about the value —1/3. To determine this variation, the time history
of the field at a node near the interface is recorded twice; once with free space for
all the layers, and second time with the actual medium configuration. The first
record gives the incident waveform, while the second record includes the reflected
waveform also. The incident pulse (corresponding to free space at all the nodes)
at 7 = 210 is shown in Figure 8.24(a) for #n varying from 1 to 800. We label this
waveform as E/'(iy). The time waveform at the same node with dielectric layers
in place is plotted in Figure 8.24(b). The waveform shows both the incident and
reflected pulses corresponding to the Gaussian input pulse of width 250 ps. Let us
designate this waveform as E;f(io).

The DFT of these waveforms was taken with N = 16,384 points. Since
At =25 ps in the FDTD simulations corresponding to @ = 0.5, Ax = 1.5 mm, the
frequency resolution therefore was Af = 1/(NA#) = 24.414 MHz. Let us call the
frequency spectrum corresponding to the incident pulse as E;(f). Since the wave-
form in Figure 8.24(b) includes both the incident and reflected pulses, the DFT of
this waveform gives the spectrum E;(f) + E,(f ), where E, () is the spectrum for the
reflected pulse. Subtracting E;(f) from this spectrum gives E, (/). The magnitude of
reflection coefficient, defined as

F”7=E4ﬂ (8.63)

is plotted in Figure 8.25. The reflection coefficient increases from 0.333 at zero
frequency to 0.34 at 6 GHz. This value compares with the time domain data of
Figure 8.24(b) and analytical result I'=—1/3 obtained earlier. An alternative method
to analyze the time waveforms for reflection coefficient is to use time windowing
to separate the incident and reflected pulses in Figure 8.24(b); that is, DFT of the
waveform between 400 < n < 520 provides the frequency spectrum E;(f), and that
between 580 < # < 700 provides E,(f).

8.3.6 Simulation of Lossy, Dispersive Materials

In developing the FDTD equations, we have assumed that the fields E and H are
linearly related to the fluxes through the equations

D=¢E B=uH (8.64)

This relationship is exact for free space and can be used approximately for other
materials over a narrow frequency range. For problems involving common materials
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Figure 8.25 Plot of magnitude of reflection coefficient as a function of frequency for a Gaussian
pulse incident at an interface.

(e.g., water) and when broadband operation is to be studied, the linear relationship
(8.64) does not hold. A complex flux-field relationship needs to be modeled in
time domain for use in FDTD equations. The time domain model for the dielectric
constant is discussed next.

Material parameters are generally described in the literature as a function of
frequency,

D(w) = €y € (w)E(w) (8.65)

where €,(w) is complex relative dielectric constant. The time domain equivalent
of the above expression can be obtained in the form of a convolution integral as

t
D(z) = €9 f E(t- 7)e (7) d7 (8.66)
0

This integral requires the storage of time history of the electric field. The resultant
computational costs are too high especially for three-dimensional simulations with
dispersive materials. An efficient approach to determine D () is presented next for
linearly dispersive materials. The linearly dispersive materials or Debye materials
are characterized by the following frequency dependent permittivity with a complex
pole:
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o X
- + -
jweg 1+ jwt

(8.67)

€(w) =€+

where ¢ is the relaxation time for the material, and y is its susceptibility. The last
term contributes to the frequency dependent permittivity. Let us develop expression
for D(¢) for the lossy material first. This will be followed by the expression for
the lossy, dispersive material.

Lossy, Dielectric Material Simulation

The flux density for the lossy material characterized by €,(w) = €, + o/(jweq) is
written as

D(w) = €ge,E(w) + ].%E(a)) (8.68)

The corresponding time domain expression is obtained by taking the Fourier trans-
form and observing that f(w)/jw < [f(¢) dt,

t
D(t) = g, E(t) + a’f E(t") dt’ (8.69)
0

In the sampled time domain, the above expression at the instant ¢ = nA# may be
written as

n
D" =€y E" + oAt ), E (8.70)
i=0

For the FDTD analysis, however, we need to determine E”. For this, we rewrite
(8.70) as

n-1
D" = ¢y E" + oAtE" + oAt Y E'
i=0
or
n-1
D" - gAt ) E
n_ i=0
E"= €y€, + OAL (8.71)

The current value of E” can be computed from the current value of D” and the
previous values of E. For brevity in writing we may denote

n
I"= oAt ), E (8.72)
i=0
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so that
Dn _ In—l
n —
L €y + oAt (8.73a)
and
"=1"1+ oAtE" (8.73b)

In this formulation, we create another array I in addition to that for E and H.
The current value I” is obtained by adding o AtE” to the previous value, which is
already stored. The FDTD formulation for one-dimensional propagation along the
x-direction may therefore be written as

D}* (i) =DJ i) - ﬁ—; [H”+1/2<i +1> - H"+1/2<i - 1)} (8.74a)

y 4 2 z 2
Ey* i) = gay(i) [Dy) i) - 1/ (i) ] (8.74b)
I,/ (i) = 1;"1(i) + gby(i)Ey (i) (8.74c)
n+ . 1 n— . 1 A n,. n,.
H 1/2(, n E) = H/ 1/2(; +Z) - Mozx [Ey (i+1)-E, (i)] (8.74d)
where

gby(i) = o(i) At (8.75a)

. 1
gay(i) = — = (8.75b)

€€ (i) + gby(i)

The properties of the dielectric medium are included in (8.75). For free space,
gay = 1/ and gby = 0. The formulation of Maxwell’s equations in terms of D
and H has helped us avoid convolution in time.

Lossy, Dispersive Material Simulation

The last term in (8.67) contributes to the dispersive behavior of materials. We shall
follow the auxiliary differential equation (ADE) method [12] to convert this term
to time domain. Let us define [5, p. 26]

_ X
(@) =1 o, E1@)

or

S(w)(1 +jwty) = YE(w) (8.76)



322

Finite-Difference Time-Domain Analysis

Its Fourier transform is obtained as

ds(t
S(2) + to% - YE(2) (8.77)
In the sampled time domain about ¢ = #A¢ one can write

§" 4 g1

S?l _ S}’l—l
3 + 1y =

At

XE"

(8.78)

The first term is averaged over two time steps for consistency in form with the
next term. Solving for §” gives

A a

n _ZtO n-1 to

S ——1+£S +—1+£ (8.79)
2t0 Zto

Using e®=~1-35and 1/(1 +9) = e O for 5 < 1, we can approximate

- 1 A

S = o Atogn=1 t—tXE” for At < ¢, (8.80)
0

Introducing its contribution in (8.70) gives

D" =€y, E" + I" + €)S”
or

_ At _ _
D" = ey, E" + (cAtE" + I" 1) + ¢ <XE"t—+ e At gn 1) (8.81)
0

Solving for E" gives

En B Dﬂ _ I?l—l _ Eoe—At/tOSn—l

A (8.82)
€o€, + oAt + X€0 7~

where I” and S” have been defined earlier. The convolution is thus avoided, and
the frequency-dependent or linear dispersive materials can be handled efficiently.

The FDTD formulation for one-dimensional propagation in a lossy, dispersive
material may therefore be written as

D;}H—l(i) _ D;’(l) _i_; |:H;t+l/2<i+%> _ H;z+l/2<l._%>i| (8.83a)
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EJ i) = gay(i) [D) i) — 1(i) — ege 082 (i) | (8.83b)
L) =11 (i) + gby(i) EJ (i) (8.83¢)
30 = gey()EJ ) + 87 (i) e Ao (8.83d)
H;”m(i + %) = H;“”Z(z‘ + %) - —quéx [EJi+1) - EJ ()] (8.83¢)
where

geyli) = Xti) A (8.84a)

2o
gbyli) = a(i)At (8.84b)

. 1
gay(i) = (8.84c)

€o& (i) + gby(i) + eogey(i)

The media is fully characterized by (8.84). A source code in C for the FDTD
simulation of frequency dependent materials is available in [5, p. 43].

The FDTD analysis in one dimension is useful to understand the concepts
without coding and mathematical complexity. However, some aspects of FDTD
can be described properly only when we consider propagation in two or more
dimensions. These include anisotropy in dispersion and reflection from the
absorbing boundary conditions. Also, most of the electromagnetic devices are two
or three dimensional in nature. We discuss two-dimensional FDTD analysis next.

8.4 FDTD Analysis in Two Dimensions

The starting point for two-dimensional analysis is again the Maxwell’s equations,
(1.1). For simplicity, we describe propagation in two dimensions by means of either
TM mode consisting of Hy, Hy, and E, components or TE mode consisting of
Ey, Ey,and H;. Let us begin with TM mode. The Maxwell’s equations now reduce

to (with d/0z = 0)

OHy __ 1 9k
o po 9y
oty _ 1 ok,
ot Mo Ox
E. 1 oty o,
ot _60<8x 9y

(8.85a)
(8.85b)

(8.85¢)

)
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The FDTD analysis of a two-dimensional device is carried out by dividing the
geometry into a number of cells, each of size Ax x Ay and characterized by the
medium properties €, u, o, and so forth. A typical grid arrangement and the field
components are shown in Figure 8.26. The electric and magnetic field components
are interleaved as in the one-dimensional case.

Following the convention described earlier, the E, field is defined at (7, j, n)
points and the corresponding nodes are designated by two indices (7, j) correspond-
ing to the position (iAx, jAy). The H, component is located at integer values of
i and half-integer values of j, and vice versa for the H, component. The finite
difference version of (8.85) is therefore written as

o1 “nf. . 1
Hn+l/2 1 _Hn -
W) \MTE) B+ ) - ELG )
At __//«o< Ay )
(8.86a)

o1 ., 1.
Hn+l/2 4= - H” + =
y 1 29/ y ! 2’1 1 Ezn(l+1,])_Ezn(lal)
Az 440 Ax
(8.86b)

- (8.86¢)

1 1
H,’C’+1/2<i,j+z> 3 H;”m(i,/—Z)

i

Figure 8.26 Grid arrangement for the field components for the TM mode of propagation in two
dimensions.
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Expressions (8.86) are coded with suitable values of step sizes Ax, Ay, and At to
generate wave propagation in two dimensions. The rest of the analysis is similar
to the one-dimensional FDTD analysis and described earlier.

8.4.1 Unit Cell in Two Dimensions

The field distribution in a cell is determined by the mode of propagation. For the
TM mode, the field distribution in a unit cell can be obtained from the repetitive
pattern of Figure 8.26 by drawing the symmetry planes as shown there. The
placement of field components in the unit cell is shown in Figure 8.27(a). An
alternative to this field description is obtained by shifting the symmetry planes by
half the space step in both the directions, and the resulting unit cell is drawn in
Figure 8.27(b). In this case, the electric field is located at the corner nodes, and
this unit cell is more suitable for geometries with electric wall boundary conditions
such as waveguides. The unit cell for the TE mode is the dual of those shown in
Figure 8.27; that is, H, and H, nodes are replaced by E, and E, nodes, respectively.
Also, E, node is replaced by H, node. The unit cell for the TE mode is shown in
Figure 8.28.

It is shown next that the placement of E- and H-field nodes on the unit cell
satisfies Ampere’s law and Faraday’s law in the integral form. For this, let us

(a) (b)

Figure 8.27 Unit cells for the TM mode in two-dimensions: (a) unit cell arrangement of field
components for the TM mode; and (b) unit cell suitable for electric wall boundary conditions.

Figure 8.28 Unit cell for the TE mode in two dimensions.
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consider the unit cell of Figure 8.28. This is redrawn here as Figure 8.29 in the
form of a rectangular E-field loop.
The Faraday’s law, (1.3a), when applied to the loop ABCD may be written as

(o™ is assumed zero)
E.dl = i B.d 8.87
§ ra-l [[ne 58

ABCD ABCD

In the FDTD analysis, the cell dimensions are usually selected to be much smaller
than the wavelength so that the field distribution may be assumed to be constant
over the cell. We can therefore write the left side integral as

| o1 |
% E.dlex<z,]—Z>Ax+Ey<z+z,1>Ay—Ex<z,/+z>Ax (8.88a)
ABCD
o1
—Ey<z—§,]>Ay
and the right side integral as

U B.ds = uoH, (i, j)AxAy (8.88b)
ABCD

Substituting (8.88) in (8.87) gives
o1 N |
Ex<z,/—E)Ax+Ey<z+§,]>Ay—Ex<z,]+E>Ax (8.89)

o1 oH, (i, j)
—Ey(i—zal)Ay=—Moza—t/AXAy

Dividing both sides of this expression by AxAy gives

Figure 8.29 lllustration of Faraday’s law for the unit cell in two dimensions.
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1 1 1 1
Ex(i,j+5)—Ex(isj—5) E (i+5,j)-Ey[i-5,j
iy _Po(bi2) E(bima) Ea{iead) B(ia)

MO = Ay Ax

or

0H, OE JoE .
L0 atz = Byx - axy at the node i, j (8.90)

which is Faraday’s law in the differential form. The Ampere’s law can be proved
similarly by considering the H-field loop.

8.4.2 Numerical Dispersion in Two Dimensions

For the TM mode, the Maxwell’s equations in finite-difference form are defined
by (8.86). The effect of discretization on the propagation constant can be carried
out on the lines similar to that in Section 8.2.1 for one-dimensional equations. We
assume plane, monochromatic, traveling wave solutions, substitute them in (8.86),
and simplify to obtain the following dispersion relation for the wave in discretized

medium:
. [wAE\\2 . ExAx 2 . EyAy 2
sin (T) sin ( 5 ) sin < 3 >

AL = Ax + A—y (8.91)

where k, and Ey are the wave numbers in the x and y directions, respectively, in
the discretized medium. Assuming a square grid Ax = Ay = A and wave propagation
at an angle @ with respect to the x-axis (ky = k cos 6, Ey =k sin 6), (8.91) may
be written as

2 e e .
<C%t> sin® <—“’2At ) = sin’ <—k A 2“’5 0) + sin? (—k AZS‘“ 6) (8.92)

This expression may be solved for k as a function of 6 using Newton’s method.
Figure 8.30 shows the normalized phase velocity as a function of the angle of
propagation for cA¢ = A/2. It is observed from here that numerical dispersion not
only depends on discretization size A but also on the angle of propagation. The
dependence on angle is called anisotropy of the numerical dispersion. The phase
error is found to be maximum along the x- and y-directions and minimum along
the diagonal (45°). This is because the apparent separation between the nodes
experienced by the wave is less than A along the diagonal. This phenomenon is
explained graphically next.

Grid Anisotropy
The anisotropy in Figure 8.30 can be explained by drawing the phase fronts
and determining the spacing between them for a given angle of propagation. For
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Figure 8.30 Effect of the angle of propagation on the phase velocity with cell size as a parameter.
The cells are square in the two-dimensional grid, and cAt = Ax/2. The propagation along the
diagonal corresponds to 4= 45°.

propagation at 6 = 0° the phase fronts are parallel to the y-axis and the spacing
between them is equal to Ax as shown in Figure 8.31(a). The phase velocity for
this case may also be obtained by employing the one-dimensional dispersion relation
(8.23). Next, we consider propagation along the diagonal, # = 45°. The square
grid and the equiphase planes for this case are drawn in Figure 8.31(b). Since the
phase front jumps from one row of nodes to the next row as shown, the spacing
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(a) (b)

Figure 8.31 Phase fronts for two different directions of propagation in two-dimensional propaga-
tion. (a) Propagation at 6= 0°. The effective spacing experienced by the wave is A. (b) Propagation
at 6= 45°. The effective spacing experienced by the wave is A/+/2.
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between the consecutive rows of nodes perpendicular to the direction of propagation
is now 1/2A/2 = A/\/E, which is less than A. The dispersion is therefore less com-
pared to that at 8= 0° or 90°. This hypothesis was tested by computing the phase
velocity using effective spacing between the nodes and one-dimensional dispersion
relation, (8.23). Table 8.1 lists these values for a few directions of propagation.
The phase velocity is maximum for 6 = 45° as seen in Figure 8.30.

8.4.3 Time Step At for Two-Dimensional Propagation

We again consider square cells of Figure 8.31 to determine the upper limit on the
value of At for propagation in two dimensions. The value of Az for propagation
along either of the axes is governed by one-dimensional limit (8.27) and is given
by At < A/vyax. However, this value of At is too large for propagation along the
diagonal because the effective spacing between the consecutive rows of nodes is
A/A2. The wave would therefore miss the nodes located on the line marked as
dot-dash in Figure 8.31(b) if the time step is greater than A/(vmax~2). The upper
limit on the time step for the stability of solution process is therefore given by

VUmax- At < 1— (8.93a)

\/ L1
(Ax)*  (Ay)?

where v, is the maximum phase velocity of the signal. For square cells,
Ax=Ay=A

\2Umax AL < A (8.93b)

8.4.4 Absorbing Boundary Conditions for Propagation in Two Dimensions

The general principles for the derivation of ABC for the one-dimensional case
presented in Section 8.2.4 may be used to derive ABC for the two-dimensional
case also. These ABCs are called Mur’s ABC and are discussed next.

Mur’s Second Order Absorbing Boundary Condlition
In order to develop this boundary condition we consider a second order wave
equation in two dimensions,

Table 8.1 Normalized Phase Velocity v, /c Obtained from (8.23)
and Effective Spacing Between the Consecutive Rows of
Nodes (Square Grid with cAt=A/2, A/A=0.2)

Angle of Effective Spacing
S.N. Propagation, 6 Between the Nodes vyle
1 0°, 90° A 0.9431
2 tan 1(1/2) = 26.56° 205 0.9559
3 tan (1) = 45° AR2 0.9737
4 tan”'(2) = 63.43° 20Rf5 0.9559
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3’ P 1 3%¢
+ _ L -0 8.94
ox? ayz ¢ ot? ( )

where ¢ represents any field component. This partial-differential equation supports
wave propagation in all the directions in the xy-plane. To develop the one-way
wave equations for nonnormal incidence to the planes at x = 0 and x = x(, we
write the differential operator in (8.94) as [4]

s 122 Y
(8362_( _8 ay =0

p) 1 9% 92 P) 1%
(a‘ —a—$><a— reabel Lkl

One-way wave equations in two dimensions can be obtained if we apply these
factors to ¢ individually [4]. For the boundary at x = 0, for instance,

P) 1 9% 97
<$_\/?§_a_y2>¢zo (8.96)

is the proper ABC. The pseudo-differential operator with the square-root sign in
(8.96) is not easy to implement. Assuming, (1/c) /0t > |d/dy|, we may expand the
square root in a Taylor series. After some algebra, (8.96) results in

or

2 2
<1aa 1 97 1a>¢0 (8.97a)

It is an approximate one-way wave equation suitable as an ABC at x = 0 edge.
Expression (8.97a) is called the second order Mur absorbing boundary condition.
At the x = x edge, the ABC may be similarly expressed as

199 19d* 122
<cat8x 2ol 25 >¢ 0 (8.97b)

The ABC at the edges at y = 0 and y = y( are obtained by the interchange of x
and y in (8.97).

For the implementation of the ABC, (8.97) is discretized using central difference
approximation. Assuming square grid with Ax = Ay = A and discretizing (8.97a)
about 1/2, j, n yields the following time-stepping algorithm [3, p. 241]
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n+l _
biy; =

n+1
¢i’70 -

n+1 n-1  cAt n+l 2A n n
0, =91, cAt+A(¢0»/ + &1, )+m(¢0,1+¢1,/) (8.98a)

A
" A(<cCA;)+A)(¢OI+1 200+ b1+ D1~ 207+ 87 51)

for updating the tangential fields at the reflectionless boundary at x = 0. The
corresponding expressions at other boundaries may be obtained by inspection of
(8.98a) and are given next.

For the boundary at x = x( = iy Ax,

cAt — 1 2A
it cary A(‘ﬁ’o’ F ORI s (0 + 8) (8.98b)

(cAt)
+2A(cAt+A)(¢’o»l+1 2(2510, +¢’ol 1+¢’o Lj+17~ 2¢zo 1,/+¢10 1,j- 1)

for the boundary at y = 0,

1 1, cAt 1 2A
$io =—di1 + CAHA(@O i)+ 5 xS0+ i) (8.98¢)

(cAt)?
T IA(cAt+ A) (61,0 = 2870+ bi1,0+ Sivr1— 2001+ b111)

and at y = yg = joAy,

cAt - 1 2A
¢z ]0—1 cAt+ A(¢’ jo Q{’Z;ro—l) +m(¢:‘l’jo + (25?,]'0_1) (8.98d)

(cAt)
+2A(cAt+A)(¢’+170 245, /o+¢’ 1/0+¢’+170 1- 24, o 1+ & 1, /o~ 1)

Residual Reflections from the Mur’s ABCs

The Mur’s ABCs described above can be evaluated for their residual reflection by
using a procedure similar to that used for the dispersion analysis, Section 8.2.1.
Since the ABC is expected to be imperfect due to the discretization of medium, the
total field at the boundary consists of an incident wave and a reflected wave. For
a plane wave incident at an angle 6 at the x = 0 edge (Figure 8.32), we can write

B(x, v, t) = e/ (K 4 ReTRex) e TRy (8.99)

where R is the reflection coefficient. We now substitute (8.99) in the Mur ABC,
(8.98a). Use of ky = k cos 6, k, = k sin @ gives the following expression for R
[3, p. 245]:

.2
IR|= cos 0—1+0.5 s?n2 0 (8.100)
cos 8+ 1 —-0.5sin” 6
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Figure 8.32 lllustration of one-way wave equations used as ABCs.

The actual numerical experiments however show a comparatively poor performance
due to the effect of numerical dispersion and is explained next.
In order to derive an expression for R for the discretized version of ABCs,

assume a plane wave solution of the form
¢?m _ ejamAt(ej/exle 4 Re—jkxle)e—j/eymAy (8.101)

where k, and Ey are the phase constants for the numerical wave along x- and
y-directions, respectively. Using (8.101) in (8.94) leads to [4, p. 514]

Ax| A - 1B cos ki Ax — Cssin wAt
;‘E Ax 2 2
= —e/"x

2
1 ky Ax wAt
Ax[A—ZB]cos< > >+C n< > )

(8.102)

where

A= sin2<wTAt>
cAt .

B = ( o (

C=cAt Cos<w2At>sm( >

The wavenumbers k and k,, /ey for the numerical wave are related by
ky =k cos 6, /e =k sin 6. Also, k is obtained from (8.92) once Ax, Ay, and wA¢
are specified. Flgure 8.33 shows the reflection coefficient (8.102) for a square grid,

g
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Figure 8.33 Residual reflection coefficient versus incidence angle for the second-order Mur ABC
with different (square) grid resolutions and cAt = A/2.

cAt = A/2, and A = A/5, A/10, A/20. It also demonstrates the effect of angle of
incidence on the reflection coefficient. As expected, the quality of ABC improves
with the grid resolution. The reflection coefficient is found to depend on the angle
of incidence because numerical dispersion is anisotropic (Figure 8.30). Focusing
on A = 1(/10, we note that |R| = 0.0195 at normal incidence, becomes minimum
at 35°, and increases to unity at 90°.

The high value of reflection coefficient obtained from Mur’s second order ABC
is generally not acceptable for research applications except for crude experiments.
We, discuss the alternatives next.

The design of material absorbers as terminations for one-dimensional propaga-
tion was discussed in Section 8.3. We could achieve a reflection coefficient of the
order of 107* by using a lossy medium of sufficient thickness. We may think of a
similar approach to reduce the reflection coefficient and grid anisotropy for two-
dimensional propagation. This has been devised in the form of what is called
perfectly matched layer (PML) ABC by Berenger [13]. This PML formulation
involves splitting of field components and increases coding complexity. Nonsplit

field formulation for PML is also available and requires use of anisotropic, lossy
medium [14, 15].

8.4.5 Perfectly Matched Layer ABC

Let the analytical ABCs in Figure 8.32 be replaced by the absorbing material of
sufficient thickness to create an environment of anechoic chamber. The modified
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configuration with the material absorbers in place is shown in Figure 8.34. The
major contribution to the reflection comes from the impedance mismatch between
the absorbing medium and the medium in front of it as the angle of incidence of
the wave is varied. Berenger could achieve impedance matching by splitting the
electric and magnetic field components in the absorbing media, and assigning
different conductivities o and o* for different directions. The net effect of this is
to create a nonphysical absorbing medium such that the wave impedance in this
medium becomes independent of the angle of incidence and frequency of the waves
[13, 14, 16-18].

Propagation of TE Plane Wave in the PML Medium
The Maxwell’s equations of (1.1) are modified as follows in order to include the
effect of losses in the medium characterized by u, €, o, and o*:

VXE= —,uaa—l;l - o*H Faraday’s law (8.103a)
oE
VxH= es, t oE Ampere’s law (8.103b)

For the TE-to-z wave in free space with d/dz = 0, the above equations reduce to

OH, ... JE, OE,
po— S+ o Hy = % " ox (8.104a)
oE, _0H,
€0, +0-Ex——ay (8.104b)
E oH
€0 Bty +oEy=- axz (8.104c)

PEC

Interior /

region

PML

Figure 8.34 Placement of PML for the two-dimensional FDTD domain.
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In the formulation proposed by Berenger [13], the incident wave is decomposed
into two TEM subwaves, similar to the decomposition of a vector. One of these
subwaves propagates along the x-direction, and the other along the y-direction.
The respective subwaves travel in a lossy medium characterized by either
(eo, O Ty a'x) or (60, K05 Ty, (ry) The individual plane waves are normally
incident to the lossy medium and are impedance matched if o;, o7, i = x, y satisfy
(8.57b).

To generate subwaves out of the TE wave, the magnetic field H, alone is split
into H,y and H,y, components as

H,=Hg + Hyy (8.105)

Similarly, the conductivities o and o* are split into x and y components and we
replace o(0*) by the appropriate o or oy (0} or ay) in (8.104). The resulting
expressions may be arranged as [13, 14, 16-18]

MOM;—;M 0;_sz=% (8.106a)
eo%+ a'yExzau_Ima—;sz) (8.106b)
202 S 4 0 Ho = —?—xy (8.106c)
eof—th O'xEyz—W (8.106d)

The choice of oy, o in (8.106) is guided by the consideration that (8.106a) and
(8.106b) describe a plane wave (with E, H,, components) propagating along the
y-direction in a lossy medium characterized by (ay, O'y) The other plane wave
defined by (8.106c) and (8.106d) has E,, H, components, and propagates along
the x-direction in a lossy medium characterized by (a'x, oy).

Let the electric vector of the TE wave make an angle ¢ with respect to the
y-axis as shown in Figure 8.35. The plane wave solution of (8.106) for this wave
is found to be of the form [3]

e X cos ¢+ ysin ¢ axcos¢>x oy sin ¢
€)cG e €ocG

@ cG

W= e (8.107)

where i represents any field component of (8.106) with ¢ its magnitude, and

G = \Jwy cos” ¢+ wy sin® ¢ (8.108a)
_Jox 119

wy=—0"  and  wy=—"0 (8.108b)
1_ 1% _ ]9y

WHLQ WHLO
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Figure 8.35 Wave incident on PML—free space interface at an arbitrary angle.

The wave impedance of the PML is defined as

_[mot
Z = 0 C (8.109)

Reflectionless Matching of the Lossy Medium

The wave impedance of the lossy medium Z differs from the free space impedance
at the left of interface, by the factor G. If G can be made equal to 1 independent
of angle ¢ and frequency, it will give rise to a perfect match of the two media.
The condition G = 1 is satisfied for all values of ¢ if w, = w,. We conclude from
(8.108) that the condition for perfect impedance matching is

ST i=x,y (8.110)

and is the generalization of (8.57b) for the two-dimensional propagation. With
this choice of G, (8.107) for the field in the PML reduces to

; X cos ¢+ y sin qS) Oy COS ¢ gy sin ¢
_ _ x -
e

]w< C €pC €pC
W= e ¢ e (8.111)

The first exponential factor indicates that the wave in the PML medium travels in
the direction ¢, normal to the electric vector, with the speed of light ¢. The other
two factors account for exponential decay of the field along x- and y-directions,
respectively.

Design of PML

Consider the two-dimensional FDTD region shown in Figure 8.34. The interior
region where the device under test is to be placed is free space and it is surrounded
by PML backed by perfect electric walls (PEC). The different portions of the PML
region are described by different values of o and o*. The PML on the sides is
characterized by only one pair of conductivities (O'x, a'x) or (a'y, ay ); for example,
the layers normal to the x-direction are characterized by (oy, oy ) The corner
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regions are defined by the overlap of respective sides. The values of conductivity
pairs (o, o) and (a'y, (ry) are chosen according to (8.110).

The result of field and conductivity splitting is that there is no reflection at the
interface between the interior region and the PML irrespective of the angle of
incidence and frequency. However, due to the finite thickness of the PML medium,
reflection is generated when the outgoing attenuated waves are reflected by the
terminating conductors, and these reflections can return to the device. So, an
apparent reflection coefficient is defined, which is a function of the PML thickness
t and the conductivity profile o, (p), where p is the distance from the interface.
Henceforth, we shall use o, in place of o; for the layer normal to the ith direction,
i=xorYy.

The magnitude of the reflection coefficient for a wave incident at an angle ¢
with respect to the normal to the layer is [13]

R(¢) = [R(0)]% ¢ (8.112)

with R (0) the reflection coefficient for normal incidence at the interior region-PML
interface defined as

t

R(0) = exp 6_0_sz o,(p) dp (8.113)

0

The value of R(0) depends on the PML thickness and the conductivity of the
medium. The conductivity profile may be designed as

n

nlp) = amax<§) (8.114)

where 7 = 1 gives linear increase, and # = 2 the parabolic increase. The reflection
coefficient is therefore given by

—20maxt

R(O)zexp<(n+l)606> n=0,1,2,... (8.115)

where o,« Is the maximum conductivity of the absorbing medium.

In the design of PML we have assumed that the medium is continuous. However,
in the FDTD analysis the PML medium is discretized into cells and the resulting
reflection coefficient may be slightly larger than the designed value. A residual
reflection of the order of 60 to 80 dB may be achieved with only 6 to 8 PML cells.

While writing the code, one needs to split some field components and assign
different conductivities as described above in the PML region. It is not necessary
to split the field components in the interior region. However, this gives rise to
different expressions for the Maxwell’s curl equations in the two domains. It is
possible to unify the formulations in the two domains if we adopt the split field
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formulation in the interior region also. The integrated approach is computationally
more expensive both in computer memory and CPU time requirements, but is
simpler to code. It is now possible to design PML without splitting of fields, and
the performance of these formulations is shown to be identical with that of Bereng-
er’s PML [3, p. 288].

Uniaxial PML
Nonsplit field formulations in PML have been developed to simplify coding. One
of these formulations is in the form of complex stretching of the Cartesian coordi-

nates in the frequency domain. The complex stretching variables in three dimensions
are defined as [19, p. 285]

ity ) = aifi) +j iy (8.116)

with a; > 1 and Q; > 0 as profile functions for PML. The imaginary part {); is
responsible for exponential decay in the PML region. The Maxwell’s equations in
this coordinate system can be obtained from (1.5) with V replaced by V, with
PP
s s

) 0 )
V, = P 8_ % (8.117)

1
N
The coordinate stretching of (8.116) may also be viewed as a mapping of the
physical space to a complex coordinate space. The stretching variable formulation
leads to convolution in time domain, and can be avoided by splitting of fields
similar to that in Berenger’s PML [19, p. 287].

In a popular unsplit field formulation, PML medium is characterized as aniso-
tropic medium with permittivity and permeability tensors, and is called uniaxial
PML, UPML for short. For a wave incident on half-space x > 0, as shown in Figure
8.35, the uniaxial medium is defined as

€= €gs, and = oS (8.118)

where the media tensor 5 for the three-dimensional PML region is defined as
3, p. 287]

st 0 0
s=| 0 s, O (8.119)
0 0 sy

The medium characterized as above leads to reflectionless propagation from free
space to PML for both TE and TM waves, independent of angle of incidence,
polarization, and frequency. The medium is called uniaxial because of its anisotropy
along one axis only, and its perfect matching property justifies PML label. For
exponential decay of the propagating wave in UPML, the media constants should
be complex with s, = 1 — jo,/(weg). The UPML is characterized by o, (i) alone
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for layers perpendicular to x-axis, and by o (j) alone for layers perpendicular to
y-axis, and by oy (i) and oy (j) for the corner regions (Figure 8.34). The non-PML
region or central region is characterized by o, = 0, thus simplifying coding.

The implementation of UPML in FDTD algorithm is not simple since the
medium is dispersive due to frequency dependence of both permittivity and perme-
ability tensors. Direct transformation from frequency domain to time domain
involves convolution and is inefficient. Instead, a two-step time marching scheme
is suggested in [3, p. 301] for efficient implementation of UPML. In this scheme
Maxwell’s equations are formulated in terms of D and B, and E and H are derived
from these. This process is similar to that described in Section 8.3 for the lossy,
dispersive medium. A source code in C for PML in two dimensions is given in
(5, p. 67].

8.5 FDTD Analysis in Three Dimensions

The FDTD analysis for one- and two-dimensional problems is useful in developing
concepts and analyzing simple problems. The real-world problems are mostly three-
dimensional in nature. The concepts and analysis described earlier can be extended
to three dimensions easily, except for the coding complexity and increase in proces-
sor time.

The Maxwell’s equations in three dimensions comprise of all the six field
components Ey, E,, E;, Hy, Hy, and H;. These are written as

(8.120a)

(8.120b)

(8.120c)

(8.121b)

(8.121c¢)

OH, 2% (aE_y_a&> (8.121a)

8.5.1 Yee Cell

The FDTD analysis for three-dimensional devices is carried out by dividing the
geometry into a number of cells called Yee cells [1] of dimensions AxAyAz. The
Yee cell is drawn in Figure 8.36. In this arrangement, E and H nodes are located
such that H nodes are displaced in space by half a space step (Ax/2, Ay/2, Az/2)
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Figure 8.36 Geometry of a Yee cell in FDTD three-dimensional grid.

with respect to the corresponding E nodes (e.g., H, is displaced with respect to E,,
by (Ax/2,Ay/2,Az/2),and so on for H, and H, nodes). The H nodes are surrounded
by E nodes and vice versa. The remarkable property of Yee cell is that placement
of E and H nodes satisfy Maxwell’s equations in integral and differential forms.
This property was verified in Section 8.4 for the Yee cell in two-dimensions. The
Yee cell saves on computer resources also because E- and H-fields are not to be
calculated for all the nodes; that is, either E-field or H-field should be calculated
for a node. The arrangement of three-dimensional Yee cells creates an environment
in which E-and H-field loops are interlocked with each other in a chain-like fashion.
This interlocking is shown in Figure 8.37 for two adjacent Yee cells. The H-field
of the gray cell is displaced from the E-field of the white cell by a half space step
in each direction. The plane wave propagates over these loops and advances in space.
The interlocking simulates the actual propagation phenomenon of electromagnetic
waves.

For FDTD analysis, the partial differential equation (8.120a) may be expressed
in the finite difference form as

1 1
E;Z-I—l(i_Zsjak)ZE;:(Z._Zajsk)
At nei2f. 1 . 1 nei2f. 1 . 1
+m|:HZ (Z—z,]+z,k>—Hz <l—z,]—z,k):|

At ne12 (. 1 . 1 ne12f. 1 . 1
—&[Hy <l—§,],k+z>—Hy (l—z,/,k—z)

(8.122a)
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Figure 8.37 Placements of field components on two adjacent Yee cells showing the interlocking
of E- and H-field loops. (From: [3]. © 2005 Artech House, Inc. Reprinted with permission.)

It may be noted that this expression is consistent with the placement of field
components in the Yee cell (Figure 8.36). Similarly,

1 1
E;‘+<,/+2,k>=En<,/+2,k)
At ne12f. . 1 1 ne12f. . 1 1
eAz[H <z,/+2,k+2>—Hx <z,/+2,k—2>]

At netf. 1 . 1 netf. 1 .1
_GAX|:Hz <l+Z’/+§’k>_HZ <l—z,]+z,k>:|

(8.122b)
1 1
Ez"+1<z’,j,k+z>=E;’<i,/‘,k+z>
At n+1/2 1 1 neli2f. 1 . 1
eAx[H <+§, ,k+z>—Hy (Z—z,],k+z>:|

At ne12 (. . 1 1 ne12f. . 1 1
_eAy[Hx (z,]+2,k+2>—Hx (z,]—z,k+2>]

(8.122c¢)

Expressions (8.121) may be similarly cast in the following forms

HQZ’”/Z( ]+— k+1> HY~ 1/2( ]+— k+;>

Slpzoad) o)
Beliorn ) (o)

(8.123a)
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The difference equations can be coded carefully to develop a software.

Review Question 8.4. In the FDTD method, we compute the electric and mag-
netic field components at the nodes defined by the Yee cell, and at alternate time
steps. However, all the six field components should exist at all the nodes and for
all time steps, and are governed by Maxwell’s equations. The Yee cell approach
thus saves considerable computer resources. Once the FDTD computations have
been carried out, the remaining five field components at the nodes and for the
remaining type steps may be determined from the FDTD data. With reference to
the Yee cell of Figure 8.36, the following options are listed. Score the possibly
correct/approximate choices and explain why.

1
E:Cl i_Zsjak +E;l+l i_%,j,k
1 En+1/2<l. 1 .k>

X _zala = B

R 1
E,’Z(z—z,],k>+E;:<z+z,/,k>
2

1
HJ}'}Z+1/2 i__,j,k
ne12 (. 1 . 2
3. E; (z—z,/,k>= —

\E

4. Write in for E;Hl/z (i - %, 7> k>

2' E;l(ls js k) =

Answer. 1, 2.
Next we describe some important aspects of FDTD analysis in three dimensions.
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8.5.2 Numerical Dispersion in Three Dimensions

The expression for numerical dispersion in three dimensions may be derived from
the procedure followed in Section 8.2 for the one-dimensional case. Else, it may
be generalized from the corresponding expression for the two-dimensional case,
(8.91). One obtains for a plane wave,

2 C [E.Ax) Y _ (kyAy\ Y C [R.Az\ V
sin <wTAt> sm( x2 x) Sln( y2 y) 51n< ZZ Z)
= +l—— 2+l 7

cAt Ax Ay Az

(8.124)

Qualitatively this expression suggests that numerical dispersion can be reduced to
any degree that is desired if one uses a fine enough FDTD mesh. It is also possible
to minimize the numerical dispersion by choosing the mesh size in an optimal
fashion. It has been found that [20] for optimal dispersion, the mesh dimensions
are related as Ax = Ay = Az. The above condition is not always satisfied, because
the geometrical dimensions of the device must match the mesh lines and the require-
ment to use computer resources optimally. However, the influence of unequal mesh
size (Ax # Ay # Az) on dispersion is relatively small, when Ay/Ax, Az/Ax, and
vmaX\B At/Ax ranges from 1.0 to 1.225, where Ax represents the smallest discreti-
zation size.

8.5.3 Time Step At for Three-Dimensional Propagation

The selection of time step At for propagation in three dimensions is based on the
same considerations as described earlier for the two-dimensional propagation,
Section 8.4. The upper bound on At is given by

Uimax At < ! (8.125)

\/1+1+1
Ax? Ayz Az?

For the special case of cubic cell Ax = Ay = Az = A, the stable FDTD solution
requires

A
Umax At < — (8.126)

\/g

The small value of time step At# increases the processor time considerably if
the structure has fine scale dimensions compared to the wavelength. Alternating-
direction implicit (ADI) algorithm has been used to increase Az by an order of
magnitude with a slight increase in storage requirement [21].
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8.5.4 Absorbing Boundary Conditions and PML for Three Dimensions

The derivation of ABCs for the three-dimensional case follows the two-dimensional
developments closely (Section 8.4). The second-order ABC in three dimensions at
x = 0 edge, for instance, may be obtained as

199 13 13 12
<E§$_;?+EW+EQ)¢ZO (8.127)

This expression can be expanded in central-difference form about the node
(1/2, j, k) and used in FDTD code for ABC at x = 0.

The generalization of two-dimensional PML medium to three dimensions is
shown in Figure 8.38. The various portions of PML surrounding the device may
be labeled as face, edge, and corner regions, according to their positions on the
surface of interior region [22]. For example, the z-face region is the projection of
the z-face of the interior region and is characterized by o = 0 and o, = 0. Similarly,
the xy-edge region surrounds the xy-edge of the interior region, and is characterized
by o, = 0. Finally, oy, 0y, 0, are used to define the corner regions.

Comparison of Mur’s ABC with PML

Numerical experiments have been conducted to assess the performance of Mur’s
ABC and PML. The performance of PML with parabolic profile and second order
MUR ABC are compared in Table 8.2 [16]. The test grid consisted of 100 x 100
x 50 cells. The computational resources required are also compared in this table.
It may be observed that a PML thickness of 4 to 8 cells is a good trade-off between
the ABC effectiveness and computer resources. The broadband nature of PML has
been confirmed through numerical experiments [23]. The refection coefficient is
found to be almost flat from dc to 10 GHz.

z-Face Region

xy-Edge Region

Figure 8.38 lllustration showing the face, edge, and corner regions of the PML medium surrounding
the interior region for the three-dimensional propagation. (From: [22]. © 1999 IETE. Reprinted with
permission.)
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Table 8.2 Performance Comparison of Parabolic Profile PML and Second-Order Mur
ABC, and Computer Resources Required
Avg. Local Field Error Reduction Computer Resources: One CPU,
ABC Relative to Second-Order Mur Cray C-90
Mur 1 (0 dB) 10M words, 6.5 sec
4-layer PML 22 (27 dB) 16M words, 12 sec
8-layer PML 580 (55 dB) 23M words, 37 sec
16-layer PML 5,800 (75 dB) 43M words, 87 sec
Source: [16].
8.6 Implementation of Boundary Conditions in FDTD

The analysis of electromagnetic devices invariably involves satisfying boundary
and interface conditions to arrive at a unique solution. The boundary conditions
may be in the form of Dirichlet condition, Neumann condition, or mixed boundary
condition. The interface condition arises due to the combination of dielectrics in
the device. Implementation of some of these conditions in FDTD is discussed next.

8.6.1 Perfect Electric and Magnetic Wall Boundary Conditions

The perfect electric conductor (pec) is characterized by Ei,, = 0 at the surface of
the conductor. One simple way to implement this boundary condition is to set
Ean = 0 for the nodes through which pec passes. This requires that the FDTD grid
should be so constructed that pec boundaries coincide with the edges of the unit
cells and thus E,,. If it is not possible to arrange the grid structure to meet this
requirement and the pec passes through magnetic field nodes as shown in Figure
8.39 for the two-dimensional case, we may use symmetry property of the electric
field about pec to realize the boundary condition. The usual FDTD field update
for H, in the two-dimensional case is given by

oH, - oE E, (above) — E, (belo
By (on grid llne)z—a—yzz—  (abov )Ay ¢ (below) (8.128)

The field E, is expected to be zero at the pec, implying E, should be anti-symmetric
about pec; that is, E,(below) = —E, (above). Hence,

H(
NONRRNRNNNR '\?k\\ DRSNS
pec

Figure 8.39 Implementation of perfect electric conductor (pec) boundary condition when pec
passes through magnetic field nodes.
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2E, (above)
-

X

Mag (on grid line) = (8.129)

The perfect magnetic conductor (pmc) is described by H,, = 0 at the surface.
This boundary condition can also be implemented easily if the pmc boundaries
pass through the nodes with H,,. Although pmc may not occur in the electromag-
netic device, it is used as a tool to invoke symmetry condition and reduce the size
of the problem. We had used symmetry of the expected field distribution and
introduced pmc while determining the cutoff wavelength of waveguide modes in
Chapter 7.

The implementation of pmc boundary condition when the pmc passes through
the electric field nodes may be solved using the duality principle. Consider Figure
8.40 with the pmc passing through the lower E, node. This figure is the dual of
Figure 8.39. The corresponding expression for E, is obtained as

2H, (above)
Ay

OE,

e (8.130)

(on grid line) =

8.6.2 Interface Conditions

The principal utility of computational methods lies in solving problems in electro-
magnetics with dielectric inhomogeneity. In these problems, the conditions at the
interface of two dissimilar dielectrics imply that the components of E and H
tangential to the interface should be continuous. In general, the media within the
device is discretized in Yee cells such that the dielectric within each cell is homoge-
neous and the interface coincides with the edge of the Yee cell. The problem remains
now to define the material parameters w and € for the nodes at the interface; whether
it should be that of upper dielectric layer or of lower layer. By the application of
Ampere’s law to a rectangular loop about the node encompassing both the dielec-
trics (Figure 8.41), it can be shown that the material parameters used should be
the average of the two media; that is, for the node at the interface

€1+ €
€E=—T"

_ M0
) 2

(8.131)

Some of the useful topics such as processing of FDTD data to determine the
S-parameters of circuits, modeling of devices and lumped elements, and near-field

E,
R RS S
pmc

Figure 8.40 Implementation of perfect magnetic conductor (pmc) boundary condition when pmc
passes through electric field nodes.
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Figure 8.41 Application of Ampere’s law to a loop in the inhomogeneous media to determine the
effective permittivity at the node.

to far-field transformation could not be included in the text because of its limited
scope. We must leave these topics to advanced texts [3].

8.7 Advances in FDTD

The FDTD method has seen robust growth in research activity in the last decade
due to its applications in almost all areas, including communications, computing,
and bio-medicine. Some of the recent issues in FDTD relate to the modeling of
nonlinear dispersive materials used in photonics [24], conformal [25] and unstruc-
tured grids [26] to accommodate arbitrary shapes efficiently, pseudo-spectral time
domain (PSTD) methods to reduce numerical dispersion [27], unconditionally stable
techniques [28], hardware acceleration of computations [29], and hybrid FDTD-
FEM techniques [30]. Advances in these techniques are very well described in [3].

8.8 Summary

FDTD method is a versatile method requiring almost no preprocessing of Maxwell’s
equations to arrive at the governing equations. The derivatives are expressed in
finite difference form as in FDM. FDTD analysis simulates propagation behavior
in time domain. The FDTD grid consists of electric and magnetic field nodes
separated from each other by half space step. The electric field values are computed
at integer time steps and magnetic field values at half-integer time steps. This is
called staggered grid and it is based on Yee cell. The Yee cell satisfies Maxwell’s
equations in differential and integral forms. It is efficient also because the field
values are computed at alternate nodes and at alternate time steps. The space step
Ax is selected to be about A/10 or lower to limit the phase error, and the time step
At is selected such that Az < Ax/(cA/e,) to ensure causality and the stability of
the solution process. Since the error in phase velocity depends on Ax/A and a
number of frequencies are contained in a narrow pulse, we choose
At = 0.5Ax/(c[€, ) to be on the safer side. The grid is excited by a Gaussian pulse
so that useful frequency components are included without wasting computer
resources on unwanted frequencies. A point source is a compact source because it
requires only a single node for implementing it. Absorbing boundary conditions
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in the form of differential equations are compact and are used to truncate the
infinite space domain to finite size with minimal reflections at the truncation
boundary. The one-dimensional FDTD analysis is applied to study basic phenome-
non like reflection at a dielectric-air interface, determination of propagation con-
stant in lossy medium, and the design of material absorbers. The pulse undergoes
many reflections in to-and-fro manner between the discontinuities and a steady
state is reached after a few nanoseconds. The recording of time history of the
phenomenon produces animation and is useful as a diagnostic and instructional
tool. The steady state behavior is Fourier transformed to obtain the broadband
frequency information about the physical process. Similar considerations apply to
propagation in two and three dimensions in FDTD grid.
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P8.1. Use the software dispersion.m for one-dimensional wave propagation. Termi-
nate the grid at its left boundary in ABC and the right boundary in electric field
E,. Excite the grid by a specific Gaussian pulse. Set E, = 0 at the far-right boundary
to simulate the presence of a perfect electric conductor. Perform visualization of
Ey and H, distributions within the grid at a number of time snapshots before and
after the propagating wave reaches the far-right grid boundary. Show that the
perfect electric conductor acts as a mirror that reflects the incident wave. Compare
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the reflection properties of E, and H, components of the wave. (After: Problem
#3.3 of [3].)

P8.2. Repeat the above problem, but terminate the grid in H, = 0 at the right
boundary to simulate the presence of a perfect magnetic conductor. Show that the
perfect magnetic conductor acts as a mirror that reflects the incident wave. Compare
the reflection properties of E; and H, components of the wave. (After: Problem

#3.4 of [3].)

P8.3. The most common method to introduce excitation at the source plane is to
introduce the excitation pulse P(¢). An alternative approach is to embed correspond-
ing P(x) into the grid. This can be done by means of the initial condition. Let
P(i, 0) =1 for -10 < i < 10, and P(i, 0) = 0 elsewhere as the initial condition.
Write a code to propagate this pulse in x-direction. You may use —200 < i < 200
for the grid, N =70 and a = 1.

P8.4. An expression for the numerical wave number k for propagation in one-
dimension is obtained as

o2 afAx oAt
= xSlH CAtSln P

1. Plot vy /c versus Ax/A for cAt/Ax =1, 0.75, 0.5, 0.25, where v, = wlk.
Comment on the variation of phase velocity with frequency.

2. Use the expression for k to compute the group velocity v, = dw/dk and
plot vg/c versus Ax/A for cAt/Ax = 1, 0.75, 0.5, 0.25. Comment on the
variation of group velocity with frequency.

P8.5. Use Newton’s method to solve (8.91) for a square grid Ax = Ay = A. Plot
A/(cAt) versus angle of incidence 6 for Ax/A = 1/5, 1/10, 1/20.

— _ - 2047 .2 T
Hint [3]: Use &, , 1 = &; sin (Akl)_+ sin”(Bk;) _C
A sin(2Ak;) + B sin(2Bk;)

. A cos 6 A sin 6 A Z.ZwAt
with A = > ,B= > ’C_<cAt>Sm<2>

P8.6. Effect of numerical dispersion on pulse broadening [6]. A sinusoidal packet
(with square envelope) is incident on the right-hand boundary of one-dimensional
FDTD grid. The packet is described by the starting and end points (expressed in
terms of the space step), which can be selected. The general form of the signal is

Ey(z, t) = sin(kz — wt)

Let us assume the space discretization, A/Az = m, where Az is the space step. The
waveform packet is nonzero between 2y < 2 < Zgop Which on discretization
may be written as 7y, Az < z < iy, Az. Taking into account that k = 277/ and
= ck, we can write the discretized electric field at £ = 0 as
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. (2 for i <ic:
Sin| —— ori1 S131
Ej(,)(l) _ m start stop

0 elsewhere

The magnetic field at the time # = 1/2 for all space points may be described as

2 <i+ “)
T —_—
1 1 2 2
H;/Z<i+§>=z—osin T

where Z is the impedance of free space, and a = cAt/Az is the stability factor.
Since the spatial domain of simulation must be limited, an absorbing boundary
condition is placed at the right-hand boundary. Use the Mur’s first order absorbing
boundary condition.

Plot the electric field versus the space step number i at # = 0 and # = 640 for
the following cases (assume m = 8, Az = 1073 m, At=1.67 x 10712 s, and s =0.5):

1. Narrow square packet defined by i = 60, i, = 100.
2. Broad square packet defined by i = 40, i, = 120.

Interpret the results in terms of numerical dispersion.

P8.7 Calculate and plot the reflection coefficient R as a function of angle of incidence
0 for the second-order Mur’s ABC, (8.100).

P8.8. Mark the electric field component E, and magnetic field components H, and
H, for the grid drawn in the x-y plane in Figure 8.42.

P8.9. Consider the PML medium shown in Figure 8.38. Characterize all the faces,
edges, and corners by the respective o;, o i = x, v, 2 so that reflection becomes
independent of the angle of incidence.

P8.10. Solve Problem P7.7 using FDTD.

P8.11. Reflection of an electromagnetic wave at an interface. Propagation of E,
component of a Gaussian pulse through the one-dimensional uniform FDTD grid

...................

y

' '
1 '
[ '

e R P
[ ' {
] ' X
] '

Figure 8.42 Uniform rectangular grid in the x-y plane.
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is shown in Figure 8.43. The medium consists of free space €y on the left and
the dielectric characterized by €€, on the right. The parameters selected for the
simulations are: @=1/2 and pulse width =400 ps. Study these figures and determine
the following:

1. What do you infer from the plots about the position of interface iy and the
reflection coefficient I'?

2. Calculate the approximate value of iy, and €, of the medium.

3. What will be the changes in the pulse characteristics such as position,
amplitude, and width if the €, of the medium is increased?

Answer.  €=9,iyp=250,T =-0.5. Reflection coefficient becomes more negative,
transmission coefficient decreases, and transmitted pulse becomes narrow and
comes nearer to the interface as ¢, is increased.
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Figure 8.43 Time waveforms at a node near the interface: (a) incident time pulse, and (b) pulse
after reflection from the medium.






Variational Methods

One can exactly solve partial differential equations (PDE) for simple or regular
shaped geometries with Dirichlet or Neumann boundary conditions. However,
when the geometry is not regular, or the dielectric is inhomogeneous, or inhomoge-
neous boundary conditions are to be satisfied, one cannot solve PDE exactly. In
these situations, one may use methods like variational method to solve the problem
in an approximate manner. The variational method is discussed in a number of
textbooks on electromagnetics and mathematical methods of physics. Some of the
notable titles are listed as [1-6].

The solution of a number of problems, such as propagation in transmission
lines and waveguides, discontinuities in them, radiation, and scattering of waves,
is based on the knowledge of charge distribution, current distribution, or field
distribution. In all these cases it is almost impossible to know these distributions
exactly. Variational methods may be used to obtain fairly accurate solutions with
approximate distributions. It is the property of variational formulation that a first
order error in trial function gives rise to the second order error in the quantity of
interest. Finite element method (FEM) and the method of moments (MoM) employ
this property. In variational methods, the demand on computer time and memory
are modest. The variational principle is thus a powerful tool in the hands of
analytical and computational solution practitioners.

9.1 Calculus of Variations

The variational principle utilizes the ideas of stationarity, extremum, and functional,
and are discussed next.

9.1.1 Stationarity

The stationary property of a function is an important concept in the field of calculus
of variations. Consider a function ¢ = f(x). In the vicinity of point x(, the function
f(x) can be expanded in Taylor series as

df 1 d*f
f(x):f(x0)+(x—xo)ax0+z(x—x0)2ﬁx0+... (9.1)
nd”
+ 3 lx - xp) ax’,j o Rust
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where R, ;1 represents the remainder of the terms in the series expansion, and are
expected to contribute insignificantly. The function f(x) is said to be stationary at
point x if its first order derivative df/dx vanishes at this point. In the vicinity of
stationary point f(x) may therefore be approximated as

1 d*
ﬂm—fumzzw—xwzaéxo (9.2)

Equation (9.2) implies that a small change in x about the stationary point x results
in a still smaller change in the value of f(x). This concept is illustrated in Figure
9.1 for stationary and nonstationary solutions for ¢ = f(x). It may be noted that
for the same approximate solution xq about x(, the stationary behavior of f(x)
gives a smaller error in ¢ then does the nonstationary behavior. It is this property
which makes the variational method most useful. The definition of stationarity
can be easily generalized to more than one independent variable, say for f(x, y)
the condition for stationarity is

$=7() ¢= /()

(a) (b)

X X,

(c)

Figure 9.1 lllustration of stationarity and nonstationarity property of a function ¢ = f(x):
(a) stationarity about the lower-bound solution; (b) stationarity about the upper-bound solution;
and (c) nonstationary solution. Note that for the same value of x1, a stationary solution has a smaller
error than does the nonstationary solution.
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9.1.2 Extremum

Extremum is a common word used to denote the maximum or minimum of a
function. The property of extremum is a consequence of the stationary property
of the function. The stationary point (xg, yo) of the function f(x,y) corresponds
to a local minimum of the function if the changes (+Ax, *Ay) in (x, y) about
(x0, yo) increases the value of the function. Conversely, if the value of the function
decreases, then the point (xg, y() corresponds to a local maximum. If these changes
are of different sign, the stationary point is a saddle point. An alternative approach
to determine the nature of extremum is to calculate 9%f/0x* and 9*f/dy” and carry
out the test as follows:

1. 82](/3962 > 0, and 82f/8y2 > 0, = extremum is a local minimum of f(x, y);

2. 821‘/E)x2 <0, and 82f/8y2 < 0, = extremum is a local maximum of f(x, y);
3. Else, saddle point.

Example 9.1. Let us consider the function f(x, y) = (x2 - 6x)(y2 — 8y). The
stationary points for this function are obtained as:

of _ 2 _ N
a—(Zx—6)(y -8y)=0=>x=3,y=38
%z(Zy—S)(xz—&c):O=>x=6,y=4

Both the conditions of (9.3) are satisfied at the stationary points (3, 4), and (6, 8).
At point (3,4), f(x, y) = 144, and its value is 0 at (6,8). To determine the convexity
of the function at the stationary points, let us determine the value of the function
at (xg = Ax, yo £ Ay). For this let us assume Ax = 0.1xg, Ay = 0.1yg. We find
that f(xg+ Ax,yot Ay) <f(xg, yo) about the point (3,4). Therefore, this stationary
point is a local maximum of the function. Also, the change in f(x, y) is nearly 2%
for a 10% change in (x, y). The point (6, 8) is found to be a local minimum.

Exercise 9.1.  Let y(x) = 4x? — 8x. Determine if the stationary point xg = 1 is
1. A local maximum of the function;
2. A local minimum of the function;
3. A saddle point of the function.

Calculate the percentage change in y(x) for 10% change in x.

Answer. 2, 1%.
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The variational calculus employs the same general idea of stationarity and
extremum as applies to a function. However, instead of the particular point x( we
now have a particular selection of the functions y(x) about which the stationarity
is explored, and the function f(x, y) in the preceding analysis is replaced by the
functional F(y). It is defined next.

9.1.3 Functional

The functional is another important concept in calculus of variations. In simple
words, a function of other functions is called a functional. Let us illustrate the
concept of functional by means of an example. Consider the following function in
the form of an integral

1
qun=fyuwu (9.4)
0

Here, x is the independent variable and y(x) is a function. The function F depends
on the function y(x), and is therefore called a functional. Selecting various functions
y(x) we shall obtain, in general, different values of the functional F. Thus,

If y(x) =1, then F[1] = 1;
If y(x) = x, then F[x] = 1/2;
If y(x) = cos(mx), then F[cos(mx)] = 0.

Example 9.2.  Consider the following functional in the differential form:

Fly(x)] = y'(x0) (9.5)

If y(x) = xz, and x( = 3, then F[xz] = 6.
Consider another functional

1
qun=f¢Myunw (9.6)
-1

If p(x, y)= [cosz(x)]/(l - yz) and y(x) = sin x, then F[sin x] = 2.

Some physically meaningful examples of functional are: the capacitance per
unit length, C, of transmission lines is dependent on the charge density distribution
on the strip, and the functional for this may be denoted as Cq[p(x)]. The cutoff
frequency of waveguide modes, and the resonant frequency of modes in a cavity,
is a function of field distribution and may be denoted as w.[E(x, y)], and
w,[E(x, vy, z)], respectively. Some functionals may not have physical interpretation,
but the characteristics derived from it may have.

In order to extend variational concepts from functions to functionals, we need
to define the increment of a function (similar to Ax for the function), and the
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associated variation and stationarity of functionals (similar to the change in the
value of functions and their stationarity). These concepts are discussed next.

9.1.4 Variation or Increment of a Function, 6¢(x)

A small change or increment of a function, denoted by 8¢ (x) is defined as a change
in the functional form of ¢(x). It is not the change in its variable x. Let ¢((x) be
the initial function, and ¢,(x) be the incremented function; the increment of the
function is then defined as

Sp(x) = dalx) — do(x)  forxg<x<x; (9.7)

Figure 9.2 shows that the curves defined by ¢ = ¢,(x) and ¢ = ¢((x), specified
over the interval [x1, x,], differ by a small change. These curves are close in the
sense that |, (x) — ¢o(x)| is small over [x1, x7].

One simple yet systematic method of achieving this small change in the func-
tional form of a function is to add a small multiple of another function 7(x) to
do(x); that is,

balx) = ¢olx) + an(x) (9.8)

The scale factor or variational parameter @ defines the magnitude of variation,
and 7(x) defines the type of variation. The function n(x) is almost arbitrary.
However, it should be well behaved like ¢(x) and should be zero at the ends of
the interval. In this way it is possible to change the functional form of ¢(x) in an
arbitrary manner but keeping the new function close to ¢g(x) by choosing «
sufficiently small, as illustrated in Figure 9.3. The Ritz procedure, described in
Section 9.3, is a fine example of this implementation. The various terms in the
series expansion of a function may also be used to implement variation of a function;
for example,

sin(x)=x—>+——-—=+... forx <1 (9.9)

P(x)

Figure 9.2 lllustration of functions ¢ = ¢¢(x) and ¢ = ¢,(x) differing by a small change.
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P(x)

Figure 9.3 lllustration to vary the functional form of function ¢ (x) in a systematic manner.

The second and subsequent terms may be used to change the functional form. The
expansion of an unknown function in terms of entire domain basis functions,
discussed in Chapter 6, may be viewed in this manner.

Example 9.3.  Let the function Eg(x) = x(a — x) be defined over [0, a]. Then
Eo(x) and E,, (x) = Eg(x) + {sin(77'x/a)}/n2 are close to each other for large values
of n only; that is,

1
8y(x) = |En(x) = Eg(x)| = |— 5| < (9.10)
n n
Here in this example, 7 is a parameter similar to a.
9.1.5 Variation and Stationarity of Functionals
Consider the functional
X2
Floto)l = [ flote), ¢/tx), x] d (9.11)
X1

where f (x, ¢, ¢”) is an explicitly given function of x, ¢(x), and ¢’(x). An increment
or variation in function ¢(x), written as 8¢(x), results in a change in the function
f. Let us define 8¢p(x) as

op(x) = an(x) (9.12)
and

8¢’ (x) = am’(x) (9.13)

To the first order in «, the incremented function f(¢ + an, ¢ + an’, x) is given
by (by Taylor expansion)
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0 0
f6+am o +an's )= (6, &, x) 4 Shan+ Soan’ (9.14)

The new functional is denoted by F[¢ + 8¢]. The corresponding change in the
value of the functional is called variation of the functional. It is denoted by SF,
and is defined as

5P=F[¢+5¢]—P[¢]=ff<¢+an, ¢'+an',x>dx—ff<¢, &, x) dx

Xq X1
(9.15)
Use of (9.14) gives
X2
) of |,
6F=f[£n+aﬁj),n:| adx (9.16)
X1
Substituting for an and an’ gives
X2
2 g, 2
5F—f[a¢ o¢ + PYY d)] (9.17)
Xy
Alternatively, the variation of the functional may also be computed as
0
8F = = Flg(x) + ko (x)][ ., (9.18)

Stationarity of Functionals
A functional F is said to be stationary if 8F vanishes. In practice, the condition
SF = 0 is enforced by setting

oF _F(¢+ 6¢) - F(¢)

do 69

_oF
op— 0 8¢

=0 (9.19)
op—0

that is, the derivative of the functional with respect to the function ¢ is set to zero.
This stationarity condition is similar to that for the function. Therefore, a functional
may be treated as a function for the mathematical purpose, with the difference
that its value depends on another function.

To get a feel of the functional, let us compute and plot the following functional
as the function is incremented:

1
Flé] :J — 44 + 2x° ) dx (9.20)
0
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The function ¢ satisfies the boundary conditions ¢(0) = (1) = 0. Let us choose

the one-term trial function ¢= ax(1 — x) consistent with the boundary conditions,
where « is the variational parameter. Then,

Flx(1-x)] = | [@®(1 = 2x)? — 4a®(x — x2)* + 2ax3(1 = x)] dx  (9.21)

O%)—k

2

tn|5§’

a

10

Variation of F[x(1 — x)] as a function of variational parameter « is plotted in
Figure 9.4. It may be observed from this plot that the functional becomes stationary
at a=-0.25; that is, the function ¢=-0.25x(1 — x) makes the functional stationary.
The optimizing value of @ may also be obtained by setting dF/da = 0 in (9.21).

Example 9.4.  Consider the functional
1
J *Ydx,  ¢(0)=¢(1)=0 (9.22)
0

with ¢(x) = sin(7x), and d¢(x) = a sin(wx) for a = 0.01. Then,
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Figure 9.4 Plot of the functional F as a function of the variational parameter a.
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1
SF = f[ 5cb + a¢ } (9.23)
0

with f = ¢'2 — 7 ¢> and 8¢’(x) = am cos(mx). Also, df/dp’ = 2¢’, ¢'(x) =
ar cos(mx), and Jf /0 = —2772¢>. Therefore,

OF[sin(mx)] = [—277'2¢a/ sin(7x) + 2¢"am cos (mx)] dx

O%H

2 | cos(2mx) (9.24)

=2am

S Y—

The variation of the functional vanishes independent of the value of @. The func-
tional is therefore stationary with respect to the function ¢(x) = sin(wx), and
sin(x) is called extremetizing function of F.

9.2 Stationary Functionals and Euler Equations

The stationary nature of the functionals gives rise to the most desirable characteris-
tics of the variational formulation of the problem. For a stationary functional F,
the error in its value is of second order if the error in the trial function ¢ is of first
order. It is possible to determine ¢(x) in a systematic manner. It will now be
shown that if the function f(x, ¢, ¢”) has continuous partial derivatives up to
at least the second order with respect to ¢ and ¢’, the functional
Flp]l = [fld, ¢, x] dx is stationary for a class of functions ¢(x) which satisfy the
Euler equation

of d[of\_
36 & <W> =0 (9.25)

Proof: Let ¢(x) be a particular class of functions for which the functional F
is stationary. The function ¢(x) is as yet unknown. It has continuous derivatives
and satisfies the Dirichlet boundary conditions

dx1) =1 Plx2) = (9.26)

Let us consider a small variation 8¢ in ¢ such that 8¢ (x) = an(x) and 8¢'(x) =
amn’(x). The variation of the functional is given by (9.16),

X2

9 %)
oF=a f [% n+ a(’;, 77'} dx (9.27)

X1
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Integrating the second term on the right side by parts gives

CoF L of [*f drof
f&q&'n dx_wnxl_fna[W] dx (928)

Since the incremented function ¢ + 8¢ must satisfy the same boundary conditions
as the original function ¢, n(x) must vanish at the end points; that is, n(x1) =
1(x7) = 0. Therefore, (9.28) reduces to

o, [ dfar
and (9.27) becomes
‘rof d /2
6F = af [ﬁ - E (yi,)] n(x) dx (930)

From the stationarity criterion, we know that the functional F(¢) is stationary if
SF vanishes. Therefore,

X2

”%_%(%ﬂ n(x) dx = 0 (9.31)

X1
Since 7(x) is arbitrary, the above equation will be satisfied only if

of d (aa(,;,

8¢_E >=O x1<x<x) (9.32)

This equation is known as the Euler equation. It is the governing differential
equation for the functional and is an ordinary differential equation of the second
order. The functional F(¢(x)) is therefore stationary for the class of functions ¢(x),
which satisfy the Euler equation. The functions ¢(x) are called extremetizing
functions for the functional F. If the functional F is in the form of an integral, the
class of functions may include those functions for which the first derivatives are
piecewise continuous. The Euler equation is a necessary but not sufficient condition
for stationarity of a functional.

Converse: The function ¢(x), for which the functional F is stationary, is also
the solution of Euler equations. It means that an alternative way to solve the Euler
equation is to express it in the form of a functional. This approach is particularly
attractive for geometries which are irregular, inhomogeneously filled, and satisfy
inhomogeneous boundary conditions.
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Generalization of Euler Equation
We have so far considered functionals of one dependent variable ¢(x), which is a
function of one independent variable x. In order to extend the applicability of the
variational methods to multidimensional space, the definition of functional and
Euler equation are generalized next.

Functionals of several dependent variables: Let us consider the functional F to
be a function of several dependent variables ¢1(x), ¢2(x), P3(x), . .. dN(x), all
of which depend on one independent variable x. Then,

ff[(ﬁl(x), $2(x), P3(x), . . . PN(X), D1 (%), B3 (x), B5(x), . . . Bli(x), x] dx
1 (9.33a)
The stationarity of (9.33a) leads to a set of Euler equations given as

o d (AN ..

M—E<a¢;>—0 i=1,2,3,...N (9.33b)

This set may be a system of coupled differential equations of second order.

Functionals of several independent variables: Let the functional F be a function
of one dependent variable ¢, which depends on three independent variables x, y,
and z; that is, ¢ = ¢(x, v, z). Then,

:fff [q&, 3;’: 3;5 ?;b, X, Y, z] dxdydz (9.34a)

The corresponding Euler equation is

of 9 o 9 o 3 of

96 Ox _[0d\ dy _[0d\ 0z - [0
(&) 7o) ")

=0 (9.34b)

Functionals of more than one dependent and independent variables: The Euler
equations for such cases are the combination of (9.33b) and (9.34b).

For the problems in electromagnetics, the function ¢(x) may represent distribu-
tion of charge density, electrostatic field, electrostatic potential, vector potential,
electromagnetic field, current density, and so on. The function must satisfy, in
addition to the Euler equation, the boundary conditions for the given problem.
For example, the tangential components of E on a perfect conductor should be
zero. In applying the variational method we construct a functional F[¢] for the
problem and choose suitable trial function ¢(x) such that the functional F has a
maximum or minimum. The trial function ¢(x) may be selected from the physical
considerations (i.e. choose ¢(x) to meet or closely approximate the actual behavior
of the distribution it represents). The closer ¢(x) is to the true behavior, less
computer time is required to obtain the accurate result for F.
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The Euler equation is useful in the systematic search for the extremetizing
function ¢(x). The accuracy of the stationary quantity obtainable from a given
class of trial functions may be improved by using the Ritz procedure.

Example 9.5.  Let us derive the Euler equation corresponding to the functional
of Example 9.4; that is,

J dx, $(0)=¢(1)=0 (9.35)

Here, f(x, ¢, ¢') = ¢’2 — (]52, oflop = 27 ¢,9f /0" = 2¢" and the Euler equa-

tion is obtained as

- L0y -

or

¢

dx2+772¢=0 0<x<1 (9.36)

The solution of (9.36) subject to the boundary conditions ¢(0) = ¢(1) = 0 is
given by ¢(x) = sin(7x). The same solution was obtained from the stationarity of
functional in Example 9.4. Therefore, we can find the solution either by making
the functional stationary or by solving the corresponding Euler equation.

9.3 The Ritz Variational Method

This method is sometimes called the Rayleigh-Ritz variational method, and it is
an improvement in the implementation of (9.7). In this method, the function ¢(x)
which makes the functional F(¢) stationary is expressed in the form of a series
with adjustable constants known as variational parameters; that is,

N
=Y Audulx) (9.37)
n=1

The functions ¢, (x) are the known functions and should preferably be orthogonal.
The parameters A, are the variational parameters. It may be noted that our interest
is in the value of the functional at the stationary point, and the extremetizing
function ¢ is the means to reach it. Therefore, the parameters A, are chosen to
give the minimum or the maximum of the stationary quantity of the functional F.
This can be done by requiring
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oF

m_o k=1,2,3,...N (9.38)
The quality of the Ritz procedure depends crucially on the choice of functions
¢n(x). It is desirable to keep N, the number of expansion functions, small since
the computational labor increases as N2 Actually, the value of N is decided as a
compromise between accuracy and computation time. When a complete set of
expansion functions is used in (9.37), the Ritz method may, in principle, lead to
an exact solution. We shall discuss applications of Ritz method in Section 9.4.

Example 9.6. Let us use the Ritz method to determine the first root of the
functional

1

2
f[xqb’z T R2xd(x )} (9.39)
0

The solution of (9.39) is the Bessel function J1(x), which has a simple zero at
x = 0. Using this property we may use a trial function of the form

d(x) = ax(l —x)

where « is a variational parameter. Also, ¢’(x) = a(1 — 2x). Substituting for ¢
and ¢’ in (9.39) gives

5 (1 k?
F=a (z - @> (9.40)
Setting F = 0F/da = 0, one obtains k% = 15 so that k = 3.873. Let us now compare
this value with the first root of Jq(x).

For the correct root of Jq(x), the boundary condition Ji(kx) = 0 at x = 1
requires that J1 (k) = 0 giving the first root as k = 3.832. Comparison of this value
with that based on Ritz method shows a discrepancy of about 1%. For a better
approximation of F[¢] or J1(x) we must use a different form for ¢(x).

9.4 Applications of Ritz Approach

In Section 9.2, we derived the Euler’s equation or the governing differential equation
for the functional. In practice, we know the differential equation for the boundary
value problem and we need to develop the functional so that we can apply the
variational method.

Physical considerations may be used to derive functionals for some specific
problems in electromagnetics. A general expression for the functional is available
for the Sturm-Liouville differential equation, and can be used for a large class of
problems in electromagnetics.
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9.4.1 Variational Solution of Laplace Equation

The energy density Ug of an electrostatic field E is defined as

Ug = % €E? (9.41)
Employing E = =V, one obtains
1 2
Ug =§e(V¢) (9.42)

Now, let us consider the electrostatic energy stored in a given volume, for example,
a rectangular cavity. The energy stored is expected to be minimum for the correct
choice of ¢. Based on this physical consideration, we can use the energy integral
as the functional for the problem,

Electrostatic energy, F = f j J %e(VqS)Z dxdydz

or

[ (R R P

for the homogeneous medium. Comparing this functional with (9.33a), we obtain

flbss by b) = 624 62462 4,220 e, (9.44)

Use of (9.33b) for minimization of F or the energy vyields the following Euler
equation:

Vip(x,y,2) =0 (9.45)

which is the Laplace equation of electrostatics. It means that the functions ¢, which
are the solutions of the Laplace equation, will also minimize the electrostatic energy
functional F. Therefore, we can either solve the Laplace equation or minimize the
electrostatic energy functional F, to determine ¢p. However, the variational approach
is especially useful for those geometries for which the Laplace equation cannot be
solved easily (e.g., inhomogeneous dielectric filling and irregular geometries).

The functional corresponding to the Poisson equation qub = p/e may be written
down by inspection of (9.43) and is given by

F(g) = ”f (§|V¢|2 —p¢> 4v (9.46)
\%
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Capacitance of a Transmission Line

The energy functional may be used to determine the capacitance per unit length
of a transmission line. The electrostatic energy stored per unit length in the field
of a two-conductor transmission line shown in Figure 9.5 can be obtained from

(9.43) as
W, =+ a_¢2+ LAY dxdy = - V, ) dxd 9.47
e[ [(56) + (55) | estr=ge [ i iy 07

Also,
1 2
W, =2C0V0 (9.48)

where Cj is the line capacitance per unit length, and V) is the electrostatic potential
between the conductors. Equating (9.47) and (9.48) gives

e” (V)% dxdy
Co=
Vi

(9.49)

or

e” (V)% dxdy
Co=

froe]

Similarly, the characteristic impedance Z is given as

Vo = —j V,6.dl (9.50)

Figure 9.5 Two-conductor transmission line with the cross-sections of conductors, and potentials
shown.
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” (V)% dxdy
1 _Co _

0 e V[ rsal

The above expressions for Cy and 1/Z are the functionals corresponding to the
Laplace equation V2¢ = 0. Minimization of the functionals provides upper bound
on Cy and lower bound on Zj.

The upper bound on Z and the lower bound on C{ can be obtained from the
following functional [4, p. 278]:

(9.51)

}Q 39 Glx, v; x', y')plx, y)pla’s v7) ds e

1 S, 8
o 2 for (x, y) on S,
0

2
39,0(96, y) dty
SZ

(9.52)

The integration is carried out over the surface S, and p(x, y) is the charge density
on this surface. Here G(.;.) is the voltage Green’s function for the transmission
line.

Example 9.7.  Let us consider the enclosed symmetric strip line of Figure 9.6, in
which a strip of width W is embedded in a dielectric enclosed by a rectangular
metal box. We shall solve (9.52) for this geometry. Green’s function for potential
for this geometry is given in Problem 3.15 in Chapter 3,

< 2 . .
Glx, y;2%,y") = ¥~ sin(B,x) sin(Byx’) (9.53)
n=1

Figure 9.6 Cross-section of a boxed symmetric strip line.
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where B,, = nw/c and the admittance Y at the strip plane, y = b/2 is given by

nwb

Y = 2€ coth <2_c> (9.54)

It is found that the following trial function for the charge density gives accurate
results adequate for almost all practical purposes [7, Ch. 3]:

1 2\
plx) = W[“A(W)

0 otherwise

Cc
x — =

2

3
(c—W) (c+ W)
] for > <x< 3 (9.55)

where A is a variational parameter, and is determined by maximizing the line
capacitance C( with respect to A.
Substituting for G and p(x) in (9.52) gives

(c+w)2 2
1 1 o 2 J nmwx
— = 2 p(x) s1n< )dx
Co 2~ nwY
|:jp(x)dx:| (c—w)2
S2
or
(c+w)2 . 2
1 2 c
J wlreal(w)l-2)]
Co = (c=—w)l2
(c+w)2 X 2
- 2 2 c . (nmx
,,; nrYW? f {1+A‘<W><x_z>‘ }Sm< ¢ )dx
(c—w)2
(9.56)
Evaluating the integrals analytically we obtain
A 2
(1 + Z)
Co=— 5 (9.57)
IR Pl
n=1 nomYW

where
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(c+w)i2 (c+w)2
. (nmx 8A c|® . (nmx
I,= s1n< >dx+ (—3> x—= s1n<—>dx
c W 2 c
(c—w)2 (c—w)2
2 . (nT . A 2 2 .
= <E> sin <7> [sm pn+ —3{3 [pn - 2] cos p, + pn[pn - 6] sin p,, + 6}]
n
(9.58)
Substituting for I,, gives
2
<1 + /4—\>
Co= , since I,, = 0, for n, even (9.59)
(Ly + AM,)*P,
n, odd Y
where
L, = sin p, (9.60a)
1 )
M= [3(pi = 2) cos b+ pulpi—6) sinp,+ 6] (9.60b)
n
Py=— (9.60c)
nwpy,
po=ErY (9.60d)
The value of Cg is maximized by setting dCy/dA = 0. This gives [7]
(Ln B 4Mn)LnPn
n, odd Y
A=— (9.61)
(Ln - 4Mn)MnPn
n,odd Y

The above expressions can be numerically solved to obtain C and Zj.

For the charge distribution specified by (9.55), expression (9.59) combined
with (9.60) and (9.61) can be used to evaluate the capacitance of any single
conductor multilayered strip line-like transmission line with side walls. The only
parameter that needs to be changed is the admittance Y at the strip plane, (9.54).

The characteristics of strip line without side walls can be determined using
conformal transformation also. It is described in Section 4.6.1. The expression for
the characteristic impedance is given by (4.124)
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Zo\e =29.9767 K((:)) k = sec h(zb) k' = tanh<2b> (9.62)

where the ratio of elliptic functions K(k)/K(k") is given by (4.91). The advantage
of the above analysis is that one can introduce offset of the strip in the lateral
direction or along the height, and the dielectric filling could be different below the
strip and above the strip. If the dielectric above the strip is defined as air, the
expression for the admittance at the strip plane becomes

Y = egle, + 1) coth( ;Cb> (9.63)

An interesting property of this strip line-like microstrip line is that its effective
dielectric constant and hence the ratio of guide wavelength to free-space wavelength
Al dgis (€,+1)/2, independent of the structural parameters of the line. It behaves like
a strip line homogeneously filled with a dielectric of (€, + 1)/2, and its characteristic
impedance is given by

€+ 1 K(k)
zo\/ 3 = 29.976m e (9.64)

Table 9.1 gives the impedance of strip line-like microstrip line for various values
of W/b ratio. The table may be used to compare the values obtained from (9.59)
for a large value of ¢/W, say, ¢/W = 40.

It may be pointed out that the procedure adopted in the last example can
also be called the integral equation solution using variational method, and (9.52)
represents the integral equation.

9.4.2 Cutoff Frequency for Waveguide Modes

For a waveguide with electric walls, the variational expression for the cutoff fre-
quency for the TE and TM modes is given by [2, 8]

e
NI

where ¢ = H, for the TE mode and ¢ = E, field for the TM mode.
Let us verify (9.65) for a rectangular waveguide of width a along the x-axis

and height b along the y-axis. Let the trial magnetic field for the TEyp mode be
¢(= H,) = cos(mx/a).

(9.695)
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Table 9.1 Characteristic Impedance Zg~/(e; + 1)/2 of Strip Line-Like
Microstrip Line as a Function of W/b

Wb Impedance Wb Impedance Wib Impedance
0.1 194.20 0.6 90.60 1.4 51.14
0.2 153.01 0.7 82.58 1.8 42.01
0.3 129.29 0.8 75.89 2.0 38.57
0.4 112.83 0.9 70.22 2.2 35.65
0.5 100.42 0.99 65.80 2.4 33.14

Use of this trial field in (9.65) gives

or
= A.=2a (9.66)

Knowledge of the cutoff frequency of a waveguide filled homogeneously in €
and u is sufficient to determine the propagation constant at any other frequency
according to

2
y= jﬁzjko\/l _ <’Z—;> for f> f. (9.67)

where kg = 27f/c.

The effect of partial dielectric loading on the cutoff frequency has been analyzed
in [5, p. 266]. However, use of (9.67) to determine the propagation constant in
this case is not valid because partial loading produces hybrid modes. Very close
to the cutoff frequency one may still use (9.67) to approximate the propagation
constant [9, p. 251].

The variational nature of the formulation is well suited for perturbation analy-

sis. The effect of perturbation in waveguide geometry on the cutoff frequency is
described in [10, p. 53].

9.4.3 Resonant Frequency for Cavity Modes

The resonant cavities with electric walls and filled with a dielectric medium have
been analyzed using variational approach [3, p. 331]. The stationary formula for
the resonant frequency of a mode in the cavity is given as [3]
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f”l(VxE)zdu
a)zz "
' f”eﬁzdy

with the condition that E,, = 0 on the surface of the cavity for the trial E-field
used in (9.68a).
The H-field functional for the resonant frequency is given as [3]

JEER
N

with the tangential component of the trial magnetic field satisfying the condition
that E;, = 0 on the surface of the cavity.

When the medium filling the cavity is homogeneous (i.e., permittivity and/or
permeability of the medium are uniform inside the volume of the cavity), the
functionals (9.68) reduce to

f“ (V x E)?
umw

”J (V x H)?
”fﬁzdy

Now we apply some of the stationary formulae to the problems for which we
have an exact answer so that on comparison we will get an idea about the accuracy
obtainable from the variational formulation.

(9.68a)

(9.68b)

, for the E-field functional (9.69a)

, for the H-field functional (9.69b)

Example 9.8  Resonant frequency of a cylindrical cavity 3, p. 336]. Consider a
cylindrical cavity of radius a and length d closed at the two ends by perfect
conductors as shown in Figure 9.7. The field components for the lowest
TMy1p-mode in the cavity are given as

2
E.= %]O <x p) (9.70a)
- ’ﬂ i ( ) (9.70b)

and the resonant frequency is
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d
- 48 y
X
Figure 9.7 A cylindrical cavity of radius a and length d.
1
w, = x01 (9.71)
a~| ne

Here, x (1 is the first zero of the Bessel function Jo(x), and is given as x; = 2.4048.

Let us now choose the electric field formula (9.69a) to determine the stationary
value of resonant frequency for the TM(;9-mode. This formula requires that the
trial electric field should satisfy the condition A X E = 0 on the cylindrical surface

of the cavity; that is, E, = 0 at p = a. We may therefore choose the trial electric
field as

or

VxE-= ¢<‘§§Z> =§ (9.72)

Substituting for E and V X E in (9.69a), we obtain (dv = pdpdddz, E and V X E
are independent of ¢ and z),

$
2

pdp

S —— =~

6

Edz

2_ _
w, = p 5 _,u
1-2) ,d
pe - ) pdp
0

or
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2,449
=

(9.73)

This value is about 1.8% higher compared to the correct value
w, = 2.4048/(a~/ ne).

In this example we have used a very simple expression for E and still obtained
fairly accurate value of resonant frequency. This illustrates the useful feature of
the variational method.

Ritz Procedure for Better Accuracy

Let us see if we can improve the accuracy of the resonant frequency of the
TM10-mode using the Ritz procedure. The trial electric field satisfying the bound-
ary condition fi X E = 0 on the surface S of the cavity may be assumed to be of

the form
2
E-= [(1——>+A<1 Z)] (9.74)

Here, A is the variational parameter, and
A _aEz _ A 1 P
VXE=9¢ 9 —¢a—[l+2A<1—a>] (9.75)

Now, substitute for E and V x E in the stationary expression (9.69a) to obtain

a
1 p 2
—2J|:1+2A<1—;)] pdp
0 10 2A2+4A+3

= = (9.76)

2.2 ,ueaz 2A2+6A+5
(0-2) (o2

To determine the value of the variational parameter A, we set aw /0A = 0. It yields
2A2 +4A +1=0or A =-0.293, -1.707. Substltutlng for A =-0.293 gives us

=2.4196/(a~/ue), which is about 0.6% higher than the correct value
a), = 2.4048/(a~/ e ). This example shows that by adding a variational parameter,
the error in the resonant frequency has been reduced from 1.8% to 0.6%. For
A =-1.707, we obtain w, = 5.843/(a~/ue). This value of A predicts the resonant
frequency for the TM,o-mode, which is given exactly as

o
Q

ME

S ——

[w, 100 = x 02/ (a~[ ) (9.77)
Here, x(, = 5.52, the second root of J. Therefore,
(1020 = 552/ (a~[e ) (9.78)

The error in this resonant frequency is 5.85%.
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Exercise.  Consider the TM1p;-mode in a cylindrical cavity. Find the resonant
frequency using variational method and assuming a suitable expression for H 4.
Improve the accuracy by using Ritz procedure. Hint: You may use the trial field
as Hy=p+ A,o2 and the Ritz procedure [3].

9.4.4 Variational Formulation in Spectral Domain for the Microstrip Line

Due to the mixed dielectric nature of microstrip line, the analysis in the Fourier
domain has several advantages compared to the analysis in the space domain. The
formulation in the Fourier domain leads to an algebraic equation for Green’s
function instead of an integral equation. In addition, the solutions are stationary
in character.

Consider the cross-section of a microstrip line of strip width W on a substrate
of dielectric constant €, and dielectric thickness b, as shown in Figure 9.8. The
strip and the ground plane are assumed to be perfect conductors of zero thickness,
uniform and infinite in the z-direction. The dielectric is assumed to be lossless. The
mode of propagation in the microstrip line is quasi-TEM due to the presence of
different dielectrics about the strip.

The analysis of microstrip line is very much similar to the one carried out in
Section 9.4.1 for the strip line. However, instead of using the Green’s function
approach, we use here the variational expression for the capacitance per unit length,
(9.52) in the following form

1 1
a=§fpmmmmw (9.79)
strip

where the integration is carried out over the strip. Also, the analysis is performed
in the spectral domain due to the mixed dielectric nature of microstrip line.

Parseval’s formula is employed to convert the integral from space domain in
(9.79) to spectral domain as

T 1.
a=§fmmwmmm (9.80)

where the superscript ~ indicates a function in the spectral domain, and is defined
as

Figure 9.8 Cross-section of a microstrip line.
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oo

f(a)z\/T_Wff(x)eiax dx (9.81)

It may be pointed out that it is easier to determine ¢(a, b) than ¢(x, b) since

Bay b) =2 pl@)Gla b) (9.82)

whereas ¢(x, b) is a convolution integral given by

w2

Sl b) =+ j polx’) Glx, bs ', ) dx” (9.83)

€
-wn

The Green’s function G(a, b) has been derived in Chapter 5 and is given by
(5.160) as

N 1
Gla, b) =
(@ 7) la|[1+ € coth(|a|h)]

(9.84)

Next, the potential function @(«a, ), given by (9.82), is used in (9.80) for calculating
the capacitance Cy.

Since ps(a) is unknown, we need to determine it before Cy can be computed.
However, since (9.80) is variational, one may use an approximate trial function
for ps(a) and incur only a second order error in the value of capacitance. A trial
function that maximizes the value of C( gives the closest value to the exact result
for the capacitance. For solution in the spectral domain, only those types of trial
functions may be used which can be Fourier transformed analytically, otherwise
one can use numerical procedure for this. Use of a very simple distribution [11]

-W w
ps(x)=|x| fOI‘TSXST (985)
gives
f polx)e*" dx . [aW . (aW\\?
B 2 sin (T) sin (T)
ps(a)_—w _ _ (9.86)
Q "W T aw aW |
f ps(x) dx 2 4

-Wi2

The results obtained by this method agree well with those of the other quasi-static
methods (e.g., conformal mapping method). The capacitance Cy/e( has been plotted
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in Figure 9.9 as a function of W/bh for various values of €,. The capacitance is seen
to increase with the strip width and dielectric constant.

The above method can also be used to take into account the effect of finite
strip thickness and metal enclosure. It can be easily extended for microstrip on
composite substrates or where dielectric overlay exists over the microstrip [12]. In
these cases, one simply has to find an appropriate expression for G(a) and use
the above procedure. For a microstrip line with a multilayered substrate and shielded
by a top metallic wall as shown in Figure 9.10, Green’s function G(a) is given as

B A+ B
|a|{A(B + C) + €, + BC}

G(a) (9.87)

where A = €, coth(|a|h), B = €, coth(|a|s), and C = €,3 coth(|a|d).
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Figure 9.9 Capacitance of microstrip line as a function of W/h for various values of €,. (From: [11].
© 1968 IEEE. Reprinted with permission.)
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cover plate

4

i

Figure 9.10 A microstrip line with multilayered substrate and a cover plate.

ground plane

9.5 Construction of Functionals from the PDEs
The functional corresponding to a given differential equation may be constructed

by following a general mathematical procedure. It is best illustrated by an example.
Let us construct the functional for the Poisson’s equation,

Vig=—plx,y) (9.88)

As a first step, we multiply this equation by the variation 8¢ and integrate
over the domain of the problem to obtain

5F=” [-V2¢ — p] Spdxdy (9.89)

=_” V2¢8¢dxdy—fj pd¢dx dy

Integrating by parts gives [5, p. 243]

) A6\ [0\ d P
5F=5”[(£> +<£> —Zpd)] dxdy—5f¢£dy—5j¢£dx
(9.90)

The last two terms vanish if the boundary conditions are homogeneous, Dirichlet,
or Neumann. Hence,

o3[ (2] 2]

or
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1
F(¢)=”§[IV¢|2—2p¢] dxdy (9.91)

Functional for the wave equation may be derived in an analogous manner. Another
approach, called weak-wave equation, is given in the next chapter.

An alternative approach described by Mikhlin shows that the functional corre-
sponding to the Euler equation L¢ = g, for a real, self-adjoint, and positive definite
operator L is given by [6]

E(¢) =<Lé, ¢> -2 <, g> (9.92)

The symbol < > stands for inner product.

It may be verified that (9.92) is equivalent to (9.91) for the Poisson equation.
The functionals for the most common partial differential equations in electromag-
netics may be obtained from (9.92) and are listed in Table 9.2.

Exercise: ~ Consider the following differential equation:
0<x<1

subject to the boundary conditions f(0) = f(1) = 0. The stationary functional for
the differential equation may be obtained using (9.92). Assume a solution of the
form f(x) = ax(1 - x)3 + bx2(1 — x), with @ and b as variational parameters
[13, p. 141]. Use Ritz method and compare the variational solution with the exact
solution of (9.93b).

Table 9.2 Partial Differential Equations and Corresponding Functionals
in Electromagnetics

PDE Functional, F
Laplace PDE

eV2p=0 %e”fwoﬂz dv

Poisson PDE

1 2
L[] (o 2)

Homogeneous wave equation

Vi + e kg =0 %”J <|v¢|2—e,k§¢2> dv

Inhomogeneous wave equation

V2¢+ eyké¢:g %JIJ(|V¢|2_erk%¢Z+2g¢) dv




9.6 Method of Weighted Residuals 383

9.6 Method of Weighted Residuals

The accuracy of the solution based on Ritz variational method depends on the
stationary nature of the functional. It is possible to obtain functional for some of
the boundary value problems of electromagnetics (Table 9.2). There is an alternative
to the Ritz method and this method does not require the knowledge of functional.
The method can be applied to any integral or differential equation, and the varia-
tional nature of the solution is dependent on the operator. This method is called
Galerkin’s method, and it is a special case of weighted residual method. The method
can be described in terms of operator equation Lf = g. We illustrate the method
here by seeking the Galerkin’s solution of the following differential equation:

2

QU
~

=1+x

2 0<x<1 (9.93a)

&
o

subject to f(0) = (1) = 0. The analytical solution can be worked out by integrating
the differential equation twice and using the boundary conditions to determine the
constants of integrations; one obtains

fx) =5 -5 —-75 (9.93b)

When the solution f(x) is known exactly, the left and right sides of the differential
equation are equal and the difference between them is zero. In case of approximate
solution as in the computational methods, the residual is not zero and is defined
as

2
R(x) :d—’;+ 1+x2 (9.94)
dx

The unknown function f(x) is determined by expanding it in a set of basis functions,
similar to (9.37), as

N
f=2 anf (9.95)
n=1

where the constants «,, are unknown, and need to be determined. The «,, are found
such that the residual R(x) is forced to zero in an average sense; that is, the
weighted integral of the residual is set to zero,

f w(x)R(x) dx=0 (9.96)

where w(x) is called the weight function. In order to determine the constants a,,
uniquely, we should have N simultaneous equations. For this, we choose N weight
functions w,, (x), m =1, 2, 3, ... N, and form the weighted integrals as
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fwm(x)R(x) dx=0 m=1,2,3,...N (9.97)

w,,(x) is also called test function in connection with MoM. The solution of the
resulting set of equations determines a,, and therefore f(x)
Let us try the following basis functions for the solution

fo=x—-x"t1 u=1,2,3,...N (9.98)

The use of these basis functions in (9.94) gives the following residual:

2
Rix)=1+x>+ 2 a, [d—z(x—x"”)] (9.99)
dx

The weighted residual now becomes

1 N 1
fwm 2 n+1)”1dx—fwm( x)(1+x2)de  m=1,2,3,...
) =

0
(9.100)

Remarks.  Equation (9.97) may be integrated by parts to reduce the order of
derivative in R(x). The resulting expression will require basis functions for which
only the first order derivative needs to be continuous. This approach is used in
FEM to derive the governing equations [14].

9.6.1 Galerkin’s Method

A popular and useful variation of the method of weighted residuals is the Galerkin’s
method [3]. In this method, the test functions are chosen identical to the basis
functions. This not only saves us the labor of searching for the test functions but
also makes the solution variational in nature. Using the Galerkin’s method for the
given problem, we have

xX)=fpx)=x-x""" m=1,2,3,...N (9.101)
Use of this in (9.100) gives the following matrix equation:
[1e] = [m] (9.102)
where

L+ N T s s ——— (9.103a)

l,,,=<x-x
mn m+n+1
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_ m+1 2 m(3m+10)
my=<x-x",1+x >_4(m+2)(m+4) (9.103b)

The matrix equation is solved for the vector [a] and the result substituted in (9.95)
to determine f(x). The results for N = 1, 2, 3 are given next.

U (x) =£(x — x?) (9.104a)
£ (x) =%(x—x2) +%(x—x3) (9.104b)
f<3>(x):1(x—x2)+i(x—x4) (9.104c)

2 12 :

The superscript on f(x) denotes the value of N. It may be noted that the third
order solution is the exact solution, (9.93b). Higher order solutions with N > 4
are again found to be the exact solutions.

9.6.2 Point Matching Method

In order to simplify calculations of matrix elements, let us satisfy (9.88) at a number
of discrete points N in the range 0 < x < 1. This procedure is called point matching
or collocation. Besides being simpler, this method provides fairly good solution
for sufficiently large values of N. The matching of the solution at selected discrete
points is equivalent to choosing Dirac delta functions as test functions.

For the point matching solution, let us choose N equidistant points defined as

m

=xz1 ™=0L23,...N (9.105)

Xm

This division amounts to N + 2 points (including 0 and 1) and N + 1 intervals
over the range (0, 1).

The point matching solution process can be implemented by satisfying (9.93a)
at the points x,,; that is,

N dz
Zan[__(x_xn+1):| =1+x3m m=1,2,3,...N
x=x
(9.106)

An alternative is to use Dirac delta functions as test functions in (9.100); that is,
w,, = 8(x — x,,). Either approach results in the following matrix equation:

[[1la] = [m] (9.107)

where
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n—1
_ n-1_ m
Ly =n(n+1)x,, —n(n+1)<N+1> (9.108a)
m 2

The matrix equation is solved for the vector [a], and the coefficients substituted
in (9.95) to determine f(x). The solutions are found to be

) =3 x - 2%) (9.109)
D)= L e - x2) 4 2 (x - 23 9.109b
FO ) = g6 =) + 2 (x - ) (9.109b)
(3 gy = Ly _ 1 4
[Px) =5 —x7) + 35 (x —x7) (9.109¢)

It is worthwhile comparing the errors or residuals incurred in the point matching
method (Rp) and the Galerkin’s method (Rg) for identical basis functions. The
residual is defined by (9.94). Figure 9.11 shows the residual R(x) for N = 2
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Figure 9.11 Comparison of residuals for point matching (Rp) and the Galerkin’s method (Rg) for
the same basis functions for N = 2.
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calculated using (9.104b) for Rg, and (9.109b) for Rp. The residual Rp is found
to be zero at the match points x = 1/3 and 2/3. The differential equation is not
satisfied for other values of x. The difference between Rp(x) and Rg(x) does not
appear to be significant. The error over the domain defined as € = f; R(x) dx may
be used as the basis for comparison. It is found that €, = 1/18 and ¢, = 1/30,
suggesting that the Galerkin’s method yields lower error over the domain.

The weighted residual method has been illustrated for the solution of differential
equations. It has been applied to the solution of integral equations also, as illustrated
in Chapter 11.

Comparison of Galerkin’s and the Ritz methods shows the following
[8, p. 144; 14, p. 32]:

1. These methods are equivalent for positive-definite differential operators.
2. The Galerkin’s method can also be used for nonpositive-definite operators
where the solution is not variational.

9.7 Summary

The variational method is an approximation technique and forms the foundation
of the computational methods such as FEM and MoM. The calculus of variations
is reviewed first to describe stationarity and extremum. Functionals are defined as
functions that depend on functions as variables. The variational analysis may be
applied to the solution of differential equations and integral equations. The only
requirement is that the governing equations should be stationary in nature. The
differential equations can be formulated systematically as stationary functionals.
The stationary functionals are listed for the important differential equations of
electromagnetics. The accuracy of the solution depends on the choice of expansion
functions for the unknown function. The use of Ritz method helps us determine
the stationary value of functionals. A number of examples illustrate the variational
procedure. The variety of examples includes: capacitance of strip line, cutoff fre-
quency of waveguides, resonant frequencies of cavities, and variational solution in
spectral domain for microstrip line.

The method of weighted residuals does not require that the governing equations
should be stationary in nature. It can be employed to solve differential or integral
equations straight-away. These equations are satisfied in an average sense over the
domain instead of satisfying them at each and every point. The averaging process
selected is the weighted average. Setting the weighted residual to zero defines the
governing equation for the problem. The unknown function is then expanded in
terms of known functions. The number of weight functions required is equal to
the number of expansion functions. The resulting set of simultaneous equations is
solved to determine the unknown expansion coefficients. Two popular variants of
method of weighted residuals are point matching and Galerkin’s method. The point
matching method has the advantage of analytical simplicity, whereas Galerkin’s
method is found to be numerically efficient because of its variational character.
Method of moments and finite elements methods are based on the method of
weighted residuals. The method of weighted residuals is illustrated here by solving
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a simple differential equation and comparing the residues for point matching and
Galerkin’s cases.
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P9.1. Consider the following Poisson equation:

Vip(x,y) = -1

in the range 0 < x < a, 0 <y < b, with the condition ¢ = 0 on the boundary. In
order to solve the Poisson equation using the variational method, first determine
the functional F[¢]. Now use the trial function ¢(x, y) = y(b — y) a(x) to obtain
the approximate solution based on the variational method; that is, determine a/(x).

P9.2. (a) Find the variation of the functional (After: [14], p. 148)

dVy  2pV
[ -35)
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subject to the boundary condition V=V or dV/dx = 0. Show that the stationarity
of the functional yields the Poisson equation for the electrostatic problem.
(b) Apply the Euler equation

dof o _, _adv
o -av-' Vg
dV\: 2pV
to the integrand f = <E> " e directly to verify the answer to part (a).

P9.3. (a) Use the variational principle and Ritz method to solve the following one-
dimensional Poisson equation:

d*A

d2=—,u] -d<x<d
x

subject to the boundary condition A(d) = A(—d) = 0. Hint: You may use the trial
function of the form A = (x — d)(cq + cyx). (After: [14], p. 172.)
(b) Show that the exact solution of the above differential equation is

A:“T](dz—xz)

(c) Compare the variational solution of (a) with the exact solution (b).

P9.4. Show that the Euler equation for the functional [14, p. 156]

1 QAN [0A,\
is the Poisson equation VtZAz(x, y) = —uJ, for the two-dimensional magnetostatic
problem.

P9.5. The cutoff frequency for the dominant mode in a symmetric ridge waveguide
of Figure 9.12 may be determined using (9.65). Justify your solution.

AY
L
h A
[ 1 .
/S>>

L 2d L

Figure 9.12 Cross-section of a double ridge waveguide.
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P9.6. Consider a rectangular waveguide cavity of size a X b x ¢ with 0 < x < a,
0<y<b,0<z<ec.
(a) Show that the use of the trial electric field

Ex=yz(y = b)(z~¢)

in the variational expression (9.69a) gives

_\/E b +

“r="he €

(b) What are the cavity modes which can be represented by the trial field given in
(a) above?

P9.7. For the cylindrical cavity shown in Figure 9.7 the electric field stationary
formula for the resonant frequencies w, is given by (9.69a).
(a) Determine the resonant frequency for this cavity using the following trial field:

s cos[™
E-zcos(za>

Note that this trial field satisfies the boundary condition at p = a and is a solution
of the wave equation.

(b) Use Ritz procedure to determine the resonant frequency more accurately. (Mod-
ify the trial field by adding a term to it.)

P9.8. For the cylindrical cavity shown in Figure 9.7 the magnetic field stationary
formula for the resonant frequencies w, is given by (9.69b).
(a) Determine the resonant frequency for the dominant mode of the cavity using

the following trial field:
2 2
H=¢ (p -3% )

(b) Ritz procedure can be used to improve the accuracy of the solution. You may
use the following trial field for this purpose:

H=¢(p+ Ap?)
2.4048
a~\| ne

The exact resonant frequency of the cavity is w, = . Determine the percent-

age error in the two cases considered above.

P9.9. Consider the following functional where y(0) = y(1) = 0 (After: [2], p. 42.)

18] 7]

Jly) =

OR‘H
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(a) Show that the Euler’s equation for the above functional is

d 2y

—= = -1
dx

(b) Use the Ritz procedure and the following trial function based on Fourier series

y(x) = ¢1 sin(7x) + ¢ sin(27x) + ¢3 sin(37x)

to verify that the variational solution is

4 4
y(x) = —5sin(7x) + 3 sin(37x)
T 27

(c) Show that the solution of the Euler’s equation subject to the given boundary
conditions is

i) = S

(d) Verify that the variational solution (b) represents the first two terms of the
Fourier expansion of the exact solution given in (c).

P9.10. A shielded microstrip line is shown in Figure 9.13. The enclosure and the
conducting strip are assumed to be perfect conductors. The strip thickness is
assumed to be negligible, and the substrate is assumed to be lossless.

(a) Derive expressions for the capacitance per unit length C, characteristic imped-
ance Z, and relative effective dielectric constant €, using variational principle.
Assume the following charge distribution:

P

0 a

Figure 9.13 Cross-section of a shielded microstrip line.
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f a—W< <a+W
|x| for 5 Sx<—5

Ps (x) =
0 otherwise

(b) Calculate and plot Z and €4 versus W/h from 0.05 to § for €, = 2.2 and 10
and » = 0.635 and 1.27 mm, d = b, respectively. Compare your results with that
obtained from microstrip line with a cover shield (Section 4.6.2).

P9.11. Repeat problem P9.10 with

a-W a+ W
<x
2 2

0 otherwise

IN

A for

ps(x) =

where A is a constant.



Finite Element Method

10.1

Finite element method (FEM) was pioneered by structural analysts. Its mathematical
base was provided by Courant in 1943 [1], but its use in electromagnetics was
not reported until 1968 [2]. Research contributions by Silvester and his group
contributed significantly to the use of FEM in electromagnetics [3, 4]. Since then
FEM has become popular as a computational method in electromagnetics because
of its desirable features like geometrical adaptability and low memory requirements.
FEM has been combined with most of the other computational methods to develop
more efficient hybrid computational methods (Section 11.5). Some of the recent
books provide a clear, conceptual picture of FEM in the general framework of
computational techniques [5-7]. A number of computer codes in Fortran, C, and
MATLAB are available in [5-7] and are meant primarily for education. Commercial
software packages provide user-friendly interface to FEM.

FEM may be described as an adaptation of the variational method (Chapter
9) to devices with irregular shapes and dielectric inhomogeneity. Its variational
property implies that the solution is accurate to, for example, second order even
if the modeling is accurate to the first order. This translates to coarse discretization
for the same accuracy and reduces the computational load. Other than the func-
tional approach, one may use the weighted residual method to develop governing
equations for FEM. In this form, FEM is very similar to the method of moments
(MoM). This approach is also applicable to problems where the functional for the
problem does not exist or cannot be identified. We shall employ the functional
approach because of its simplicity.

Basic Steps in Finite Element Analysis

The FEM analysis of any problem involves four major steps: (1) segmentation or
meshing of the device geometry into a finite number of elements such that the
dielectric is homogeneous in each element; (2) deriving the governing equations
for a typical element; (3) assembly of all elements of the device to generate the
system equations; and (4) the solution of the system of equations obtained to
determine the unknowns. To these, one may add another step of postprocessing,
which involves processing the data generated to obtain characteristics of interest
like: S-parameters of circuits, characteristics of transmission lines, resonant fre-
quency, scattering cross-section, radiation characteristics, and so on. The major
steps in FEM are described next.

393
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10.1.1 Segmentation or Meshing of the Geometry

The given device geometry when not amenable to solution in the present form is
divided into a number of subproblems that are easier to solve. For this, the device
geometry is divided into a finite number of elements. The various elements employed
for the analysis in FEM are shown in Figure 10.1. The line segment, straight
or curved, is used for one-dimensional problems. For two-dimensional analysis,
triangles and/or quadrilaterals are used to model the geometry, and tetrahedron
and bricks may be employed to discretize three-dimensional geometry. The discreti-
zation for a two-dimensional geometry is illustrated in Figure 10.2. In this figure
the circular region is approximated by an inscribed regular octagon, which for the

/‘

() (b)

©

Figure 10.1 Various element types used for FEM analysis: (a) line segments for one dimension;
(b) triangles and quadrilaterals for two dimensions; and (c) tetrahedrons and bricks for three dimen-
sions.

@ B s @ Actual boundary

e =i element no.

Approximate
boundary

Figure 10.2 Discretization of a circular geometry into a number of triangular elements.
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purpose of FEM analysis is modeled in the form of eight nonoverlapping triangular
elements and nine nodes. It may be noted that the octagon is used here as an
approximation to the circle in order to reduce the computational load. Increasing
the number of sides of the polygon improves the approximation so much so that
a polygon with an infinite number of sides (each side of the size of a point) will
fit the circle exactly. One can use a combination of triangular and quadrilateral
elements also for two-dimensional problems, but the triangular elements with
variable size are popular because they can model arbitrary geometrical shape better.
In commercially available software, the segmentation is carried out by an auto-
mesh generator with an option for manual intervention.

If the approximate field (potential) distribution in the element e is ¢°, the
distribution in the device is a linear combination of these distributions,

Ne
ex,y) =Y ¢(x,) (10.1)
e=1

where N, is the number of elements of the solution region. The number N, is
chosen such that the longest side length is typically less than A/10. Continuity of
the solution across the element boundaries incorporates the effect of neighboring
elements on the solution.

Next, we determine the distribution ¢° in a typical element.

10.1.2 Derivation of the Element Matrix

We notice from (10.1) that the distribution ¢ within the device is determined by
the distribution ¢° in each of the elements of the device. Next, we expand unknown
¢° in suitable basis functions ¢ . Historically, the basis functions are called shape
functions in FEM. Two types of basis functions are used in FEM: node-based, and
edge-based functions. The edge-based functions are found to be superior and free
from spurious solutions [5]. We shall use node-based functions for simplicity of
analysis.

Basis Functions
The basis functions are defined over the element only and are zero outside it. They
can influence the value of potential in the immediate neighboring elements only
through continuity conditions. This property leads to the sparse matrix for the
FEM solution.

The basis functions used to expand the unknown function ¢° should form a
complete set in order to improve the accuracy of solution. However, due to the
limited computer resources the number of terms in the expansion is restricted to
a few only. Therefore, there is a trade-off between the desired accuracy and the
number of basis functions used. One may use linear, second-order, or third-order
polynomial, for the basis functions. In general, the order of the differential equation
to be solved determines the maximum order of the polynomial to be employed. In
most of the electromagnetic problems, only the continuity of the function (and not
the continuity of the derivative) across the elements is imposed. Once the basis
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functions have been selected, the approximate distribution within a two-dimen-
sional element e with p nodes may be written as

p
e, y) =Y, cf i (x, y) (10.2)
i=1

where i (x, y) are the two-dimensional basis functions, and ¢; are the unknown
complex coefficients to be determined. The equations for ¢; are obtained by enforc-
ing the governing differential equation for the element, say,

aZ e 82 e
gDz + g02
0x dy

+ k20 =0 (10.3)

It is impossible to satisfy the differential equation at each and every point of
the element because of the finite memory size. Alternatively, one may satisfy the
differential equation in an average sense. For this one may employ the weighted
residual method of Section 9.6 and obtain the governing equations for the element
[5]. An alternative to this approach is to use the corresponding functional. We
shall use the functional for its simplicity.

The functionals for various types of differential equations used in electromag-
netics are given in Section 9.5. The functional for the wave equation (10.3) is given

by

1
Fe[g*] =5ﬂ [1V6¢? - k2(6°)2 ] ddy (10.4)
S
The expansion (10.2) is now substituted into (10.4), resulting in a matrix of the

form

[F]=1[A°][¢°] (10.5)

where [A°] is the element matrix and [¢°] is the nodal vector. The form of the
element matrix is given below,

e e
. Al Ap , , ,
[A°] = for one-dimensional problems with 2-nodes

A% A%
(10.6)
Al Ay A%
[A¢] = A5 A% A% for two-dimensional problems with 3-nodes

A5 A5 A%
(10.7)
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The matrix element Afj describes the coupling between the nodes i and j. The
next major step in FEM solution is the assembly of element matrices.

10.1.3 Assembly of Element Matrices

The matrix equation (10.5) represents a set of equations, which are now assembled
for all the elements of the device,

N, N,
> [ACl1ef]= ) [F] (10.8)
e=1 e=1
to yield the system matrix
[A][¢] = [F] (10.9)

where [¢] is the global nodal vector whose elements are the expansion coefficients
9

Let us illustrate the effect of assembling various elements by considering Figure
10.2. The octagonal geometry is segmented into eight triangular elements with
nine global nodes, and 3 x 8 = 24 local nodes. The eight elements give rise to 24
equations. The number of unknowns are nine values of ¢, corresponding to the
global nodes. Therefore, the number of equations is more than the number of
unknowns. This is due to the fact that several elements share the same node (e.g.,
nodes 1 to 9). The assembly procedure takes care of this multiplicity to yield as
many equations as there are unknowns. It also ensures continuity of ¢ from element
to element.

10.1.4 Solution of System Matrix

The matrix [A][¢] = [F] should now be solved to determine the unknown vector
¢ of potentials at the nodes. The correct nodal values are obtained when
the functional is made stationary with respect to the expansion coefficients c¢;,
i=1,2,3,... N, where N is the number of global nodes. Using Ritz method
(Section 9.3), we set

aa—F =[0], i=1,23,...N (10.10)
Ci

An equivalent approach is to first take the derivative of F® with respect to each
of ¢{ and then carry out the assembly of elements [8]. This is permissible because
of the linearity of assembly process. Equation (10.10) now gets modified as

N
oF ¢ OF°
— = =[0 10.11
3~ 2 5 =10 (10.11)

We shall follow the second approach in which [0F¢/dc¢] is computed and (10.11)
is implemented. The resulting set of simultaneous equations is solved to determine
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10.2

the unknown vector ¢. The matrix [A] is a square matrix of size N x N, very
sparse and symmetrical also if the medium (material) is reciprocal. The matrix
equation obtained from (10.10) or (10.11) may be solved either by using direct
matrix solvers such as L-U decomposition or iterative solvers. The matrix solution
techniques are described in Appendix A.

10.1.5 Postprocessing

The last major step in the FEM solution process is to process the data in the form
of ¢ vector. The value of ¢ at the nodes of the element can be used to describe
the behavior at any point inside the element by using (10.2). The plot of ¢ in the
device may be used to develop concepts or to obtain the desired characteristics of
the device. The electrostatic field distribution can be utilized to determine the stored
electric energy from which the capacitance can be obtained. The current distribution
on the metallic portion of the antenna may be used to calculate the radiation
pattern.

FEM Analysis in One Dimension

The one-dimensional problems provide the simplest means to learn the mathemati-
cal concepts and computational approach, with less programming complexity.
However, these problems cannot include arbitrary shape. The potential of FEM is
realized by analyzing complex three-dimensional structures with material inhomo-
geneity and anisotropy. The two-dimensional problems lie in between three-
dimensional and one-dimensional problems in terms of complexity and usefulness.
This section describes the FEM analysis for one-dimensional problems.
We start with the solution of one-dimensional scalar Helmholtz equation

d*E,
— T RE ) =g, 0sxs<L (10.12)
This differential equation describes steady state field distribution along the x-axis
and may be used to describe the wave behavior in free space, transmission lines,
parallel plate waveguide, and so on. With appropriate boundary conditions it can
describe the field distribution in transmission line circuits including resonators.
The Poisson equation follows from (10.12) if we choose k2 = 0.

We now describe the solution of (10.12); the functional for which is listed in
Table 9.2 and may be written as

dE,\2
F(Ey)zéf (d—xy) dx—%szEi dx+ngy dx (10.13)

The first step in the solution process is to discretize the solution region (0, L) into
line segments (elements). We shall use equal length N, segments/elements of size
Ax = L/N,. The discretization or segmentation of the domain is shown in Figure
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10.3. Nodes are introduced to separate adjacent elements. The coordinate of the
ith node denoted as x; is given by

xi=(i-1)Ax, i=1,2,3,...N (10.14)

where N = N, + 1. This designation of nodes is called global node numbering.
Since an element connects two nodes, another number called local node number
is assigned to the nodes. The local nodes are denoted as x and x4 with superscript
e defining the element number. The local and the global node coordinates are
related as

x]=(e-1)Ax =x,and x5 = eAx = x,, 1, e=1,2,3,... N,
(10.15)

The discretization of the domain into elements results in discretization of
functional F as

N,
F(Ey) = F(¢°) (10.16)
e=1
where F¢ follows from (10.13),
X3 5 X3 X3
1 do° 1
Fe(cpe)zzj (;;) dx—zkzj(goe)z dx+Jg<pe dx  (10.17)

For brevity we have changed the notation in (10.16) from E, to ¢.
Next, we describe ¢°(x) in terms of known basis/interpolation functions. In
order to keep the analysis simple we choose linear basis functions, that is,

e°(x) =a’+ b’x (10.18)

where a® and b° are constants, and are determined by expressing the potential at
the two nodes as

Element #1 (e=N,)

(e=1

Figure 10.3 Discretization of the range 0 < x < L into a number of elements of size Ax.
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oi=a’+b°%S, pS=a’+b%S (10.19)

Solving for a® and b° gives

gpe _ (Pe ¢ex€ _ (pexe
bezg’ gf=172" Y2t (10.20)
e e e e
Xy — X1 Xy — X1
Therefore,
2
oflx) = 3 NE(x)gf (1021)
=1

where N f are the basis/shape functions obtained as

X=X e e
. , X1<x<x)
N (x) =13 xi - xi (10.22a)
L0 otherwise
[ x - xi e e
B " . X1 Sx<x)
Nj(x) =9 x5 — x (10.22b)
0 otherwise

The shape functions are plotted in Figure 10.4. It may be noted that there are two
overlapping shape functions for each element.
Substituting (10.21) into (10.17) gives

e e e
X3 X

2
e, e 1 d(gafN]-e) : 2 enye)\2 exre
F(¢)=Z.Zfl — ) dx—k (¢fNf) dx+2 | gofNf dx
T\ X X

(10.23)

Taking the derivative with respect to each of the unknowns gol-e, we obtain

~ -

-~ -

.
.
L= -

I\ PR e

Iv‘n’ 2

& — »
e e
X 1 x2

Figure 10.4 One-dimensional linear basis/shape functions.
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e E e

X2
- FdN{ dN?
gFstof T dx’d—/eZJNN dx +Jngdx i=1,2
Pi =1
” ¥ ¥ "
(10.24)
This equation can be expressed in the matrix form as
aFe e e e
[a¢e]=[A][¢]+[b L, e=1,2,3,...N, (10.25)
where
[e1=[ef, e5],  b°1=[0f, 5] (10.26a)
[A¢] = A A (10.26b)
CLAs A% '

[A°] is called the element matrix and its entries, as obtained from (10.24), are

X3
dN; dN?
Af}:f[dx r —kNN]d (10.27)
xy

The excitation vector entries are obtained as

bfszf(x)g(x) dx i=1,2 (10.28)

Since the shape functions are linear, the integration in (10.27) can be carried out
analytically while that in (10.28) can also be performed analytically provided g(x)
is assumed to be constant over the range of eth element. If we approximate
g(x) = g° one obtains

- L
AflefzzA—1+k2A—x Ax =1 (10.29a)
AS = A, =$+k2% (10.29b)
b¢ = b =g“’A7x (10.29c¢)
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Assembly of Element Matrices

Since each element generates two equations, the number of equations generated
by N, elements is 2N, whereas the number of unknowns is equal to the number
of global nodes N = N, + 1. The redundancy (because N < 2N,,) is principally due
to the reason that the elements are considered independent although they are part
of the domain 0 < x < L. The nodal field is continuous across the adjacent elements.
Imposing this constraint on the common nodes between the elements will reduce the
number of degrees of freedom and therefore the independent number of equations. A
simple implementation of the continuity condition is to express (10.25) for the
various elements in terms of global nodes as [8]

[aﬂ = [A°][e] + [b°], e=1,2,3,...N, (10.30)
de

All the new vectors [¢], [b¢], and matrix [A¢] are of global size N which is greater
than the element size, and are obtained by zero filling of the corresponding vector/
matrix for the element. The overall effect of the assembly procedure is to generate
as many equations as there are global nodes.

The next step in the solution is to sum (10.30) over all the elements and apply
the stationarity constraint (10.11) [8] to obtain

N
oF T OF D= —
5= — = A’ +[6°]) = [0 10.31
9e; = L 5gr = 2 [ATTle] + b)) = [0 (10.31)
The details of the assembly procedure are given in Example 10.1. The system

matrix (10.31) can be written as
[Alle] =-[b] (10.32)
The matrix equation can be solved using either direct-matrix inversion or iterative

matrix solution to determine the [¢] vector. The distribution E, (x) over the problem
domain is then given by

¢ Nj (x) (10.33)

INgES

N
Ey(x) = 2

e
e=11

1

10.2.1 Treatment of Boundary and Interface Conditions

The boundary conditions guarantee the uniqueness of the solution, and are applied
before solving the system matrix (10.32). The Dirichlet boundary conditions
¢ = C are essential boundary conditions and are implemented by specifying the
value of global nodes at the boundary. If, for example, E, is specified to be zero
at the end points, ¢1 and ¢y are set to zero a priori. The Neumann boundary
conditions dg/dn = 0 in FEM are called natural boundary conditions; they are
automatically satisfied by the function about which the functional is stationary
[6]. Therefore, Neumann boundary conditions are not to be imposed separately.
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The conditions at the interface of two different media require that the tangential
components of electric and magnetic fields should be continuous across the inter-
face. This can be implemented by assigning common nodes at the interface. How-
ever, it also enforces continuity of the normal component of the field, and is not
correct. Finer discretization near the interface can alleviate this problem [8, p. 195].

Example 10.1.  Use FEM to solve the following differential equation:

B )
——>— — 7 Ey(x) =27 sin(7x), 0<x<1 (10.34)
dx
subject to the boundary conditions
Ey(0) = E,(1) =0 (10.35)

Compare the FEM results with the exact solution E, (x) = sin(7x) [5, p. 83].

Solution.  Based on (10.12) and (10.13), the functional for (10.34) can be written
as

dE,\? 1
y) :%f (d_xy> dx +§772 J Ey2 dx — 2* f sin(7x) Ey, dx
(10.36)
Let us divide the domain 0 < x < 1 into four equal segments of size Ax = 0.25 as

in Figure 10.5. The element number, global and local node numbers are also
indicated there. The matrix and vector elements are given by

1 pAx 1 olx
Ax T3 Ax " 6

e1 _ _
[A%] i ZA_x i ZA_x 5 e=1,2,3,4 (10.37a)
Ax "6 Ax 7T 3

and

Global

node# 1 2 3 4 5

ol 2 1 2, N Y neanh A&
Local 1
node # S FT’I e=4

Figure 10.5 Segmentation of the domain 0 < x < 1 into four equal segments of length Ax = 0.25.
The global and local nodes are also shown and numbered.



404 Finite Element Method

bf =27 f N¥ (x) sin(7x) dx (10.37b)

e
X1

or

bé = —27T<cos(77'(e ~ 1)Ax) - A‘;;)

b; = —27T<—cos(7reAx) + A?cir)

where a, = sin(meAx) — sin(7(e — 1) Ax).

Assembly of Elements
For assembly, the vector [¢°] is replaced by global vector [¢] defined as

lel=le1 @2 ¢3 @4 o5l (10.38)

Matrices [A°] and vectors [b°] are replaced by the corresponding global sized
matrices and vectors by appending zeros as shown below for e = 1, 2. The global
sized matrices and vectors are distinguished by the superscript (-).

AL, AL 0 0 o0
Al Al Ay AL 0 0 0
Al = =[A'1=l 0 0 0 0 0 (10.39)
Al Al
i an 0O 0 0 0 0
Lo o0 o0 0 od
]
b! by
(b= )l == 0 (10.40)
2 0
Lo
0O 0 0 0 0] 0]
0 A%, AL 0 0 b3
A4 =|0 A3y A5 0 of  pH=|b (10.41)
0O 0 0 0 0 0
0 0 0 0 o0 [ 0 _
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Similar matrices/vectors are written for the rest of the elements. Next, the matrices/
vectors for the various elements are added row by row; that is, the first row of all
the elements are added to give the first row of the global matrix/vector, and so
on. The resulting matrix equation is

A, AL 0 0 0 |~ - bi - -
1 1 2 2 e 1,2 0
A21 A22+A11 AlZ 0 0 ©) b2+ bl 0
2 2 3 3 2,3
0 Adq A+ Ay A1 0 o3 |4 | b2+b1 || O
3 3 4 4 3 4 0
0 0 A21 AZZ + All AlZ D4 bz + bl
| 0 0 0 Ady ah Lesd |op4 | L0

(10.42)

For coding, one may start with a 5 x § null matrix for [A] and update it
element by element.

Boundary Conditions

By replacing the local node numbers by the global node numbers we have ensured
continuity of ¢ from element to element. The boundary conditions ¢1 = 0 = @5
are now applied to (10.42) by deleting the first and last equations of (10.42) and
set @1 = 0 = @5 wherever they occur [8]. An alternative is to delete first and last
rows in (10.42), and delete first and last columns also from the resulting matrix.
One obtains

1 2 2
Ay + ATy Al 0 ©) by
2 2 3 3
Ay Ay + ATy A1y e3|=—| b3 (10.43)
0 A%l Agz + Aél‘l D4 b4
where
- ;2 . ..
b;=b) L b1 = H(Sll’l{’ﬁ(l —2)Ax} + sin(imAx)) (10.44a)
e e -1 1 2
Afy= A% = 1o — 37 Ax = -4.8225 (10.44b)
e e 1 1 2
A12=A21=E—g77 Ax =3.589 (10.44c)

Solution of (10.43) is obtained as

[¢] =[0 0.7055 0.9977 0.7055 0]
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and compares favorably with the analytical value [0 0.7071 1 0.7071 0]
obtained from sin (7x).

The field distribution over x is found from (10.33) and the computed nodal
values; it is given by

4 2
Ey(x)= Y, 3, e/ Ni(x) (10.45)
e=1i=1

In the given problem, the nodes are located at x; = 0.25(i — 1), and the central
three nodes contribute to E, (x). Therefore,

1 2 2 3 3 4
Ey(x) = @3Ny + @3N + ¢3N3 + ¢3N{ + 04Ny + 94N
or

Ey(x) = 0.7055 (N3 (x) + N{(x) + N3 (x) + N{ (x)) + 0.9977(N3 (x) + N (x))
(10.46)

The absence of shape functions Nll (x) and Ng (x) in (10.46) ensures that the
boundary conditions are satisfied. The field distribution, reconstructed from the
computed nodal potentials and the basis functions, is plotted in Figure 10.6. It
approximates the expected solution fairly well. The solution of the differential
equation for large number of segments can be determined using the software
fem_oned.m. It has been observed that there is hardly any difference between the
analytical value E, (x) = sin (7x) and that computed from the software femn_oned.m.

It may be noted from Figure 10.6 that triangular basis functions of size 2Ax
could have been employed for solving this problem with identical results. These
basis functions are used in [5] for solving a similar problem. The triangular basis
functions are described in Section 6.2.1.

10.2.2 Accuracy and Numerical Dispersion

In this section we discuss the effect of discretization size on the accuracy of results.
This particular aspect was discussed earlier in relation to FDM and FDTD. Here,
we want to determine numerical dispersion and compare it with that in FDM. The
presentation given here follows that in [9].

x=0

Figure 10.6 FEM solution for the Example 10.1, N, =4, Ax=0.25.



10.2 FEM Analysis in One Dimension 407

To determine accuracy and resulting dispersion we solve the following one-
dimensional scalar Helmholtz equation for the propagation constant:

d*E
7} +k*Ey(x) = 0 (10.47)

where k = 277/A defines the phase constant in the medium.

We assume a large free space with no boundaries and segment it uniformly
with element size Ax. Employing the linear basis functions as described in the last
section, the equation for the ith node is given by

[0,0,0,..., A% 1240 1, A 141, 0,.. . 0]{Ey} =0 (10.48)

1,19

where {Ey}t ={ .., Ey i 1,Ey i, Ey i1, ...} are the coefficients of expansion
for the unknown field vector, and the matrix elements are defined by (10.29).
Substituting these expressions gives

1 1 2 2 1 1
Ey,i—l |:E+gk2Ax:| - Ey,i [E—gszx] + Ey,i+1 [E-ngzAx] =0

or
1 2 1
Eyiv1—2Ey i+ Ey ;i 1+ (kAx)? [gEy,,-H +3Eyi+ gEy,,-_l] -0
(10.49)

We now solve this equation using a discretized version of the traveling wave
solution, E,(x) = Eoeika, that is,

E, ;= Ege®Plis) (10.50)

where B is the wave propagation constant in the discretized medium. Substituting
(10.50) in (10.49) results in

. . 1 . .
e/PA% =2 4 TN 4 2 (kAx) (P 4 4+ TP = 0

or

2
-1 (M) (10.51)

1
B =-—cos
Ax 6 + (kAx)*
This equation along with (10.50) constitutes the numerical solution for wave
propagation on an infinite, uniform mesh. The propagation constant 8 is found
to be different from the propagation constant k and is dependent on cell size Ax
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and k. In the limiting case, Ax — 0, 8 — k as expected. In the lossless medium,
B is real valued for [9, p. 198]

kAx <12 (10.52)

Therefore, for cell sizes such that Ax < 0.55A, the error in the numerical solution
is entirely phase error. This phenomenon is called numerical dispersion. The phase
error over a single cell is given by

Phase error = (k — B)Ax (10.53)

The phase error per wavelength is listed in Table 10.1 as a function of number of
cells per wavelength, A/Ax. For example, the error over a cell of size 0.1 is about
0.57°. The phase error increases cumulatively across a mesh, so cells of width 0.1
spanning a region of 10 cells would produce a total phase error of 5.67°. Since
Blk =0 0,10 gisc < 1, the phase velocity is higher in the discretized space compared
to that in the continuous medium.

The phase error per wavelength for the FEM and FDM (refer to Table 7.2)
for the same discretization size is compared in the last two columns, and shows
that the phase error in FEM is slightly lower. The improvement in the accuracy
for FEM solution may be due to the use of linear basis functions compared to the
pulses employed in FDM. Also, the phase velocity is higher in FEM and lower in
FDM compared to that in the continuous medium.

Verification of Blk Through Resonator Simulation.  The effect of discretization
on phase constant may be determined by carrying out a simple simulation experi-
ment on line resonator. For this, we design a half-wave resonator with shorted
ends. Discretize the resonator in segments of length Ax as described earlier, and
excite it at the central node. Due to the discretization error in B/k, the resonator
will not resonate at the designed wavelength. We need to fine-tune the resonator
to determine the actual resonant wavelength. Tuning by changing the line length
is difficult because of the coarse discretization employed. We introduce a parameter
for changing the dielectric constant of the medium. The wave equation for the
resonator, with L = 1m and therefore resonant wavelength, A = 2m, becomes

d’E, 2
5 + Cmr Ey=0 0<x<1 (10.54)
dx

with

Table 10.1 Effect of Cell Size Ax on the Phase Velocity and Phase Error

Phase Error

per A (deg)
AlAx BAx (rad) kAx (rad) Blk FEM FDM
5 1.186 1.2566 0.9438 20.10° -29.27°
10 0.6181 0.6283 0.9838 5.67° -6.19°

20 0.3130 0.3141 0.9965 1.46° —1.49°
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10.3

Here C is the parameter introduced to vary the dielectric constant of the medium;
C =1 for air medium. FEM analysis of (10.54) shows that the expression for C
for which the propagation constant 8 equals k is given by

C (kAx\ \?
w()
C= kAx 2 + cos(kAx) (10.53)
2

For FEM simulation, the resonator was excited at the central segment by setting,
for example, 5 =[0 0 1 0 0] for five segments. The simulated value of C as a
function of Ax/A is listed in Table 10.2.

The normalized propagation constant in the discretized medium is then given
by B/k = llxﬁ . FEM simulation of the resonator produced the values close to the
analytical values. The resonance is marked by the increase in amplitude of the
resonator as we approach resonance. The amplitude flips over from high negative
to high positive value, or vice versa, at the resonance. The source code femn_oned.m
was modified for this purpose. The amplitude distribution on the resonator for
three values of constant C is shown in Figure 10.7 for Ax = A/20. The flipping
over of the amplitude from high negative to high positive value indicates resonance,
and C = 1.00825 at resonance. The amplitude is =25 for C = 1.

FEM Analysis in Two Dimensions

The FEM solution of one-dimensional differential equations was discussed in the
last section. The emphasis was on developing concepts without running into tedious
mathematics and complicated coding, although the practical problems in one dimen-
sion are very limited. The two-dimensional problems are more realistic. For exam-
ple, TE and TM mode analysis of waveguides of arbitrary cross-section can be
carried out using two-dimensional formulation, and capacitance of transmission
lines can be found by solving Laplace equation in two dimensions.

The FEM analysis for the two-dimensional problems starts with the use of
corresponding two-dimensional functional. The unknown function in the functional
is expanded in basis functions, and the expansion coefficients are determined using
the Ritz procedure.

Table 10.2 Comparison of the Value of C from (10.55) and
Resonator Simulation

C, Based on C, Based on
Ax/A Simulation (10.55) Bk (k1)
1/8 1.052-1.053 1.0523 0.9759 1.05
1/12 1.023-1.0235 1.02304 0.989 1.022
1120 1.0082-1.0083 1.00825 0.9965 1.0070

1/40 1.002-1.0021 1.00206 0.9985 1.003
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Figure 10.7 Amplitude distribution on half-wave resonator for three values of C for Ax = 1/20.
The flipping over of the amplitude indicates resonance.

10.3.1 Solution of Two-Dimensional Wave Equation

It is assumed in the two-dimensional formulation that the device geometry is
uniform along the z-direction. This leads to the assumption that the unknown
function is independent of the z-coordinate as in a parallel plate capacitor, or the
function has known z dependence as in the case of propagation in waveguides. Let
us consider the propagation of TE modes in a homogeneously filled waveguide.
The inhomogeneous wave equation for this case is given by

P*H, 9'H
axzz N T2z + Y H,=gi(x,y) ' =k*-p? (10.56a)

Similarly, the wave equation for TM modes is given by

2 2
aafzz + —aayEzz + 7V E,=g2(x, ) (10.56b)

The functional obtained from Table 9.2 is found to be

1 2 2
F(¢)=§H[|Vﬂo| — ¥ o” + 2g¢| dxdy, g=giorg, (10.56¢)
S
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where ¢ stands for H, or E, as the case may be, and § is the cross-sectional surface
of the waveguide. The excitation function of the waveguide is represented here by

glx, y).

10.3.2 Element Matrix for Rectangular Elements

In order to illustrate the analysis procedure we consider FEM analysis of a rectangu-
lar waveguide shown in Figure 10.8. First we segment the waveguide into a number
of elements. The elements used could be of the same size (uniform discretization)
or of different sizes (nonuniform discretization). The shape of the elements could
be the same for all or vary from element to element. The preferred element shapes
include: triangular, rectangular, and quadrilateral shapes. The triangular elements
are the most versatile of these and can be used to model arbitrary shaped geometry.
The rectangular elements are efficient for modeling rectangular geometries, and
the element matrix can be expressed in a simple closed form. In order to make the
analysis amenable to hand calculations, we shall use rectangular elements for
segmenting/meshing the waveguide. Also, the rectangular element is natural for
this geometry and the number of elements required for a given accuracy is expected
to be less.

Rectangular Element

Consider the rectangular element of size a® x b° as shown in Figure 10.9. The
nodes are numbered in the counterclockwise direction. Unless this convention is
followed for numbering the local nodes, the expressions derived next are not valid.
However, the local node numbering may start from any node designated as #1.
The potential distribution within each element may be approximated using linear
variation as

e, y)=a +b'x+c’y+d'xy (10.57a)
The constants a’, b’, ¢/, and d’ can be determined from the potential at the four

nodes of the rectangle. If the nodal values are denoted as ¢1, ¢3, ¢3, and ¢4, we
obtain by enforcing (10.57a) as

ei=a +b'xy+c'y +d'xy, (10.57b)
y
i)
b £ H,
X
a

Figure 10.8 Geometry of a rectangular waveguide.
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Figure 10.9 Node-based rectangular element. The nodes are numbered in the counterclockwise
direction.

ps=a +b'xy+c'y, +d'xyy, (10.57¢)
ps=a’ +b'xy+c'yy+dx3y; (10.57d)
ps=a +b'xy4+c'ys+dxsyy (10.57e)

Solving for the coefficients and substituting back into (10.57a), the distribution
inside a rectangular element is expressed as

4
e°(x,y) =Y, @i Ni(x,y) (10.58)
i=1

where the basis functions N (x, y) are obtained as

Nf(x,y) = (xz_xéy“_y) (10.59)
N5(x, y) = (x_xléy“"—y) (10.59b)
NS(x, y) = (x_x“éy_”) (10.59¢)
NE(x, y) = 237 xgy — ) (10.59d)

The basis functions are zero outside the element. The symbol [1 denotes the area
of the element, and is given by
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O=a°b®=(xy —x1)(y3 - y2) = (x3— x4)(y4 — y1), and so forth
(10.60)

The basis functions are plotted in Figure 10.10, and are so defined that

N7 (x, y) are equal to unity at the ith node and taper linearly to zero at the other

three nodes; that is, Nie(xi, y;) = 8jj, for i, j =1, 2, 3, 4. The basis functions are
4

nonorthogonal. Also, 2 N{(x,y) = 1.
i=1
For approximate FEM analysis, let us divide the waveguide geometry of Figure
10.8 into four elements of same size (a° = a/2, b = b/2) as shown in Figure 10.11.
The discretization of the geometry results in discretization of the functional also.
One may therefore write

(b (d

Figure 10.10 lllustration of the node based basis functions Nf(x, y) for rectangular element:
(a—d) linear basis functions Ny, N5, N5, and Nj.

4 314 3
e=4 : e=3
@y

3
# 4 e=2
1 1 2

Figure 10.11 Discretization of rectangular waveguide cross-section into four equal rectangular
elements of size a/2 x b/2.
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Fle)= ), F°(¢°), N,=4 (10.61)

where from (10.56c¢)

” [( )2 (ag;)]dxdy (10.62)
37 H dxdy+”g¢, dcdy

The integration is carried out over the element e.

Element Matrix

The next step in the FEM solution process is to substitute expansion (10.58) into
the functional and take its derivative with respect to each of the unknowns gof
yielding

F ¢ N/ ON{ N/
acp?:»zl (ff{ax 8x+8y 3 dxdy - yffNN dxdy
i 1=
+” gN? dxdy (10.63)

3,...N,, i=1,23,4

Expressing this set of equations in the matrix form one obtains

[E)F] [A][ ] [ge], e=1,2,3,...N, (10.64)
d¢°
where

1=[ef o5 of oilLl1e1=]g] & &5 gl (10.65)
and

Afy AL Al Al

, Ay A5 Al Al
Al = 10.66
47] A A5, A5 ANy ( )

e e e e
Ayt Ap Ay Ay

[A°] is called the element matrix, and its entries, as obtained from (10.63), are
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ON/ ON? ON¢ ON¢

(10.67)

gf=” gNCdxdy i=1,2,3,4 (10.68)

Since the basis functions are linear, the integrations in (10.67) can be carried
out analytically [5, p. 149], while that in (10.68) can also be performed analytically
provided g(x, y) is assumed to be constant over the element. If we set g(x, y) =
p¢, where p® is the value of g(x, y) at the mid-point of element e, one obtains

1/b° af 2a’b’ ,
AZ:Z(;JFE)_V 9 > i=1,2,3,4 (10.69a)

1 e e egpe
Aip= A= A= Af = (<o) =P (1069h)

e_e_e_e_lbe£ zaebe
Ap=An=An=An=3 <2ae - be> AT (10.69c¢)
1/b° a° 2a’b’
A=Al =A5 =A3=-¢ (a—e +E> -7 3¢ (10.69d)
e epe
g =v° ” Nf dxdy =" “4[7 i=1,2,3,4 (10.69€)

The dimensions a° and b° are defined in Figure 10.9. It may be noted that the
grouping of the matrix elements in (10.69) is determined by the distance between
the nodes.

10.3.3 Element Matrix for Triangular Elements

The triangular element is a versatile element because it can be used to model an
arbitrary shaped geometry especially if elements of different sizes are used. The
element matrix for a triangular element may be obtained in a manner similar to
that for the rectangular element.

Basis Functions for Triangular Elements
Consider the triangular element shown in Figure 10.12. The nodes are numbered
as before in the counterclockwise direction.

The potential distribution inside a triangle may be described by



416

Finite Element Method

I(xl,y,) 2(3‘;,}’;)

~ X
-~

0

Figure 10.12 Node-based triangular element. The nodes are numbered in the counterclockwise
direction.

3
e (x,y) =Y, @/ Nf(x, ) (10.70)
i=1

where the linear basis functions N; (x, y) are given as [3]

1
(a;+bjx +c;y) (x,9)eQ°
Nf(x,y) =424 Y Y (10.71)

0 otherwise

Here Q° denotes the surface of the element e. The coefficients a;, b;, c; are introduced
for conciseness in writing, and are described in terms of nodal coordinates as

a;i=x;Yp =Xy, bi=yj—yp, ci=xp—x; i, k=1,2,3 (10.72)

where (x;, y;) refers to the coordinates of node j as shown in Figure 10.12. The
indices (i, j, k) in (10.72) follow the cyclic rule (e.g., a1=x2y3— x3y2,
a)=x3y1—x1Y3, b1 =y2—y3, ¢1=x3—x3, and so forth). The area of the
triangle A° is given by

) 1 x1 1 ,
A®=> I x2 »m =5 llx2 = x1)(y3 = 1) = (x3 = x1) (y2 = 1]
1 x5 y3

(10.73)

The basis functions are illustrated in Figure 10.13. As seen there the basis functions
N/ (x, y) are equal to unity at the ith node and taper linearly to zero at the other
3
two nodes. Also, Z N{(x,y) = 1. A linear combination of the basis functions
i=1
with assumed nodal values is shown in Figure 10.13(d).
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(©) (d)

Figure 10.13 lllustration of the node based basis functions N (x, y) for a triangular element, and
the linear approximation: (a—c) linear basis functions N7, N5, and N§; and (d) linear approximation
SoFNF(x, Y-

Element Matrix

The element matrix may be obtained by following the procedure described earlier
for the rectangular element. Specifically, the basis functions (10.71) may be used
in (10.63) except that the summation is over three nodes for the triangular element.
The elemental matrix [A°] and the excitation vector [g°] are given by

ON; ON? ONY¢ ON?
A’?":H{axl sty | e [ NNy 12

(10.74)

gf=” gN{dxdy i=1,2,3 (10.75)

Since the basis functions are linear, the integrations can be performed analytically.
One obtains

ON/ ON¢ ON¢ oN¢
I {3555 =gt o

QE
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”NN dx dy = A o3 (1+ ) (10.76b)
or
e 1 e Ae . .
Ajj= 4Ae[bb+66] Y +8),  ij=1,2,3  (10.77)

where the Kronecker delta

5 1 fori=j
7710 otherwise

It can be shown that for any row or column of the matrix

Y (b6 +cfcf) = 2(bb+c,c/) 0 (10.78a)
i j
and therefore
ZAZ:ZAZ: yz% (10.78b)

i ]

Equation (10.78) may be used to verify the matrix element calculations.

The matrix [A°] can therefore be evaluated in closed form. Depending on the
form of function g(x, y), numerical integration may be required to evaluate the
coefficients g; in (10.75). The matrix for the triangular element may therefore be
written as

e e e
Al A Al

[A]=| AS1 A% Al (10.79)
A5 A% Af

10.3.4 Assembly of Elements and System Equations

The next step in FEM analysis is to assemble equations (10.64) for all the elements
in the domain. Assembly of the element matrices to start with simply implies
summation,

N,
OF _ §* 9F°
— 2 + [g°]) (10.80)

[\
1l
[N
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In the process of assembly we apply the continuity of ¢(x, y) at the nodes which
are shared by a number of elements. The second aspect of this procedure is to
change from local node numbering to the global node numbering. The assembly
of element matrices results in a matrix whose size is different from that of the
elemental matrix.

The assembly procedure can be simply implemented if the element vector [¢°]
is replaced by the global vector [¢], and [A®] and [g°] are augmented to the global
size by adding zeros. If the augmented matrices denoted as [A°] and [g°] are
employed for assembly, (10.80) is replaced by

oF N e
30 z,l ([A7]lel + [g7]) 2 [Alle] + [£] (10.81)

Now, we apply the constraints arising out of sharing of global nodes by the
surrounding elements. It is called continuity condition, and means that the value
of ¢ at the common node should be the same irrespective of the element to which
it belongs.

The assembly procedure for the waveguide geometry of Figure 10.11 is illus-
trated next. The global and local node numbers are also shown in the figure. The
global nodes are circled to distinguish them from local nodes. The elements are
joined together at node 5.

The matrix equation for the elements is described by

Al ALy Al AL |[ el gl
Ay A% Ajz Ay || ¢ g5
A A% A%y a6 [Tl peT bR 10
Ay AL ALy Al |l el g4

By the inspection of Figure 10.11, the continuity conditions are as follows:

2 2_ 3 3_ 4 4 1 1_ 2 _ 3 _ 4
1T P2 P3=PL= P45 P4=P3= P8 P1L=P4= P65 P3=P4=P1=P2= @5
(10.83)

1
Pr=¢

These conditions can be implemented by replacing the local node values ¢ in
(10.82) by the corresponding global notation (without superscript). One obtains

fore=1,2
1 2 3 4 1
Al A Alz Ay o1 g1
1 1 1 1 1
Ay Ay Az Aull e 82

1 +1 1 (10.84a)
A31 Az A3z Az || #s g3
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AT A%
A3 Ay
A% A%
Aji Al

2
81
2
&2
2
83

2
84

(10.84b)

The ordering of rows follows the local node number sequence. Similar expressions

are written down for elements 3 and 4.

Each of the matrices of (10.84) may be arranged in the form [A°][¢] + [2°],
where [A°] is of size 9 x 9 and vectors [¢] and [g°] are of size
9 x 1. Since the augmented matrices are derived from elemental matrices whose
dimension is only four, zeros are added to fill up where necessary. The augmented
matrices for e = 1, 2 are given next.

Fore=1,
[ 1
Al A O
1 1
Ay Ap O
0 0 0
0 0 0
1 1
A3 Az O
1 1
Ay Agp O
0 0 0
0 0 0
0 0 0
For e =2,
0 0 0
2 2
0 A1 An
2 2
0 Ay AR
2 2
0 A3 Ay
0 A3 Aj
0 0 0
0 0 0
0 0 0
0 0 0

Similar expressions may be written down for elements 3 and 4.

0 Al Al
0 Ay Ay
0 O 0
0 O 0
0 Ay Al
0 Aj Ay
0 O 0
0O O 0
0 O 0

0 0
ATy Al
A3y Ay
A3 A%

b
N
o
b
BN )
S
SO O O O O O o o o

S O O O O O O O O

S O O O O O o o O

S O O O O O o o O

SO O O O O o o o o

S O O O O O o o O

SO O O O O o O o o

?1
P2
®3
P4
LN
e
e7
®8
P9

?1
P2
?3
P4
®s
P6
P7
P8
¢9

[3S)

[ 8]

o

o O O

(10.85a)

(10.85b)

The four sets of equations, represented by (10.85a,b,. . .), correspond to the
four elements e = 1, 2, 3, 4 of the waveguide geometry. These equations are now
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added row-wise; that is, the first rows of (10.85a,b,

the first row of (10.86a),

..) are added, to produce
and so on. The system matrix [A] defined as

N,
[A]= Y [A°]is given by
e=1
" 1 1 1 1 N
Al Al 0 0 Al Al, 0 0 0
A AL+ AL Al A2 A+ A Al 0 0 0
21 2+ AT 5 13 23+ AL 24
0 A3, Ad, A3, A3, 0 0 0 0
2 2 3 3
0 A3 A3 A+ Ay A3q+ Ay 0 A3 Al 0
1 2 1 2 3 4 1 4 3 4 4
[A] =] A3 An+Ay AL Al +Al  Ap+An+Aj+Ay  Ay+Ay Al; Alg+Ay Ay
1 | 1 4 1 4 4 4
Ap Ap 0 0 Ay +Ap Ag+Ap O Ays Alg
3 3 3 3
0 0 0 AL A 0 Al Al 0
3 3 4 4 3 4
0 0 0 Ap Ap+Ax A3 Agz Ay +Azz Ay
4 4 4 4
| 0 0 0 0 Ap A 0 Ay Agy
(10.86a)

1 1 2 2 2 3 1 2 3 4 1 4 3 3
[g]=[g1 8 +81 & 831t8 831t8i1+tg81+8& 84+81 &3 84183

Element-by-element comparison of left and right sides of (10.86a) describes
how the Varlous elements contribute to the system matrix [A]. It shows, for example
that, A5 = A23 + A14 This expression can be written down by inspection also.
The matrix element A5 denotes coupling between global nodes #2 and #5. The
global node #2 is associated with elements #1 and #2, and global node #5 is
associated with all the elements. Only those elements contribute to Ays which
include both the global nodes #2 and #5. Therefore, elements #1 and #2 only are
eligible; that is, A5 = A + A2 ii- Now, the subscripts 7/ are replaced by the element
node numbers correspondmg to the global nodes #1 and #5 (Figure 10.11). One
obtains A, = A %3 + A%4. Similarly, the other entries of matrix [A] can be obtained.
For hand calculations, the A-matrix may be written down by inspection of the
geometry. In order to locate the missing elements, if any, in the assembly process,
one observes that matrices of various elements constituting the system are fully
used in the formation of A-matrix. In the example given above the number of
elements are four, each of size 4 x 4. Therefore, the matrix in (10.86a) should have
64 nonzero entries. Also, the symmetry property of [A] about the diagonal may
be used to correct the mistakes.

The excitation vector [g] may be similarly expressed, and is obtained as

4 47t
o
(10.86b)

The system matrix equation is obtained by setting [A][¢] + [g] to zero; that
is,
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[Alle] +[g] =0 (10.87)
The matrix equation may be studied for the characteristics of the waveguide modes.

Assembly of Triangular Elements
The assembly of triangular elements follows the procedure described earlier for
the rectangular elements. Again we consider the waveguide geometry of Figure
10.8 for illustration. The geometry is segmented into four triangular elements as
shown in Figure 10.14.

By inspection, the system equation resulting from the assembly of elements of
Figure 10.14 is obtained as

1 4 1 1 4 4 ~ 1 47
Ajn+Ay Ap Apt+Als 0 A | &aite o
1 1 21 2 2 @1 1 2
Ay Ap+A7 Ap+Alz AD 0 . g2+&1 0
4 4
1 4 1 2 ; 2 .3 43 4 ;
A31+Az Ap+A3 ;Afn A +Az An+As || o3 | +] | 1g§ N0
1= 1=
2 2 43 42 43 3 ©4 23 0
0 Ayl A+A Ap+An Ap | o5 | | 2181 0
4 3 4 3 3 4 3 4
L Ap 0 Ap+Aiz Ay Ap+Aqd | 8> +g1
(10.88)

10.3.5 Capacitance of a Parallel Plate Capacitor

Let us analyze parallel plate capacitor geometry using FEM for its capacitance per
unit length. The geometry is shown in Figure 10.15 and is partially filled with
dielectric. The magnetic walls are introduced at the side walls to convert an open
region problem into a closed one and thereby reduce the size of the problem.
Through this example we can test our skills for the assembly procedure, inclusion
of dielectric inhomogeneity in the analysis, and implementation of boundary
conditions.

] "“2‘“ e=3 ',-l"'z @ global node
e 3 number
e=4 5@"3 e=2
- "8y
2.7 el 5] -
= 7 X

©

Figure 10.14 Segmentation of the rectangular waveguide geometry of Figure 10.8 into four trian-
gular elements. Local and global node numbers are shown.
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/I\ = S \ .' e=6
. = ¥ \ ! :
! 2 3 '\ 4
2a __%o:o

Figure 10.15 An inhomogeneously filled parallel plate capacitor segmented into rectangular ele-
ments. Each of the elements has homogeneous dielectric.

Solution.  The potential distribution inside the capacitor is given by the solution
of Laplace equation

v2p=0 (10.89)
subject to the following boundary conditions
e=0aty=0; ¢=1Vaty=d (10.90a)
and magnetic walls at the sides; that is,

9% _ 0 atx=ta (10.90b)
ox

The solution for this capacitor problem is well known. With magnetic walls
at the sides, there is no fringing field. The electric field is normal to the plates
everywhere inside the capacitor region. Therefore, the capacitance per unit length
is the sum of the capacitances contributed by each of the three portions and is
given by (2€p + €)2a/(3d); the width of each of the capacitors is 2a/3. Since the
potential varies linearly from OV at the lower plate to +1V at the upper plate, the
potential is expected to be constant at any plane defined by y = constant inside
the capacitor. We shall verify these observations through FEM analysis of the
capacitor.

The functional for the Laplace equation is the energy functional. The energy
per unit length along the z-direction is given by (Table 9.2)

F(g) =%H e|Vo|? ds (10.91)

where s is the cross-sectional area of the geometry. For the analysis, let us divide
the capacitor into six rectangular elements each of size 2a/3 x d/2 as shown in
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A1s

Figure 10.15. The discretization ensures that the dielectric is homogeneous in each
of the elements.

The element numbers and the global nodes are shown in the figure. The local
node numbering sequence for all the elements is assumed to be the same, and is
shown for element #1 only.

The element matrix is given by (10.66) with entries derived from (10.69) by
setting kg = 0 and multiplying each of them by ¢; that is,

. €/b® a° ,

Aji=3 (a—e + E)’ i=1,2,3,4 (10.92a)

e/ b® af
A=A = A5y =Als= 3 (—a—e + ﬁ) (10.92b)

e _ae Al —pac,—E(b 4
Az3—A32—A41—A14—3<2ae be> (10.92¢)

C oA =A% At = (P
Au=Ap=A5=A13=-¢ (ae + be> (10.92d)

The matrix equation for the problem is defined as [A][¢] = 0. Since the number
of global nodes is 12, the matrix [A] is 12 x 12 and the potential vector [¢] is
12 x 1.

It will help reduce the algebra if we start the analysis with the system matrix
and make use of symmetry and boundary conditions to reduce the size of the
problem.

Boundary Conditions. ~ We first apply the boundary conditions at the lower plate.
The condition ¢1 = ¢3 = @3 = ¢4 = 0 reduces the ¢ vector to
[¢] = (@5, @6, - - - ©11, ©12]". The matrix equation [A][¢] = 0 therefore becomes

Ase As7 Asg Asog Asio As11 As ®5 0

* * * * * * A6,12 ®6 0

* * * * * * A7,12 o7 0

3 % % % * = A o8 0
e I R R R
* * * * * * A 10,12 ®10 0

" " Al ®11 0

A A7 Ans Ay Ao A A | 912 _0_

Next we apply the boundary conditions at the upper plate, ¢9 = @19 = @11 = ¢12
= 1. For this we substitute these values in (10.93) to obtain
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Ass  Ase  As7  Asg As o9+ As 0+ As 11+ As 12
Ags  Age  Ag7  Ags o5 Ag,9+ Ag 10+ Ag 11 + Ag,12
Azs  A7e Az7 A7 A79+A710+A711+A712
@6
Ags Ags  Agy  Agg o | = Ag 9+ Ag 10+ Ag 11+ Ag 12 (10.94)
Ags Agg Ag7 Agg o5 Ag 9+ Ag 10+ Ag 11+ Ag 12
Ato,s Aro,6 A10,7 Ao, Aq0,9 + A10,10 + A10,11 + A10,12
A1, A1, A11,7 Als A11,9+ Aq,10 + A1,11 + A, 12
| A,s Az A7 A | A12,9 + A12,10 + A12,11 + A12,12

Some of the matrix elements in (10.94) are zero because the associated nodes do
not belong to the same element. Setting these matrix elements to zero gives

As;s  Ase 0 0 As 9+ As 10
Ags  Ase  Ag7 0 o5 Ag 9+ Ag 10 + Ag,11
0 Aze6 A77  A7g o A710+A711+A712
0 0  Ag7 Agg =- Ag 11+ Ag 12 (10.95)
Ags Ao 0 0 Z; Ag 9+ Ag 10
At0,5 A10,6 A10,7 O At0,9 + A10,10 + A10,11
0 A A1,y Arng A11,10 + A1,11 + A1, 12
| 0 0 A7 Ang | i Ap 11 tAnn

Symmetry Consideration. The device geometry, including magnetic wall boundary
condition, is symmetric about the y-axis. Therefore, the potential distribution is
also expected to be symmetric; that is, ¢g = ¢5 and ¢7 = ¢¢. Use of the symmetry
conditions results in

Ass As 6 As 9+ As 10
Ags  Agst+ As7 Ag,9+ Ag 10 + Ag, 11
A78 A76+A77 ¢5} ——| A710t+A711+A712
Ag g Ag,7 6 Ag 11+ Ag 12 (10.96)
Ags Ag 6 Ag 9+ Ag 10
A10,5 Ato,6 + A10,7 Aq0,9 + A10,10 + A10,11
Aq1,8 Ar1,6+ A7 Ar,10 A, A2
| A1 A12,7 A+ A2

It can be shown that the following four sets of equations obtained from above give
identical values for ¢5 and ¢g:

Ass Asg
Ag,s

Ag,6 + A6,7] [

As 9+ As 10

s
- (10.97a)
¢6] |:A6,9+A6,10 +A6,11]
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A A7+ A 10 A + A + A
7,8 A77+A756 s|__|Anot Azt Az (10.97b)
Ag g Ag 7 ®6 Ag 11+ Ag 12
Ag s Ag 6 ¢s|_ Ag 9+ Ag 10
A10,5 Ato,6 +A10,7 || @6 A10,9 + A10,10 + A10,11
(10.97¢)
A11,s Ar,e+A1,7 || #5 o Ar,10 + A1, + A2
Aq2,8 Aq7 ®6 Ap 11 +tAn
(10.97d)

We choose (10.97a) to solve for ¢5 and ¢¢. The various matrix elements of
(10.97a) may be obtained by inspection of Figure 10.15 as

4 1 4 1 4 4
[A11+A44 A+ Ay ][405] [ Ag+Aqs ]
4 1 1 2 5 4 5 2 ==1 4 4 5 5
Ajy+Azy Ap+Ap+AlI+AR+ADR+AB || P Axg+Ay+ A+ A3

(10.98)

From Figure 10.15 we notice that the elements #1 and #4 are identical in size
and dielectric loading. Similarly, elements #2 and #5 are identical. Replacing the
superscript 4 by 1, and 5 by 2 gives

1 1 1 1 1 1
[A11+A44 App+Ag3 ][¢5] [ A+ A3 ]
1 1 1 2 2 1 2 2 ==1 .1 1 2 2
Ajy+Azy Ap+Ap+ATI+AR+AT+AB || %6 A+ A+ AT+ AT

(10.99)

Now we use the symmetry and reciprocity properties of Afi; that is,
e e e e . . .
12 = A3 = A34 = Ay3, to simplify the above expression as

1 1 1 1
2A1 2Ap os| Aqg+Aqz
241, 24L + 242 12453, || @6 Als+Alg+ Aty + AL

(10.100)

Also, A,-zj = erA,-ll- (where €, = €/€(). The matrix equation now reduces to

1 1
Any Ap @5 . . 1

21 4 1 1 =—(A13+A14)[1 }
Ap Ap(l+e)+eApn || ¢s Tt &

(10.101)

Solution of the simultaneous equations gives



10.3 FEM Analysis in Two Dimensions 427

(Al +AlL)

(10.102)
(Al + A1)

1
¢’5:‘P6:_z

Substituting for A%/, j=1,2,3,4 from (10.69) yields ¢5 = ¢g = 1/2. This value
is true from the expected linear variation of potential between the plates, and the
observation that the nodes 5 and 6 are located midway between the plates. The
nodal potential vector is therefore given by:

1111 !
[‘p]=|:030,0a05§az:z,za13151,1]

and the nodal vector for the individual elements is obtained as

t
'l=ler o2 o5 eif=[0 0 3 5 0103
[¢*1 =[] = [e'] (10.103b)
4 5 6 1 1 !
=112l 5 1 1] (10.103¢)

Calculation of Capacitance
The nodal values obtained from the FEM analysis is now used to determine the
capacitance per unit length of the capacitor. For this we use the energy functional

W=F(¢>)=%J'j €|Vol|* ds (10.104)
S

In matrix notation this can be expressed as
L’
W=3lel'lAlle] (10.105)
The energy stored in a capacitor is also given by
12
W=5CV (10.106)

where C is the capacitance per unit length. For V =1 volt, the comparison gives

C=lel'[Allel (10.107)
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This expression is very convenient for implementation on the computer. It requires
multiplication of three matrices, which are already stored there.

For hand calculation of capacitance, we may proceed as follows. Since the total
energy is additive, we may determine it from the energy stored in the various
elements; that is,

6
> [T 1A]1¢°] (10.108)

e=1

N =

6
W = wWe =
=1

e

where

Ay AL AL AL [ et
. 1[ R A A% AN AL || @)
Wi=5le1r 2 ¢35 ¢4 AS AS AS A% || (10.109)
A AL AL Al |l el

The matrix elements Afi are defined in (10.92). All the rectangular elements are
identical in size with a® = 2a/3, b® = d/2, leading to

e_€(3d da\ .
A,»,-—3(4a +3d), i=1,2,3,4 (10.110a)
e e e e € 3d 2a
A12=A21=A34=A43=§<—E+g> (10110b)
€(3d 4a
Af3=A%5 = A4 = Al = 3 (g - g) (10.110c)
e e e e €/3d 4a
A24:A42:A31:A13=_8<E+g> (10110(1)

where € = € for e = 1, 3, 4, 6. The nodal vector [¢°] differs from element to
element as described by (10.103).
Use of the elemental matrix and the nodal vector in (10.109) gives rise to

[ 0] 1 1
0 A3+ Ay

1 1

A3+ A
1_1 L RN I 1117 o
W ‘2[0 0 3 2][A] 2(=2(% % 3 2|2|al,+4l,
E Ay + Al
[ 2| 43+ Agy

or
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2
1 (1 1 1 1 1 €0a 3 2 _€a
w =(§> (A33+A34+A43+A44)=W=W, Wo=c7
(10.111)
Similarly,
_1_
2
wiol[L Loy g : 10.112
1
[ 1_]
Al + AT, + 2475 + 247,
AL 4 AL y2A% 424
171 1 1| A21 T At 243+ 2424
‘Z[Z 7 ! 1}2 A%+ AL +24%; + 243,

Ady+ Ay + 244 + 241,

Using the symmetry and reciprocity properties of the matrix elements we obtain

3
4 (1 4 4 4 4 €04 6 €a
w* = <Z> (10AT, + 10A7, + 8AT; + 8AT,) =5 =W, w? =
(10.113)
Adding the energy stored in all the elements gives
6 a
- e_ 4
W= Eﬁ W*=27(2€ + ¢ (10.114)

Equating it to cvii (with V =1 volt), the capacitance per unit length is obtained
as

_u

C=33

(2€0 + €) (10.115)

This value is exactly the same as the analytical value.

Is it surprising that the computed expression for capacitance using FEM is
exact; that is, there is no discretization error even with crude discretization used!
This accuracy is due to the fact that the expected linear variation of potential
between the plates of the capacitor and the modeled variation are matching.

10.3.6 Cutoff Frequency of Waveguide Modes

Consider a rectangular waveguide cross-section with metallic walls as shown in
Figure 10.8. Let a =1 cm and b = 0.5 cm so that a/b = 2. We shall determine the
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[ _S/4+ k224 —3/8+ k496 5/4 + /48 0 38 +k496 |~ -
_3/8 + k296 —5/4 + k%24 5/4 + k%48 3/8 + k%196 0
5/4+ k%48 S/A+ k%48 =S+ kP12 S/A+ k%48 5/4+ k%48 || o3 | -

| 3/8 + k2196 0 514+ k%48 —3/8 + k%96 —5/4 + k*24_| L#5

cutoff frequency for the first TM mode by segmenting the geometry in four equal
rectangular or trian%ular glements. The wave equation (10.56b) is therefore solved

for 8 =0, thatis, y~ = k~.

Solution.  Case 1, Triangular Elements. The segmentation of the waveguide
geometry into four triangles with 12 local nodes and 5 global nodes is shown in
Figure 10.14. The coordinates of global nodes are defined in Table 10.3. Equation
(10.72) is now used to determine a;, b;, ¢; for the elements, and are listed in
Table 10.4.
The matrix elements A;, defined by (10.77), are obtained as
~5/8 + k%48 -3/8 + k*/96 1+ k*96
[Al]= | -3/8 + k%96 —5/8 + k%148 1+ k%96 | = (A3

1+ k%96 1+k%96 -2+ k%48

(10.116a)

_S/S + k248 3/8 + k296 1/4 + k%96

(A21= | 3/8 + k%96 —5/8 + kP48 1/4+ k%96 | = (A%

1/4 + k496  1/4 + k%96  —1/2 + k%/48
(10.116b)

The global matrix (10.88) is now filled up from the element matrices and the
matrix equation is obtained as

?1
P2

oS O O O

0 3/8 + k%196  S/4 + kY48 —5/4 + k%24 —3/8 + k%96 || ¢4

=

(10.117)

Table 10.3 Node Location Table for Figure 10.14

Global Coordinates Global Coordinates
Node # x y Node # x y

1 -0.5 0 4 0.5 0.5
2 0.5 0 5 -0.5 0.5
3 0 0.25

Table 10.4 Coefficients aj, b;, c;for the Elements of Figure 10.14

Element
Number (a1, by, c1) (a2, by, ) (a3, b3, c3)
1 18, —1/4, —112  —1/8,1/4, —172 0,0, 1

2 1/8,1/4, -1/2 ~1/8, 1/4, 1/2 1/4,-1/2, 0
3 ~1/8, 1/4, 1/2 ~1/8, -1/4, 1/2 12,0, -1
4 ~1/8, ~1/4, 172 1/8, -1/4, -1/2 1/4,1/2, 0
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The excitation vector on the right side is a null vector because we are solving
an eigenvalue problem. Setting the determinant of the global matrix to zero gives
the cutoff wavenumber k., from which one obtains A, = 27/k,.

Eigenvalue Determination
For eigenvalue analysis, the matrix equation may be expressed as

[A = AIl[x] = [0] (10.118a)
or in the generalized form as [10, p. 714]

[A - AB][x] = [0] (10.118b)
Equation (10.118a) is a special case of (10.118b) in which [B] = [I]. We shall

prefer (10.118b) because the system matrix can be decomposed as [A — AB]. The
system matrix (10.117) can be decomposed as

[ _5/4+ k224 —3/8 + KH96 514 + k248 0 3/8 + k%96 |
—3/8 + k2196 514 + k*24  5/4 + k%148 3/8 + k*/96 0
SI4 + k%48 S/4 + k248 =S+ kP12 S5/4 + k%48 514 + k%/48
0 3/8 + k2196 5/4 + k%48  —5/4 + k224 —3/8 + k%96
| 3/8 + k%196 0 SI4 + k%48 —3/8 + k%196 —5/4 + k%124
[ _5/4 -3/8 S5/4 0 3/8 124 1/96 148 0  1/96 |
~3/8 -5/4 S5/4 3/8 0 1/96 1/24 1/48 1/96 0
_| 514 54 =5 54 54 | 2| 1748 148 1712 1/48  1/48
0 3/8 5/4 -5/4 -3/8 0 1/96 1/48 1/24 1/96
| 38 0 S5/4 -3/8 -5/4_ [ 1196 0 1/48 1/96 1/24_

(10.119)

Since k is the eigenvalue to be determined, we can write (10.117) in the form

[A - A’B][¢] = [0] (10.120)

with [A] and [B] given by (10.119). The above procedure has been adopted in
finding the eigenvalues in the software cutoff_fem_rect.m and cutoff_fem_tri.m.

For the TM-modes in the waveguide, the boundary condition is E, = 0 at the
boundary walls. Therefore, ¢; =0, i=1, 2, 4, 5. Deleting the corresponding rows
and columns in the system matrix leaves us with A 33 only. The expression for the
cutoff wavenumber is obtained by setting A33 to zero and yields

2

k
-5+ é =0 k.=+/60=7.746 (10.121)
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The analytical value of k. for the TM11-mode in an air-filled waveguide is given
as

2 2
k. (analytical) = <;—T> + <%> (10.122)

For b =a/2,and a =1 cm, k. (anal) = 2.2367 = 7.0246. The error in k. is about
10.26%. However, this crude approximation is at a considerable simplification of
the problem. The error can be reduced by finer discretization; that is, by increasing
the number of triangular elements filling the waveguide geometry.

The cutoff wavenumber for the mode may be used to determine the propagation
constant according to (1.35),

B=~EE -k kE=ke (10.123)

The effect of increasing the number of elements on the cutoff wavenumber was
studied. The results are given in Table 10.5. The results based on rectangular
element division of the waveguide are also given in the table. For eight elements,
the waveguide geometry was divided into triangular elements with two divisions
along the width and two divisions along the height. For 16 elements, the geometry
was divided as shown in Figure 10.16. The software employed for the analysis is
cutoff_fem_tri.m.

It is observed from Table 10.5 that the error first increases and then decreases
with the increase in the number of triangular elements. The computed errors
compares with that given in [10, p. 404] for the same discretization size. The error
is found to decrease steadily as the number of elements is increased beyond 16.
However, the discretization of waveguide geometry into rectangular elements pro-
duces better results. It is probably due to the compatibility of geometrical shape
of waveguide and the rectangular elements. The number of divisions in the table
refers to the divisions of waveguide along the width followed by divisions along
the height.

Solution.  Case 2, Rectangular Elements Discretization. The division of the wave-
guide geometry into four rectangular elements of the same size is shown in Figure
10.11. The local and global node numbers are also given there.

Table 10.5 Cutoff Wavenumber /<§1 a for the TM11-Mode in a Rectangular
Waveguide; a=1 cm, b= 0.5 cm

Number of FEM % error
Elements A | Exact A |

4 7.746 7.746 7.0246 10.266 10.266
No. of divisions (2x1) (2x2)

8 8.944 7.641 7.0246 27.32 8.773
No. of divisions (2x2) (4 x2)

16 8.183 7.206 7.0246 16.488 2.586

No. of divisions (4x2) (4 x 4)
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Figure 10.16 Discretization of rectangular waveguide geometry into a uniform mesh and triangular
elements.

Following the analysis described above for triangular discretization of rectangu-
lar waveguide, the matrix equation reduces to Ass s = 0. The expression for the
cutoff wavenumber is obtained by setting Ass of (10.86b) to zero

Ass=Ab + AT + A3 + A3, =0 (10.124)

The matrix elements Aj; are the same for the same sized elements and are given
by (10.69a). Setting Aj; = 0 gives

e e ere 2
1<b—+a—>—kfa b =O:>kf=3<<l>
3\a® b° 9 a’

Also, a® = al2, b® = b/2; therefore,

+
S
=
v.\)
N~
N
I
—_
[\
[

(10.126)

For b=a/2, and a = 1 cm, one obtains k, = \/@ When compared with the exact
value of k, (exact) = 2.2367 for the TM11-mode, the error is about 10.26%. The
error reduces to 2.586% for 16 rectangular elements. The software employed is
cutoff_fem_rect.m.

Comparison with FDM

Let us compare the performance of FDM for the above problem using the rectangu-
lar discretization and shown in Figure 10.11 for the FEM solution. The cell size
is Ax =a/2, Ay = b/2. The finite difference expression for propagation in a wave-
guide is given by (7.72) for Ax = Ay = b,
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Qivtjt @it it @ij1+ i1 —(4—hR) e =0 (10.127)

Since Ax # Ay in this case, the above expression is modified with the help of (7.15)
resulting in

Ay Ax 1TAy Ax 2
901',;'(5 +E> =5 [E(QDH-L;' +@io1,j) + H(%’,;‘H +@ij-1) + k¢ ¢i,/‘AXAy}
(10.128)

The boundary condition for the TM modes results in ¢ = 0 at the boundary
nodes. Therefore, ¢; =0,i=1, 2, 3, 4, 6, 7, 8, 9. Applying (10.128) to node 5
yields the following expression for the cutoff wavenumber:

%kf - <%+§> (10.129)
Using b = a/2, and @ = 1 cm, one obtains k. = \[40. When compared with the
exact value of k. (exact) =2.236 1, the error is about 9.97%. This number compares
with the error of about 10.26% computed with the FEM analysis. The relative
good performance of FDM is perhaps because of its pulse modeling compared to
the linear modeling of FEM.

Results for the cutoff wavenumber for the dominant TE mode in rectangular
and ridge waveguides are given in Section 10.4.

The manual approach described above for the FEM solution procedure becomes
tedious for the devices segmented into a large number of elements. The process
should be computerized to avoid human errors and to handle large sized matrices.
In this connection look-up tables may be prepared which describe the geometry in
the form of global nodes and associated coordinates, discretization of the geometry
in elements and material parameters filling the elements, and the boundary condi-

tions. These are discussed in Section 10.4. A simple mesh generator is also described
there.

Quiz 10.1.  Suggested discretizations of a rectangular waveguide (a = 2b) for
determining the cutoff wavenumber for the TM 11 -mode are given in Figure 10.17.
Which of these discretizations can be used and why? Which one will you prefer if
a higher accuracy of result is desired?

a ;
(1) (ii) (iii) (iv)

Figure 10.17 Suggested discretizations of a rectangular waveguide into triangular elements.



10.3 FEM Analysis in Two Dimensions 435

Answer.  (iii) and (iv) only because all the nodal values are zero in (i) and (ii).
(iii) may yield higher accuracy because of finer discretization along the height of
the waveguide.

Quiz 10.2.  Suggested discretizations of a rectangular waveguide (2 = 2b) in
rectangular elements for determining the cutoff wavenumber for TE3)-mode are
given in Figure 10.18. Which of these discretizations can be used and why? Which
one will you prefer if a higher accuracy of result with smallest matrix size is desired?

Answer.  Any of the discretization may be used. (iii) and (iv) should provide the
same accuracy and better than provided by (i) and (ii). The matrix size for (iv) is
10 x 10, whereas it is 15 x 15 for (iii). Therefore, (iv) is the correct choice.

Ouiz 10.3. A rectangular waveguide is to be analyzed to determine the cutoff
wavenumber for the TE{j-mode. What is the minimum size of the matrix to be
solved for the purpose? You may use considerations like symmetry to reduce the
size of the problem. (Hint: Divide the geometry into rectangular elements.)

(i) 8; (ii) 4; (iii) 2; and (iv) 1.

Answer.  (iv). Divide the geometry into two identical rectangular elements about
the symmetry plane, and use uniformity of the potential along the height of the
waveguide.

Ouiz 10.4.  An inhomogeneously filled rectangular waveguide is to be analyzed
for the dominant TE/TM mode cutoff. The suggested discretizations in terms of
rectangular elements are given in Figure 10.19. The shaded area represents dielectric
loading. Select the correct choices with justification.

T

|

'

'
cmmgm—-—

'

'

'
R

'

'

1
i

€— 4 —>
(i (i) (iii) (iv)

Figure 10.18 Suggested discretizations of a rectangular waveguide into rectangular elements.

5
e—4 .' e=3
c—l £ 0=2
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// // %

(@ (i) (iii)

e=2

Figure 10.19 Suggested discretizations of an inhomogeneously filled rectangular waveguide into
rectangular elements.
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10.4

Answer. (i) and (iii) for TE mode, and (iii) for TM mode. The elements should
be homogeneously filled and at least one node should have nonzero value.

10.3.7 FEM Analysis of Open Boundary Problems

Open boundary problems are very common in electromagnetics. These include
planer transmission lines and circuits based on them, antennas, scatterers, and so
on. For analysis of these problems using FEM, boundary walls must be placed to
limit the size of the problem domain without affecting its characteristics. One of
the commonly used approaches is to apply perfectly matched layer (PML) or
analytical absorbing boundary conditions (ABC) at the walls of the device. These
techniques are discussed in Chapter 8. PML employs lossy dielectric material to
absorb the signal incident on it. ABC simulates reflectionless outgoing wave at the
boundary, and is described in the form of a differential equation. For the problems
in electrostatics one may use conformal mapping method (Chapter 4) to transform
the open region problem into a closed boundary problem, which can be analyzed
using FEM. Analysis of planar lines using this hybrid approach has been reported
[11].

Mesh Generation and Node Location Table

The flow chart for the FEM solution process is shown in Figure 10.20. The first
block is the mesh generator and is used to generate elements for a given device
geometry. The elements are characterized by a set of nodes and edges. This portion
of the software assigns the global node numbers, and may also determine their
coordinates.

We shall illustrate the mesh generation procedure by generating mesh for a
rectangular geometry of size a X b and shown in Figure 10.16. The mesh generation
procedure is similar to that described in [10, p. 407]. We shall use rectangular grid
and triangular elements to discretize the geometry. Let N and N, be the number
of divisions in the x and y directions, respectively. Therefore, Ax = a/N,, and
Ay = b/N,. The number of triangular elements and nodes are, therefore, given by

N =2N,N, (10.130)
Ng= (N + 1)(Ny + 1) (10.131)

We now number the nodes from left to right and bottom to top, as shown in Figure
10.16. The coordinates and the corresponding number for each global node may
be assigned in the following manner. We start numbering the nodes with the origin
(0, 0) as #1. Next we create arrays: Ax;,i=1,2,3,... N,, and Ay;,j=1,2,3,
..« Ny, such that Ax; = iAx and Ay; = jAy. The coordinates of the next node is
obtained as x — x + Ax;, while y coordinate remains unchanged at y = 0. The
process is continued until Ax; are exhausted. We may start the next row by starting
with x = 0, y = y + Ayq and increase x until Ax; are exhausted. This process is

repeated until all Ax; and Ay; is exhausted (i.e., the last node is reached). The
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Figure 10.20 Flow chart for the FEM solution process.

process allows for generating uniform and nonuniform meshes depending on if all
Ax; and Ay; are equal. The table generated by the mesh generator is called the
node location table and specifies the geometry. A code for uniform rectangular
mesh generator is included here as mesh.m. This software is used to produce the
node location Table 10.6 for Figure 10.16. The parameters used are given in the
table.

Next, the nodes are joined to create triangular elements taking care that the
elements generated do not overlap. A typical combination of nodes is shown in
Figure 10.16. The element numbers can be assigned arbitrarily, and a typical
assignment is shown in the figure. Each of the triangular elements is assigned local
node numbers in counterclockwise fashion, with the choice of the first local node
as arbitrary. One choice is shown in the figure. One may prepare this table before-
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Table 10.6 Node Location Table for the Geometry
of Figure 10.16; a=1, b=0.5, Ny =4, Ny: 2, and

Ax=0.25=Ay
Node Number x-coordinate y-coordinate
1.0000 0 0
2.0000 0.2500 0
3.0000 0.5000 0
4.0000 0.7500 0
5.0000 1.0000 0
6.0000 0 0.2500
7.0000 0.2500 0.2500
8.0000 0.5000 0.2500
9.0000 0.7500 0.2500
10.0000 1.0000 0.2500
11.0000 0 0.5000
12.0000 0.2500 0.5000
13.0000 0.5000 0.5000
14.0000 0.7500 0.5000
15.0000 1.0000 0.5000

hand and feed it as an input data. This table is called Triangle Connectivity Table,
and describes the correspondence between the global node numbers and the local
node numbers of the triangular elements. For the geometry of Figure 10.16, the
triangle connectivity table is given as Table 10.7. It consists of three arrays corre-
sponding to the local nodes 1, 2, and 3 for the triangles. The element #2 is formed
by the global nodes 1, 2, and 7. The corresponding local nodes are 1, 2, and 3.
Conversely, the global nodes for element #2 are obtained from the look-up table
as 1, 2, 7 in the cyclic order for the local nodes 1, 2, 3. The element label describes
the properties of the material filling the element. For lossless dielectric filling, the
label denotes the relative dielectric constant, 1 for free space. The material is
assumed homogeneous over the element. This table is fed as an input data.

Nodal Potential Table

This table provides the potentials at the fixed nodes as part of the boundary
conditions. It may also be used to prescribe initial potential values at the free nodes
for speedy convergence. Table 10.8 lists the Dirichlet boundary condition for the
waveguide TM modes at the boundary nodes of Figure 10.16. This table may be
fed as an input data. A simpler implementation of the Dirichlet condition ¢ =0 is

Table 10.7 Triangle Connectivity Table Between Local and Global Nodes for Figure 10.16

Element

Number Local Node # Element Local Node # Element
e 1 2 3 Label e 1 2 3 Label
1 1 7 6 1 9 6 12 11 1

2 1 2 7 1 10 6 7 12 1

3 2 8 7 1 11 7 13 12 1

4 2 3 8 1 12 7 8 13 1

5 3 9 8 1 13 8 14 13 1

6 3 4 9 1 14 8 9 14 1

7 4 10 9 1 15 9 15 14 1

8 4 5 10 1 16 9 10 15 1
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Table 10.8 Boundary Conditions Table for TM mode of Figure 10.16

Global

Node# @ Node# © Node# @ Node# @
1 0 4 0 10 0 13 0
2 0 5 0 11 0 14 0
3 0 6 0 12 0 15 0

to prepare the list of free nodes and feed these nodes, implying that the rest of the
nodes are fixed nodes with zero value. This approach is followed in the code
cutoff_fem_rect.m.

An automatic mesh generator for two-dimensional geometries is available in
[6, p. 31; 10, p. 414]. The source codes are in FORTRAN, and can divide an
arbitrarily shaped geometry in triangular or quadrilateral elements. A source code
in FORTRAN for dividing a rectangular geometry into triangular elements and
nonuniform mesh is available in [10, p. 409].

Cutoff Frequency for the Dominant TE Mode in Rectangular and Ridge Waveguides
For TE modes, the potential function ¢ = H, is not zero for the boundary nodes,
unlike that for TM modes. For example, the size of the system matrix is 10 x 10
for 10 nodes. The software cutoff_fem_trim. or cutoff_fem_rect.m. may be
employed to determine the cutoff wavenumber for the dominant TE mode in
rectangular waveguide. The rectangular mesh is generated automatically as
described earlier. The results are summarized in Table 10.9. The number of divisions
in the table refers to the divisions of waveguide along the width followed by
divisions along the height.

It may be observed from this table that the percentage error between the
FEM and analytical values decreases with the increase in the number of elements.
Rectangular elements in this case are efficient compared to triangular elements for
the number of elements up to eight. However, the accuracy for rectangular elements
gets saturated at this number. For 16 elements, the triangular elements result in
better accuracy.

The software cutoff_fem_tri.m or cutoff_fem_rect.m. may be used to determine
the cutoff wavenumber for the dominant TE p-mode in a ridge waveguide. The
cross-section of ridge waveguide is shown in Figure 10.21. The geometry is discret-
ized in triangular elements as shown there. The number of elements and the triangle

Table 10.9 Cutoff Wavenumber kgoa for the TM19-Mode in a Rectangular
Waveguide; a =1m, b =0.5m

Number of FEM % error
Elements A dJ Exact A O

4 4.2518 3.7093 3.141 35.34 18.07
No. of division 2x1) (2x2)

8 3.3930 3.2228 3.141 8.004 2.59
No. of divisions (2x2) (4 x2)

16 3.2151 3.2228 3.141 2.34 2.59

No. of divisions (4 x2) (4 x 4)
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Figure 10.21 Cross-section of a ridge waveguide and its discretization in triangular elements for
a; =a, /3.

connectivity table differentiate the ridge waveguide geometry from the rectangular
waveguide geometry.

The following result is obtained when the ridge waveguide is discretized in 10
equal triangular elements and 12 nodes. The software employed is cutoff_fem_tri.m.
The values are compared with the results of Hopfer [12].

Waveguide dimensions: a1 = 1m, by = 0.5m; ridge dimensions: a; = 1/3m,
by =0.25m

’

(FEM) = 1.4218 % (Hopfer) = 1.4
Cc

>,|>,,
o~

c

Here A/ is the TE{y-mode cutoff wavelength for the ridge waveguide and A, = 2a4
is the cutoff wavelength for the TE{jp-mode of the corresponding rectangular
waveguide. The ridge waveguide when analyzed using FDM was found to be less
efficient. The node density used was 100 (Section 7.3.4).

Weighted Residual Formulation for FEM

In this section, we describe an alternative formulation for the FEM. It is based on
the weighted residual method described in Chapter 9. The details are presented
for the one-dimensional scalar wave equation.

The wave equation is given as

d*E,
—F B W) =fl),  0<x<x, (10.132)

The residual R is therefore defined as

2
R(x)=%+k2Ey—f(x) (10.133)

Making use of the weighted residual method (Section 9.6), (10.133) is multiplied
by the weight function W(x), integrated over the range of x, and set to zero,
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dx

2
fW(x)R(x)dxzfd Ey W(x)dx+k2ny(x)W(x)dx—Jf(x)W(x)dsz

10.6

(10.134)

The integration may be used to reduce the order of derivative in the first term. For
this we employ integration by parts, and obtain

X, X,
d*E, dE, |*=%« 4w dE,
J W(x) dx dx=W(x)W o - Eﬁdx (10135)
0 0
Substituting (10.135) in (10.134) gives
FrdW dE, dE, |¥=%a
—f [Wd_xy‘ R*W(x)E,(x) + W(x)f(x)] dx + W(x) > L 0
0
(10.136)

This expression may be called the variational representation of the wave equation.
It is also called the weak-form of the differential equation because of the averaging
used through the weight function. It combines in a single mathematical expression
the differential equation and the boundary conditions at the end points. Similar
formulations may be arrived at for other types of differential equations.

The subsequent steps for the solution of (10.136) are similar to those used for
the method of moments (MoM) and described in the next chapter. The principle
advantage of this FEM approach over MoM is that unlike MoM, Green’s function
is not needed in FEM analysis. This makes FEM a versatile computational tool.

Some of the useful topics such as higher order and edge based elements, three-
dimensional analysis, absorbing boundary conditions, and finite element time
domain analysis could not be included in the text because of its limited scope. We
must leave these topics to advanced texts [5, 8]. Source codes in MATLAB for
FEM analysis are available in [5].

Summary

Finite element method is a versatile, variational method which may be used to
analyze complex geometries with arbitrary shape and dielectric inhomogeneity.
Two principal formulations for FEM are available; these are based on stationary
functional, and weak-wave equation. The emphasis is on functional approach here
because of its ready availability for most of the problems. Also, node-based elements
are employed for simplicity. The basic steps in the implementation of FEM are
discussed in general. Element matrices for triangular and rectangular elements are
derived. The assembly of element matrices is an important step in FEM. It is
realized in a computer friendly manner by using augmented matrices. The effect
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of discretization error on the accuracy of the solution is determined. The geometries
analyzed are rectangular shaped, for which the analytical solution is available and
can be compared with FEM solution. Rectangular elements are used to arrive at
the closed-form expressions for the capacitance of an inhomogeneously filled paral-
lel plate capacitor, and cutoff frequency of waveguide modes. The accuracy of
FEM is compared with FDM. The software included requires the handy availability
of triangle or rectangle connectivity table. The weak-wave equation formulation
for FEM is included.
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P10.1. Write the MATLAB code to solve the following differential equation numeri-
cally using FEM:

S L=14+4x> 0<x<1

d*f
dx?

subject to f(0) = f(1) = 0. Compare your solution with the exact value
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P10.2. Modify the software fem_oned.m to solve the resonator problem of Section
10.2. Use b,, = 1 at the central segment only and Ax = A1(/10. The resonance is
identified by the flipping over the amplitude of the mode from very high negative
value to a very high positive value.

P10.3. Apply FEM to determine the cutoff wavelength for the TE{y-mode of an
air-filled rectangular waveguide of dimensions a x b, and b = a/2. Divide the
geometry into eight rectangular elements each of size a/4 x b/2. Half of the wave-
guide geometry about the symmetry plane is shown in Figure 10.22. Compare the
FEM solution with the analytical expression.

P10.4. Use FEM to determine the capacitance per unit length of the inhomoge-
neously filled parallel plate capacitor of Figure 10.23. The capacitor is discretized
into four rectangular elements each of size a x a/2. Assume magnetic wall boundary
condition at the side walls and ¢1= ¢y = ¢3=0V and ¢7= ¢g= @9 =1V. Compare
the computed capacitance value with the analytical expression.

O, @

4 3.4 3
e=4 : e=3 /Magnetic
@ 1 2@1 2 wall
1 3
4 ot 3 4 e=2
1 241 2

Magnetic
wall

«— o >

Figure 10.23 A parallel plate capacitor inhomogeneously filled along the height.
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P10.5. Analyze the ridge waveguide geometry of Figure 10.21 for TE{j-mode
cutoff. For this, modify the code cutoff_fem_tri.m. Reproduce the results for the
normalized cutoff wavelength for the parameters given there.

P10.6. Consider the one-dimensional wave equation (10.47). Discretize the space
uniformly and assume a solution of the form E, (m) = Ege™” (BmAx),

1. Apply FDM to obtain the expression for B/k.
2. Apply MoM to obtain the expression for B/k.
3. Compare the above solutions with that of FEM, (10.51) and comment.

P10.7. Modify the source code cutoff_fem_rect.m for computing the cutoff wave-
number for the dominant TM1-mode for the rectangular waveguide geometry
with dimension ¢ = 1m and & = 0.5m. You may use eight rectangular elements
with 15 global nodes. Compare the computed value with the analytical value
k.= 7.0248. Plot the electric field in the cross-section.

P10.8. Determine the cutoff wavenumber for TE{p-mode in a rectangular wave-
guide with 2 = 1m, b = 0.5m. Use eight square cells and 15 global nodes as shown
in Figure 10.20. You may modify the software cutoff_fem_rect.m for this purpose.
Compare this solution with the solution obtained for 16 triangular elements.

P10.9. The cross-section of a square coaxial line is shown in Figure 10.24. The
problem is to be solved for the cutoff wavenumber of the dominant TM mode.

Discretize the geometry in triangular elements.
Prepare the node location table.
Prepare the triangle connectivity table.

bl

Prepare the boundary conditions table.

1 1/2

1/2

172

Figure 10.24 Cross-section of a square coaxial line.



Method of Moments

11.1

The method of moments (MoM) is a versatile computational method. It can be
used to solve differential equations, integral equations, and integro-differential
equations. Its use in electromagnetics was pioneered by Harrington [1]. The origin
and development of the MoM is very well documented by him [2]. One of the
main advantages of this technique lies in its variational nature of the solution,
which implies that even if the unknown function (e.g., potential/charge/current)
is modeled to first order accuracy, the solution is accurate to the second order
[1, p. 18]. The MoM involves a good amount of preprocessing of Maxwell’s
equations because it makes use of the Green’s function. However, the use of Green’s
function helps solve open region problems such as radiation, scattering, planar
circuits, and antennas in an efficient manner. Unlike in other computational
methods, the device domain is not discretized, and only the unknown function is
discretized in MoM. As a result, this method does not suffer from numerical
dispersion and the matrix size is smaller. The limitation of MoM is that this method
is generally applied to structures with dimensions of the order of A. This limitation
arises from the computer resources requirements.

Introduction

The MoM is based on the weighted residual method, which was introduced in
Chapter 9, through the solution of differential equation. Here we shall describe
the weighted residual method in terms of operator equation, which is symbolic of
both the integral and differential equations. We shall first apply the MoM to solve
the differential equations with the emphasis on the mathematical concepts and
without getting into the physics of the problem. Once these concepts are mastered,
the method will be applied to the solution of integral equations.

A general linear, inhomogeneous equation may be described in operator form
as

L(f)=¢g (11.1)

where L is a linear operator which could be a differential, integral, or integro-
differential operator; the function g is known and the corresponding solution f is
to be determined. In physical problems, L represents the system, and g the excitation
of the system. The unknown function f is expanded in a series of known functions

445
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with unknown amplitudes. The amplitudes are determined using a set of fest
functions. The residual corresponding to (11.1) may be defined as

R=L(f)-g (11.2)

11.1.1 MoM Procedure

The first step in the solution based on MoM is to choose a set of linearly independent

basis/expansion functions f1, f2, f3, - - - fm> - - - » in the domain of L, and express
the unknown function f in the form of a series; that is,
f=2 anfn (11.3)
n

where the complex constants «,, are unknown, and are to be determined. This step
is called discretization of function f. The basis functions determine the efficiency
of MoM. A poor choice may lead to a divergent solution [3]. The basis functions
employed may be of entire domain or subdomain type, and these are discussed in
Chapter 6.

In the next step we substitute the expansion (11.3) in (11.2). Using the linearity
property of L, we can write

R=Y ayL(fy)~¢g (11.4)

Expression (11.4) is a single equation with a number of unknowns «,,, which
can be determined uniquely only if we generate sufficient number of simultaneous
equations. For this, we choose a set of test functions wq, wy, w3, ... Wy, ...Iin
the domain of L, and take the inner product of (11.4) with each of w,,,. The inner
product between two real functions ¥(x) and ®(x) is defined as

<P, P> = f W(x)P(x) dx (11.5)

The inner product is also called the moment and therefore the name Method of
Moments. Physically, (11.5) denotes projecting function ¥ over the function ®, as
explained in Chapter 6. Taking the inner product of residual with weight functions
and setting it to zero results in

<R, w,;,>=0 m=1,2,3,...
or in expanded form

N ay<wp, Lfy)>=<w,, g> m=1,2,3,... (11.6)

n

The set of simultaneous equations represented by (11.6) are independent only
if the test functions are linearly independent. The above set of equations can be
written in the matrix form as
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][] = [p] (11.7)
where

<wi, Lf1> <wy, Lf>

[11=] <wa2, Lf1> <wj, Lf2> Ce (11.8a)
a1
a)
[a] = (11.8b)
<wi, g>
<wj, g>
[p] = . (11.8c)

Next, the matrix equation (11.7) is solved for the vector [a] by using any of
the matrix solution techniques described in Appendix A. Finally, the coefficients
«a, are substituted in (11.3) to determine [ as

f=1f1'l] (11.9)

where

[fl=1A f oo «..] (11.10)

is the basis vector.

Remarks.  The solution based on the MoM could be an exact solution if the
basis set, and the test function set is a complete set. However, it may require an
infinite number of functions, and a finite number of functions are used in practice
because of the finite memory size of the computer. Therefore, the MoM solution
is an approximate solution. The accuracy and numerical efficiency of the MoM
depends on our ingenuity in choosing the appropriate set of basis and test functions.
This point will be illustrated further as we work out some problems.

Considerations for the Choice of Basis Functions

1. Since the solution f satisfies the boundary conditions, the basis functions
selected must also satisfy the boundary conditions of the problem if we are
solving a differential equation. For integral equation solution, the boundary
conditions are built into the integral equation and are therefore not imposed
on the basis functions.
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2. Since (11.3) is substituted in (11.1) to determine «,,, the basis functions
should have continuous derivatives if operator L involves differentiation.
If the analysis is carried out in the Fourier domain, the basis functions
should be Fourier transformable.

3. The basis functions determine the complexity of the integrals for the matrix
elements. These integrals can be determined analytically only if simple basis
functions are used.

Various types of basis functions are discussed in Chapter 6.
The considerations for the choice of test functions are discussed next. In this
context we shall revisit two popular forms of weighted residual method.

11.1.2 Point Matching and Galerkin’s Methods

In general, one can choose any set of test functions in the range of operator L.
However, it has been observed that some particular choices of test functions are
more popular than others. If Dirac delta functions &(.) are used as test functions—
that is,

W, =0(r—ry) (11.11)

the resulting integration for the inner product in (11.6) are avoided and merely
becomes a substitution. This choice of test function is called point matching or
collocation because the testing in this sense implies satisfying (11.6) at the test
point rp,. Point matching MoM process is a useful simplification. At points other
than the match points, (11.6) may not be satisfied. Indeed, it has been found to
be so. In between these points one can only hope that the operator equation is not
so badly violated that the solution becomes useless and may be called spurious
solution. The accuracy of the solution improves as the number of match points is
increased.

Remarks. It may be pointed out that the use of pulse expansion and point
matching in MoM solution is equivalent to using the finite difference method
[1, p. 153].

In the Galerkin’s method, the test function set is taken identical with the basis
function set; that is,

Wiy = Frm (11.12)

An advantage of this method is that we do not have to search for test functions
once basis functions have been decided. The Galerkin’s method is one of the popular
choices.

The requirement that the matrix elements should be finite may rule out certain
combinations of testing and basis functions. Also, smoothness of the basis/testing
functions affects the convergence and accuracy of the numerical solution. The
impact of the choice of test functions on the accuracy of numerical solution has
been evaluated for specific problems. For TM scattering of plane waves by perfectly
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conducting cylinders, the accuracy is determined by the order of the basis functions
and not the test functions [2, Section 5.6].

The inhomogeneous equation of (11.1) contains an excitation term on the right
side and the operator part on the left side. The operator describes the system
properties in terms of natural modes of the system. The excitation function selects
the particular mode (modes) of the system. It is important to study the natural
modes for complete information about the system. We next study the natural modes
of the operator —d*/dx? using MoM with emphasis on the convergence behavior.
This study is also called the eigenvalue analysis.

11.1.3 Eigenvalue Analysis Using MoM

Let us consider a simple eigenvalue problem described by

2

QU
~

=Af 0<x<1 (11.13)

QU
S}

x
subject to the boundary conditions f(0) = f(1) = 0. The above eigenvalue equation
may represent the natural modes of vibration of a stretched string fixed at the two
ends or a line resonator shorted at the ends. The analytical expressions for the
eigenvalues and eigenfunctions are: A;= (1'77')2 and fi(x) = \/E sin (i7x),

i=1,2,3,...

Solution.  Let us attempt a power series solution by choosing the following basis
functions:

fo=x—-x""1 u=1,2,3,...N (11.14)
Implementing the Galerkin’s approach produces the following matrix equation:
[1la] = Alp]la] (11.15)

with the matrix elements given by

1
Ly = f (x=x" " Num+1)(x"" 1) dx =
0

mn(m+n + 6)
(m+3)(n+3)(m+n+3)

pmn:f(x_xm+l)(x_xn+l)dx:3

0
(11.16b)

To illustrate the convergence of the numerical solution, let us consider the
approximate solutions as the number of basis functions N is increased. For N =1,
the matrix element is: /11 = 1/3 and p11 = 1/30, and (11.15) gives in this case
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1 1
Fa1 =35 (11.17)

Hence our first approximation to A1 is /\(11) = 10. The superscript here denotes the

value of N. The approximate solution compares well with the exact eigenvalue
Ay = 7% = 9.8696. The approximate eigenfunction is given by

iV (x) = ay(x - %) (11.18)

To compare 1it with the exact normalized eigenfunction fq(x) = \/Z sin(7x), we
normalize f1< ) according to

and

FiM(x) = 30 (x - x%) (11.19)

Comparison of this eigenfunction with the exact value f(x) = \/E sin(7x) shows
very little difference over the entire range of x.
Let us now increase the number of basis functions to N = 2. Equation (11.15)

now becomes
1/3 127 ay R 1/30 120 [ ay 1190
172 4/5||ay| " |120 8105 || ay (11.20)

The eigenvalues found from the determinant are: /\(12> =10, /\(22) =42. To obtain

the eigenfunctions corresponding to these values of A, we first substitute the value
of /\(12) in (11.20) and determine @ from normalization; this results in

AP ) = N3O - %) = f{ () (11.21)

Similarly, the eigenfunction corresponding to /\(22) =42 is obtained as

£17 () = 33210(x - %) - 2210 (x - x°) (11.22)

Comparison of this eigenfunction with the exact value f;(x) = \/§sin(277'x) is
plotted in Figure 11.1. The agreement for the most part of x appears to be good.
Table 11.1 compares the approximate eigenvalues obtained from MoM against
the exact analytical solution. It may be noted from this table that the computed
eigenvalues )\EN) are larger than the exact value A; for all values of N. This is the
property of self-adjoint and positive definite operators like —d*/dx? [1]. Also, the
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Figure 11.1 Comparison of the MoM solution for N = 2 with the exact solution.

Table 11.1 Comparison of Approximate Eigenvalues Based
on MoM and Exact Analytical Solution

A(lN) )l(ZN) /\(31\1) ALN)
1 10.0000 — — —
2 10.0000 42.000 — —
3 9.8697 42.000 102.133 —
4 9.8697 39.497 102.133 200.583
Exact 9.8696 39.478 88.826 157.914

eigenvalues converge to the exact analytical value as the number of basis functions

is increased.

Quiz 11.1. The following (entire domain or subdomain) basis functions are
suggested for expanding the unknown function f(x) for the differential equation

d*f
x2
justification.

1. filx)=x-x",n=1,2,3,...
2. fulx)=sin(nmx),n=1,2,3,...

3. Pulse functions P(x — x,),n=1,2,3, ...

4. Triangular functions T(x — x,), n=1,2,3, ...

Answer. (1) and (4).

=1+x2 subject to £(0) = f(1) = 0. Choose the correct basis functions with
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11.2 Solution of Integral Equations Using MoM

The problems in electromagnetics may be formulated as differential equations,
or integral equations, or integro-differential equations. The differential equation
approach is usually the simpler one and can lead to exact solutions. Integral equation
solution usually leads to approximate solutions. The boundary conditions are built
into the integral equations rather than imposed through the basis functions. The
form of kernel in an integral equation depends on the boundary and interface
conditions. We next discuss MoM solution of integral equations.

11.2.1 Integral Equation

An integral equation is one for which the unknown quantity appears under the
integral sign. An integral equation of the first kind has the following form:

fl(z’)K(z, z')dz’ = -E(z) (11.23)

where K(z, z’) is called the kernel and is known, and I(z”) is the unknown function
to be determined. The excitation E(z) is known. The integral equation in electro-
magnetics represents a boundary condition. The formulation of integral equation
requires the knowledge of Green’s function, which is called kernel in (11.23). A
well-known example of kernel is the free space Green’s function expressed as

e—j/er

K (11.24)

T 4

with 7 being the distance between the observation point (x, y, z) and the source
point (x’, y’, z’), and is given by

r=\/(x—x’)2+(y—y’)2+(z—z')2 (11.25)

As an example of Green’s function and the integral equation in electrostatics
consider the Poisson equation,

VZo(r) = — (11.26)
It has a solution in integral form as

__ 1 pu(t’) .
Vv’

This expression represents an integral equation if the potential function ¢(r) is
known and we seek the charge density distribution p(r”), which produces this
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e 1 1 . .
potential distribution. The factor ——— —— is called the Green’s function.
4eg €, |r -r |

The derivation of Green’s function is discussed in Chapter 3.
We now illustrate the MoM solution of integral equations.

Example 11.1.  Let us apply the method of moments to obtain the approximate
solution for the following integral equation [4]:

1
1 , oo, tn2
—ﬁff(x Jen|x — x’| dx = (11.28)
-1

and compare the numerical results with the analytical solution

flx) = —— (11.29)

Solution.  The given integral equation represents the governing equation for an
infinite conducting strip charged to a constant potential if f(x") = g(x’)/e. The
normalized width of the strip is two units. Let us use pulse expansion functions
and point matching in the MoM procedure to determine f(x). The unknown
function can be expanded as

flx) =Y, anPylx —x,) (11.30)

where a,, are the expansion coefficients and P, (.) are the pulse functions defined
in (6.6). The integral equation (11.28) may therefore be written as

1
N
> a,,fPn(x’—x,,')€n|x—x’|dx’=—77'€n2 (11.31)
n=1

-1

Consistent with the use of pulse expansion functions we divide the range of x into
N equal subintervals of size b, = 2/N. Each of the subintervals is centered at
Xp(=—=1+ hy(n - 1/2)). Using (6.6) for the pulse function, we obtain

N X, +h,12
Y a, J n|x —x'| dx’ = —mtn (11.32)
n=1

x,—h.12

Point matching at x,,, m =1, 2, 3, ... N, is obtained by setting x = x,,, and gives
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N X, +h 2
z a, j n|x,, —x’| dx’ = —mlnl, m=1,2,3,...N
=1
" x,—h 12
(11.33)
The above set of equations may be written as
N
Y @Sy = —mn2 (11.34)
n=1
where
X,+h, 12
Spn = f n|x,, —x'| dx’ (11.35)
x,—h,/2
b2
= f n|x,, —x, — x| dx’
b2
The integral can be evaluated analytically as
Xy — Xp + -
hx 2 bx 2 " " 2
Spn=hx =5 n|(X —x,)" = (5| | = (X — x,) €n
2 2 b,
Xm— Xy — 7
(11.36)

Next, we select the center of pulse functions as match points; that is, x,, = -1 +
by (m — 1/2). Therefore, x,, — x,, = (m — n)bh, and

|m—n+1‘
S, =—h |1 tnbh, - Le )2 +h ¢ 2
mn—_x[ _nx_zn(m_n _4” x(m n)n 1
m—n—z‘

(11.37)

Also,
hy
Spm = by [—1 + €n <7>] (11.38)

Properties of [S]: It may be observed from (11.37) and (11.38) that:
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1. S,un = S, that is, the matrix is symmetric.

2. The value of S,,,, depends on (m-1) and note on the individual values of m
and n. Therefore, elements along a given diagonal are equal. Such a matrix
is called toeplitz matrix. From properties (i) and (ii) it can be concluded
that there are only N distinct elements in [S], and all elements can be found
from the knowledge of first row or first column.

3. The matrix is diagonally dominant because |S,,,,| > |S,unl, m # n. Usually,
computing the inverse of such a matrix or using any other solution method
leads to a very stable process.

The set of simultaneous equations (11.34) may be expressed as a matrix
equation

[S][a] = —men2[1] (11.39)

where [1] is a column vector with unit entries. The matrix equation (11.39) can
be solved using any standard matrix solution technique, and the function f(x) is
then given by

f(x) = [a] [P(x)] (11.40)

The results of the numerical analysis are compared with the analytical solution in
Figure 11.2 for N = 5, 10, and 15 basis functions. The software used is
integral_eqn.m. It may be noted from this plot that the computed charge distribution
f(x) approaches the analytical solution as the number of basis functions is increased.

The integral equation (11.28) has also been analyzed using entire domain basis
functions of the type (x)”. However, it has been observed that the computed
solutions are accurate for N < 9 and the error increases for higher values of N.
The condition number k(N) of the matrix [S] is found to increase rapidly and the
matrix becomes ill-conditioned.

11.2.2 Static Charge Distribution on a Wire

We consider a cylindrical wire of radius a and length ¢ as shown in Figure 11.3(a).
We assume € > a, so that the cylinder can be approximated as a filamentary wire
and the effect of the end caps of the cylinder can be neglected. Let the cylinder be
charged so that its surface is an equipotential surface with ¢ = V). For the field
point on the surface of the wire where ¢ = Vy, the integral equation satisfying this
boundary condition is obtained from (11.27) and is given by

_ 1 ps(r’) .,
Vo= Trres H By ds (11.41)
%

for all points on the surface of the wire described by p = a, —€/2 < z < £/2,
0 < ¢ < 27 for the field points, and p’ =a, —€/2 < 2" < €/2, 0 < ¢’ < 27 for the
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MoM solution of integral equation

12 T L 1 Ll T
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Figure 11.2 Comparison of analytical solution of the integral equation with MoM solution for pulse
basis and point matching.

Z
< gi=02
3 P(r;p. ¢,z
p=V, P:9,2)
Z
2a —)
Y
X /
z=-L/2

Figure 11.3 (a) A charged conducting wire of radius a and length / with an unknown surface
charge density. (b) Simplified model to calculate the distance between the source point and field
point. The source point is assumed located at p” = 0.
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source points. Because of the axial symmetry of the wire, we expect the charge
density p; to vary with 2" and not with ¢’. Equation (11.41) can therefore be
written as (ds’ = ad¢’ dz’)

{2 2
1 ’ 1 ’ ’
V0=47T€0 f ps(2”) fﬁadga dz (11.42)
/2 0

where

=|r-r'|= \/Zaz — 24? cos o+ (z— /) = \/4a2 sin’ (%) +(z-2")
(11.43)
We have chosen ¢ = 0 for convenience, because the potential is independent

of ¢. Assuming that the wire radius a is small, it can be shown that the integration
over ¢’ can be approximated as [3]

2

, -1/2
f [4412 sin (%) (e - z’)z} do’ = 2mfa® + (z — 2 2T (11.44)
0

The above approximation amounts to assuming that the potential at
p=a arises from the line charge assumed located at p=0 so that
R =~/a’ + (z - z')z. The simplified model is shown in Figure 11.3(b). This approxi-
mation also removes the singularity in the Green’s function at » =r". Use of (11.44)

n (11.42) gives

€2

)

for—=<z< (11.45)

Vo =
ZEOJ\M +(z-2") 2

—£/2

SIS

The integral equation is to be solved for the unknown charge density pg(z”).
As a first step, we expand ps(z”) into a sum of N linearly independent basis

functions,
N
ps(z’) =Y anfulz’) (11.46)
n=1
Substituting in (11.45) gives
{2
z)dz’ € 4
Vo= Z a, for—-><z<= (11.47)
260 f a’ + (z ~ ') 2 2

/2
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Because the integral operator is linear, we can interchange the order of summation

and integration, and obtain

€2
N
260 Vo

{2

L | ES

f £< <£
or—2_z_2

(11.48)

To simplify numerical calculations we use point matching, and implement it by
setting z = 2, at the test points. The test points are taken as equi-spaced points

on the wire and are defined as

After point matching, the integral equation takes the following form:

L2

2e
oVo 2 a,
-2

Let us denote for conciseness

N

N

o = 2€0V0 j \/a + (2 —

(/2

Equation (11.50) thus can be written as

N

1= a,lum

n=1

The set of simultaneous equations may be expressed in matrix form as

1 I11
1 I
12| I3
| 1] L IN1

or

Iy
I,
I3

Ing

[1] =

m=1,2,...

I3
I3
I33

In3

[][a]

Iin
Ihn
I3N

Inn

N

aq
a)

as3

| and

(11.49)

(11.50)

(11.51)

(11.52)

(11.53)

The matrix equation can be solved for the vector [a] using any standard matrix

solution technique (see Appendix

A).
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Evaluation of Matrix Elements.  The evaluation of matrix elements in the MoM
solution in general consumes a large amount of processor time. Therefore, it is
desirable to reduce this computer time through analytical simplification of the
integrals. For this we consider the integral

€2
I= f (11.54)
\,d +
-2

It is important to evaluate the integral near ¢’ = g, more accurately because of
near singularity conditions. When 2z’ = z,,,, the denominator is very small because
the radius a is assumed to be small. The integrand, therefore, becomes highly
peaked and requires more sampling points (of the order of a few hundred) for
accurate evaluation. In order to correct this condition analytically, we use singular-
ity subtraction method of Appendix B and express the integral as

17
I= f fn(z )_fn( +fn(zm dz’
a’+ (2Zm z’)2
-2
or
o2 17
I'=fulzm) f J fu(2) = fulzm) dz”  (11.55)
\/ \/az + (2 — z’)2
) -t

The first integral can be determined analytically to give

¢ \/2 ( e>2
gty + a7+ (2 + m
ff’l /

| e

a* + zm 12

I= fn(zm) In

(11.56)

The integrand is zero at 2’ = z,, and is smooth elsewhere, and can therefore be
evaluated numerically.

Use of Entire Domain Basis Functions

In order to determine the matrix elements of (11.56), we need to decide about the
expansion functions f;(z), the choice of which is critical for the efficiency of MoM
solution process. The nature of ps(z”) is such that we expect it to be symmetric
about z” = 0, largest near the wire ends due to the Coulomb forces of repulsion,
and smallest in the middle of the wire. The entire domain basis functions in the
form of simple power series expansion and satisfying the above conditions may be
written as
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’

A, .t
f”“‘(m) for -3 <2'<3 (11.57)

The charge density may therefore be expressed as

N zz/ n
ps(z’) =Y an< 7 ) (11.58)
n=0

Computed results for this choice of expansion functions for € = 2m, a = 1072 m,
equally spaced matching points z,, with N = 6, 12, and 20 and 2€y Vg/a = 1 are
shown in Figure 11.4. The software used is charge_density_wirel.m. It may be noted
from this figure that the use of higher order expansion functions corresponding to
N = 20 produces the edge singularity better and should therefore lead to a more
accurate solution. Also, the edge singularity in charge is described analytically by

VAJ(€2)* - 22

Use of Subdomain Basis Functions

The use of subdomain basis functions like pulse or linear type makes the evaluation
of matrix elements simpler. Let us use pulse expansion functions to model the
charge density as,

Charge distribution on a thin metal wire
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0.095r

0.09 y : g
-1 -0.5 0 0.5 1

position z on the wire

Figure 11.4 Approximate charge density on a conducting wire with length € = 2m, radius
a =1 cm, MoM solution using entire domain expansion functions and point matching.
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N
ps(z') = Y, anPulz’ = 2,) (11.59)

n=1

where the pulse function has been defined in (6.6). Since P, (z” — z,,) is constant
over each pulse, the integral in (11.54) reduces to [5]

2yt h, 12
dz’ €
[ f . h=—— (11.60)
/a2+(zm—z’)2 2N
2,—h 2
or
b b,V
Zm zn+71+\/a2+<zm zn+7z>
I=1In (11.61)
b b,V
Zm_zn_iz""\/az"'(zm_zn_?z)
or

STy

2
v a2+<%>

I=21In form=mn (11.62a)

by 2 b\
Zm =it 5+ \[@+ (2= 2+

I=1In form#n, |m—n|<2
b, 2 hzz
Im—in— 5 +\|a +<zm—zn—7)
(11.62b)
h
I=In A for |m —n|>2 (11.62c¢)

The results for pulse expansion functions is shown in Figure 11.5 for N = 20 pulses
for equi-spaced test points. The software used is charge_density_wire2.m.

Comparison of Solutions Based on Entire Domain and Subdomain Basis

The matrix [/] for these basis functions behaves very differently: (1) the matrix for
the pulse basis is symmetric, whereas it is asymmetric for the entire basis; (2) the
matrix is diagonally dominant for the pulse basis and not for entire domain basis;
(3) the condition number of the matrix k(N) increases with N, slowly for pulse
basis and very rapidly for entire basis (e.g., k(5) = 64, k(10) = 1.743 x 104, and
k(15)=5.427 x 10° for the entire domain basis, and k = 3 for pulse basis). However,
the accuracy of the solution is similar for the two types of basis functions.
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Charge distribution on a thin metal wire
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Figure 11.5 Charge density distribution on a wire of length € = 2m, radius a =1 cm, pulse basis
functions and point testing. Number of basis functions, N = 20.

Remarks.  The MoM solution presented for a charged wire shows the usefulness
of this procedure to determine the unknown charge density, which may be used
to calculate the capacitance. The calculation of diagonal elements of the matrix is
a sticky point in MoM because of the singularity of the integrand. Next we present
a two-dimensional case study.

11.2.3 Analysis of Strip Line

Let us determine capacitance per unit length Cy of a strip line. This example has
been chosen because the Green’s function for strip line can be expressed in closed
form, and the integration for the matrix elements can be carried out analytically.
Figure 11.6 shows the cross-section of a strip line with strip width W and ground

Figure 11.6 Cross-section of a strip line geometry.
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planes separation b. For the TEM mode of propagation in strip line, the potential
o(x, y) satisfies the Poisson equation

VZolx, y) = - LY (11.63)

€

and the following boundary conditions:

e=0aty=0,b (11.64a)
=0 at x = +oo (11.64b)
¢ =V at the strip (11.64c¢)

Here, p(x, y) is the charge density on the strip.
The solution of (11.63) may be obtained using the Green’s function and the
superposition theorem as (see Chapter 3)

olx, y) = ” Glx, y; x', y') plx’y y') dx’ dy’ (11.65)

where G(x, y; x’, y’) is the Green’s function for the problem and is defined as

ox —x")6(y —y’)

VIGlx, ;% y) = - - (11.66)

subject to
G=0aty=0,b (11.67a)
G=0atx =xe (11.67b)

The integral equation for the strip line problem is obtained by employing the
boundary condition ¢(x, y) = V) on the strip (at y = b/2); that is,

Vw=ffG<%g:x2V>meV)M/%/br—

strip

STRN

st%-(uﬁw

The Green’s function for the strip line is found to be (Problem 3.15)

L oy 1 « 1 . (nmy\ . (nmy’ —na|x—-x’|/b
G(x,y,x,y)—ﬂ_eoer ng nsm( A )sm( b )e

(11.69)
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To Determine p(x’, y') on the Strip.  For an infinitely thin strip (strip metal
thickness — 0), we can express p(x’, y') = p(x’)8(y" — b/2). Further assuming
Vi =1 volt, the integral equation (11.68) reduces to

7
b ’ b ’ ’
1= f G(x,z;x,z>p(x )dx
—WN2
w2
= 1 i 1sin 71_77' sin 71_77' e—”77'|x—x’|/bp(x')dx/
mE € T m 2 2
-Wn2
or
w2
1 1 ,
1= — | e xr) dt 11.70
e 2 | plx’) (11.70)
’ -Wi2

Let us expand the unknown charge distribution p(x’) as

M
p(x') = D ayfmlx) (11.71)

m=1

Substitute this expansion in (11.70) to obtain

w2 M
1 < | —nw|x-x"|/b ’ ’
1= = e > @y flx’)dx (11.72)
1

TEOEr y odd "

m=

-W2

We shall use subdomain expansion functions. Therefore, we divide the strip
into M segments each of length b, = w/M. The mth segment or cell is denoted by
Ax,, with the center at x,,, according to

xm:—%+bx<m—%> m=1,2,3,... M (11.73a)
and
h h
xm—TXSAmexnﬂ-Tx (11.73b)

MoM Solution Using Pulse Expansion and Point Matching.  Using the property
of the pulse functions P(x” — x,,) that they have unit amplitude and are nonzero
only over the length of the segment Ax,, = b, (11.72) becomes
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! i 1 § e =l gr g (11.74)
TEQE T
x

n, m=1

For point matching, we enforce the condition at the mid-point of the segment, say,
at x = x,,. Expression (11.74) therefore reduces to

1 i l z n7r|xp—x'|/b dx/: 1 (11 75)
7 - .

TE)Er
Ax

m

Let us denote for conciseness

1 a1 e —
I(xp, %) = > - f e I =XUb g s (11.76)

The expression (11.75) can then be written as

M
> ayllxy, xp) =1

m=1
or

arl(xp, x1) + aal(xp, x2) + .. o+ apl(xp, xp) + ..o+ apl(xp, xp) = 1
(11.77)

This equation implies that at x = x;,, the sum of the potentials produced by all the
M segments is set equal to unity, the potential at the strip. We enforce (11.77) at
all the M points of the strip in order to generate M simultaneous equations as

given next:
at x = x1 a1l(x1, x1) + apl(x1, x3) + a3l(x1, x3) +...+apml(x1, xpm) =1
at x = x) a1l(xy, x1) + arl(xy, x2) + a3l(xy, x3)+ ...+ apml(xy, xpm) =1
at x = x3 a1l(x3, x1) + arl(x3, x2) + a3l(x3, x3)+ ...+ apml(x3, xpm) =1

at x = x arl(xp, x1) + arl(xp, x2) + azl(xpy, x3)+ ...+ apl(xpm, xm) =1

(11.78)
The above set of equations may be written in matrix form as
I(x1,x1)  I(x1,x2) ... Ilxi,xm) |[ a1 1
I(xy, x1)  I(x2,x2) ... Ilx2,xm) || a2 1
) : . : = (11.79)

I(xp, 1) Ilxp,x2) ... Ilxm, xm)dLam 1
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Let us write

1 [ee)
TTE() E
0€r

%fe‘”'xf"""’ dx’ (11.80)

Ax

m

Ipm = I(xpa xm) =
,odd

Each of the equations of (11.78) can be written as

M
Y anl,=1 p=1,2,3...M (11.81)
m=1

or in matrix form

[I][a] = [1] (11.82)

where [a] and [1] are column vectors of size M and [I] is an M X M square matrix.
The vector [a] can be determined using any matrix solution technique. Substituting
for [a] in (11.71) gives the approximate solution of the integral equation as

p(x) = [a]'[P] (11.83)
where [a]’ is the transpose of vector [a].

Determination of Matrix Elements. ~ The matrix elements I,,,, may be determined
as,

1 | _ —x'l/b
Iy = = | emlxexb gy 11.84
= e €, n%dn j ( )
’ Ax,,
Xyt hyl2

1 - 1 _ s’
— z + J e nw|x,—x'|/b dx’

X,,—h 12

with x,, given by (11.73a). Carrying out the integration gives (independent of
xp>x'orx,<x’)

1 20 & 1
T e 2

M= rege,

e—nﬂ'lxp—xml/b Sinh<%hx> (11.85)

n,odd "

The charge density distribution on the thin strip with W/b = 1.5, and €, = 1
is plotted in Figure 11.7 for N = 30. The software employed is stripline.m. The
number of terms used in the summation for Green’s function (11.69) is also 30.
The charge distribution shows the expected edge singularity.
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Figure 11.7 Charge density distribution on a strip for W/b = 1.5, €, = 1.0. Pulse expansion and
point matching with N = 30, the number of terms used in the Green’s function is 30.

Determination of Cy.  The charge density computed above may be used to deter-
mine the capacitance per unit length of strip line. For the assumed Vy = 1 volt,
the capacitance per unit length Cy is given by

Q_o (11.86)

where Q is the total charge on the strip and is given by

w2
0= ffp(x’,y’)dx’dy’z f plx’)dx’ (11.87)
strip -Wi2

for zero thickness metal strip. For pulse modeling of the charge,

N

N
o= anfpn(x)dx= Y a, (11.88)
n=1
hx

n=1

The characteristic impedance is given by
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1

Zo= Cov

(11.89)

where v is the phase velocity of the wave in the transmission line. Since the strip
line is homogeneously filled, v = 1/A/ w( €g€,. Therefore,

VM0 E€0Er
2.
The computed value of characteristic impedance of the strip line for N = 20,

W/b=1.5 and €, =1 is found to be 47.92 ohms. The conformal mapping solution
for the strip line (Chapter 4) gives the following closed-form expression:

~29.9767 K(k) 3 oW , oW
ZO_TK'(IQ)’ k-sech(zb >, k —tanh<2b>

Zo= (11.90)

(11.91)

The expression for the ratio of elliptic functions is given in (4.117). The characteris-
tic impedance based on (11.91) is found to be 48.2 ohms, and the comparison
with the computed value is very good.

Fringing Field Capacitance

The approximate electric field distribution in strip line is shown in Figure 11.8.
The field lines between the strip and the ground planes contribute to the parallel
plate capacitance Cp; and the fringing electric field at the edges may be described
by Cr. The capacitance per unit length Cy may therefore be divided as

Co=C, +2Cy (11.92)
The capacitance Cj, is given by
eoe, W
C,=2 11.93
p b ( )
2

The capacitance Cycan be determined from Cy, Cy, and (11.92). For the example
considered above, one finds that C¢ is 69.56 pF/m, Cj, is 53.125 pF/m, and therefore
Cf=8.217 pF/m.

Figure 11.8 Modeling line capacitance Co in terms of parallel plate capacitance Cp, and fringing
field capacitance Cy.
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It is seen that Cr, and therefore fringing field, increases with the increase in
dielectric thickness b and decrease in the value of dielectric constant €, of the
substrate. This property is useful while selecting the substrate for circuit and antenna
applications. Low value of C¢imply lower amount of radiation. Therefore, high
value of €, and thinner substrate is used for circuit applications, and vice versa,
for antennas.

Quiz 11.2.  The charge density distribution on a metal strip or a thin wire of
finite length is marked by singularity at the ends. While simulating this distribution,
if the number of test points per unit length is increased from, say, 12 to 24, the
distribution will be marked by:

1. Larger edge singularity;
2. Flatter central region;
3. No change in distribution.

Please choose the correct options and explain why.
Answer. (1) and (2).

Ouiz 11.3.  The integral equation solution based on MoM and pulse basis func-
tions is characterized by:

1. Diagonal matrix elements dominate the matrix

2. Diagonal matrix elements involve pole singularity
3. The matrix is symmetric about the diagonal

4. The matrix is tridiagonal or sparse

Comment on the above and justify the choice.

Answer. (1), (2), and (3) are correct.

11.2.4 Analysis of Wire Dipole Antenna

When the wire of Section 11.2.1 is excited by a time varying electromagnetic field,
a current density Js (ampere per meter) is induced on the wire surface. The induced
current reradiates and produces an electric field called the radiation or scattered
field. If the source of excitation is on the wire itself, the wire dipole is called a
transmitting antenna. For a distant source, the dipole may act as a receiving antenna
if a receiver is connected to it; otherwise it is called a scatterer. The problem of
wire antenna may be analyzed using either Pocklington’s integral equation or
Hallen’s integral equation. The presentation for the Pocklington’s integral equation
here follows [5].

Consider a very thin wire of radius a and length € as shown in Figure 11.9(a).
Let us connect an excitation source across the gap so that the wire behaves as a
radiating dipole antenna. The integral equation for the antenna may be obtained
from the boundary condition that the sum of the radiated field E, and the excitation
field E, must be zero on the surface of a perfectly conducting wire; that is,
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Figure 11.9 Wire antenna and the excitation models: (a) the delta gap model with the impressed
electric field; (b) coaxial line feeding a monopole through the ground plane; and (c) wire antenna
and magnetic frill generator.

E, =-E! for —

k4 e

4
SzSz,pza,OSgoSZW (11.94)

NYEN

For a very thin wire (¢ < A), one may neglect the circumferential current and
approximate the total current by the longitudinal component J,. Also, due to the
circular symmetry of the wire, ], is not a function of angle ¢ and can be replaced
by a filamentary line source of current I(z”) given by

27
I(z’)=f]z(z')ad¢=2m]z(z') (11.95)
0

The electric field produced by this current can be derived from the vector potential
A using the following expression [see (1.40a)]:

jweoE = VV.A + k2A (11.96)
where the vector potential is related to the current density through (1.39),
V2A, + k*A, = —u), (11.97)

and k is the free space wavenumber. Once the potential A, is obtained, the electric
field produced by it is given by (11.96),
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ke

1 [d’A
= e [?ZZ + szz] (11.98)

The potential A, may be determined by solving (11.97) through the Green’s function
method (Chapter 3), and is given by

112 2
Az:ff J.G(z;2") ds" = f f]zG(z; 2’') ad¢’ dz’ (11.99)
s’ -2 0

where G(z; 2’) = e_/kr/(4777) is the free space Green’s function. Using (11.95) for
J; gives the following expression:

n 27 "
1 ’ 7 e_] ! ’
Azzm f dz fl(z )477_7 ade (11.100)
12 0

12 27 )
1 ’ ’ e_lkr ’
:ﬁj dz fl(z)4w d¢
) 0

where 7 is the distance between the source point and the observation point. Since
the current at f frequencies is concentrated on the metal surface and the observation
point should also be on the surface to satisfy the boundary condition, the expression
for r is given by

r=~2a> - 2a* cos(¢— ¢') + (z - 2') (11.101)

Simplification of the Integral for A,
To simplify the evaluation of the integral in (11.100), we choose ¢»= 0. As a result,

r= \/Zaz — 24 cos ¢+ (z— z')2 = \/4512 sin” <%/> + (2 — z')2
(11.102)

We assume further that the current resides along the axis of the wire as discussed
in Section 11.2.1. This assumption simplifies the expression for r to [5]

r=~Ja+ (z-2) (11.103)

and also implies that the contribution of singularity to the integral is not significant
for the accuracy considered here.

The expression for 7 is now independent of ¢” and (11.100) therefore reduces
to
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1n , n
e—]kr
A, = f 1) G de’ = f 1(2")Gl(z, 2')dz’ (11.104)
-2 -2

Use of this expression in (11.98) gives the following expression for the field pro-
duced by the induced current:

02
1 3Gl 2') 2 , "
Ee= oo J[ Sk G(z;z)] I(z')dz (11.105)
/2
where
e—/kr
Glz52') =5 (11.106)

and the distance 7 is given by (11.103). The integral equation is obtained by equating
this electric field to the negative of electric field produced by the excitation current,

€72
1 *G(z; 2') 1
ja)eo f |: aZZ + sz(Z; k4 ):| I(Z ) dz’ = —Eé atp=a
{12

(11.107)

This equation is the electric field integral equation (EFIE) for wire antenna and is
also called Pocklington integro-differential equation. For a very thin wire, the
equation may be simplified as [6]

{2

e 2 402 2 ;
f I(z") s [(1 + jkr) (2r° — 3a”) + (kar)"] dz’ = —ja)eoEé atp=a
wr

(11.108)
Next we model the excitation field Eé on the wire surface.

Gap Generator Model for the Excitation Field, E,

The impressed/excitation field E; at the surface of wire antenna can be simply
modeled by a gap voltage generator as shown in Figure 11.9(a). Here, it is assumed
that the excitation of the antenna is due to the applied voltage V; at the feed gap
and zero elsewhere. Therefore, the incident electric field is simply given by

: (11.109)

i | Vi/A over the feed gap A
o elsewhere

This model is the simplest but least accurate for input impedance calculations. The
accuracy of the model increases with the decrease in gap width A.
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Frill Magnetic Current Model for Excitation Field. The feed model based on
magnetic frill generator is more accurate [5]. In this model, the excitation is modeled
like the coaxial line excitation of a monopole antenna through the ground plane
and shown in Figure 11.9(b). The ratio b/a of the coaxial line is designed to produce
50-ohm impedance of coaxial line, and is 2.301 for an air-filled line. The radial
electric field in a coaxial line is given by

.1V ,
Efz,ozp,ln<é> a<p <b (11.110)

a

For modeling the excitation field, the coaxial aperture is closed off with a perfect
conductor using the equivalence principle (Section 1.7), and an equivalent magnetic
frill azimuthal current —¢2E 7 is placed in the region a < p” < b. The frill or annular
current at the feed location is shown in Figure 11.9(c). The magnetic current
produces the following approximate field at the axis of the wire [5, 7]:

e—ile e—fkRz
(11.111)

El=- [ -
21n<b> Ry Ry

where

Ri=A>+a%, Ry=Az7+b’ (11.112)

MoM Solution.  For conciseness let us write the integral equation of (11.108) in
the following form:

€2
f I(z')K(z; 2') d2’ = —jwegEL  atp=a (11.113)
-2
where
e—jkr
K(z;2') = o [(1 + jkr) (27 = 3a%) + (kar)?] (11.114)
i

We shall use pulse expansion for the current I(z”) and point matching at the mid-
points of segments z,, as described earlier. The integral equation (11.113) therefore
reduces to

N
> a, | K(zm,2')d2’ = —joegEL(z,) m=1,2,...N (11.115)
n=1

Az,
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where Az, denotes the nth segment of the wire. Let us denote

1 o
b = ey f Kizm, 27)dz (11.116)
Az,
2, +Az/2
1 1 o Tk . X ) o
T jweg 47 f 3 [(1 + jkr)(2r" = 3a”) + (kar)"]dz
z,—Az/2
where
r=Na’+ (g -2 (11.117)

> @l = —EL(2m) (11.118)

or

arlyy + @l + azlyz + . oo+ aplyy + . . . + anDun = —EL(2)
(11.119)

The above expression can be interpreted to mean that at z = z,,, the sum of the
electric field due to all N segments is set equal to the negative of the incident field
(to satisfy the boundary condition).

Point matching at N points leads to a set of simultaneous equations in N
unknowns, and may be written in the matrix form as

[I][a] = [-E!] (11.120)

The matrix equation can be solved for vector [a] by using any standard matrix
algorithm. Once we have determined [a], we know the current distribution on the
wire, which may be used to calculate the input impedance, radiation pattern, or
the radar cross-section of the wire. Next we present results for a half-wave dipole.

Point Matching on a Half-Wave Dipole

A half-wave dipole is expected to be resonant for € = 0.47A. Let us assume
A=1m, and a = 0.005A for the dipole. For convenience we divide the dipole into 11
equal length segments as shown in Figure 11.10. Also, we assume 1 volt excitation at
the center of the dipole. The computed electric field and the current obtained using
the frill magnetic current model are given in Table 11.2. We note that the current
decreases from the center towards the ends as expected.
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Figure 11.10 A half-wave dipole divided into 11 equal segments of size Az.

Table 11.2 Computed Electric Field and the
Current Vector e for N=11, b/a = 2.301,

Vi=1 volt

Segment Excitation Vector Current Vector
Number, n EM x107* @, x 107

1, 11 —1 9.7 £ -40
2,10 -2 17 £ -39

3,9 -3 22.7 £ =37
4,8 —10 26.5 £ -35
5,7 —-j67 28.3 £-32

6 —11333 27.7 £ =27

Input impedance.  The input impedance of the dipole can be obtained from the
above data. For the feed point located at the center of the dipole, the input imped-
ance is given by

- 1
Z,=Yi_ — = 31.97 +16.70 (11.121)
a5 27.7x 107 £ -27°

We observe that the input impedance of a thin dipole of length 0.47\ is inductive.
The accurate value of the input impedance for this dipole is Z;, = 80Q}.

Effect of Increasing the Number of Segments N.  Table 11.3 compares the input
impedance for the dipole as a function of the number of segments for the delta-
gap and magnetic frill generators. Software dipole.m is used for the purpose. The
input impedance converges to the true value for N > 100 for both the models, but

Table 11.3 Comparison of the Input Impedance of the
Half-Wave Dipole for Two Different Source Models
(€ =0.471, a=0.0051)

Number of
Segments, N Delta Gap Source Magnetic Frill Source
11 94.17 +j49.0 31.96 +j16.7
21 77.65 —j0.61 47.11 -;0.13
31 75.15 - j6.6 59.52 - j4.6
51 7718 +j2.6 73.11 + 4.3
71 79.74 + /8.4 77.93 +j11.7
91 81.43 +/9.16 79.52 +714.68

111 82.62 +j7.1 80.08 +/15.76
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the behavior of magnetic frill source is regular. Figure 11.11 shows the effect of
increasing N on the amplitude of current distribution for the magnetic frill source.
The current converges to the expected half-wave sinusoid for N > 70. It is observed
that delta gap source also produces convergent current distribution but the dipole
current increases with the value of N. The input impedance is plotted in Figure
11.12 for a large number of values of N for the magnetic frill source. The real
part of input impedance converges to 80 ohms for N > 80.

The MoM analysis of wire antenna in terms of Hallen integral equation is

described in [8].

11.2.5 Scattering from a Conducting Cylinder of Infinite Length

The scattering of a propagating wave by an object is one of the fundamental
phenomena in electromagnetics. The quantity of interest derived from scattering
is the radar cross-section (RCS), which is a measure of the effective area of the
scatterer, and is a function of both the angle of incidence and the angle of observa-
tion. The larger the RCS, the larger is the power scattered by the object. Stealth
technologies are used to reduce the RCS so that the object becomes almost invisible
to the incident radiation.

The MoM formulation for scattering from an object is very similar to the
formulation for antennas. The difference between the two phenomena lies in the

Current distribution on a center fed dipole for various value of N
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Figure 11.11 Convergence of current distribution on a half-wave wire dipole as a function of N,
the number of segments. € = 0.47, a=0.0054, A =1m.
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Input impedance of the dipole for various value of N
100 T T T T T

Rin

20 I L 1 1 L
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Number of basis functions N

Xin
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Number of basis functions N

5 1

Figure 11.12 Variation of input impedance of wire dipole antenna with pulse basis functions.
¢=0.47), a=0.0051, A= 1m.

source of excitation. In case of antennas, the exciting source is located at the
antenna, whereas the exciting source is located at infinity for the purpose of
scattering. We shall analyze the problem of scattering by an infinite conducting
cylinder. Since there is no reflected wave from the ends of an infinitely long object,
the current does not vary along the length, and the problem therefore becomes
two dimensional.

An infinitely long, perfectly conducting cylinder is shown in Figure 11.13(a),
where the contour C defines the shape of the cylinder. Although the cylinder drawn
there is a circular cylinder, the formulation presented next is applicable for cylinders
of arbitrary cross-section. The integral equation for the cylinder is obtained by
applying the boundary condition that the (total) tangential electric field on its
surface is zero; the total electric field consists of the incident field and the scattered
field produced by the current induced on the conductor; that is,

Et’;’; +EX" =0 on the conductor surface (11.122)

Since the source of incident wave is located at infinity, the incident wave is a plane
wave over the cross-section of the cylinder. Let us assume the incident wave to be
a plane TM wave with H, = 0 and E = 2E,(x, y). The induced current and the
scattered field produced by it are related by the vector wave equation (1.28), which
becomes the scalar wave equation in this case,
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Emt‘

(a) (®)

Figure 11.13 (a) TM wave incident on an infinitely long conducting cylinder. (b) Partitioning of
contour C and illustration of geometrical parameters.

VZES + RPEX = jouo], (11.123)

because E;" induces J, only. The Green’s function solution for the above wave
equation is similar to that given in (3.101), and the scattered field may be expressed
as

k
ES(p) = - ”Ojfz VHE (k[ - o) di (11.124)

where p = £x + 9y is the field point, p’ = £x" + Jy’ is the source point on the
contour of cylinder, Hj ' (.) is the Hankel function of second kind and zero order,
no = 377Q is the free space impedance, and k = 27/A. The Hankel function of
second kind is used here, and not first order, because the scattered wave is traveling
outward. The integration is carried out over the contour of the cylinder because
the current inside a perfect conductor is zero.

Applying the boundary condition (11.122) on contour C gives the integral
equation as

lnC k ’
il ffz (k|- p)dl (11.125)

The unknown surface current can now be determined using MoM. The incident
plane wave field is assumed to be propagating normal to the z-axis, the axis of
the cylinder. Therefore, k = £k, + yk, and the incident field may be specified as

E = Ege % = Eyeklxcoseitysing) (11.126)

ke
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where ¢; is the angle of incidence as shown in Figure 11.13(a). The analysis next
follows the discussion given in [2, p. 38].

For the MoM solution we now divide the contour into a number of segments
as shown in Figure 11.13(b) and use pulse expansion for the unknown current as,

M
J.p) =3 a,P(p’ - pm) (11.127)

m=1

where P(p — p,,) is the pulse function centered at p,,,. If we divide the contour in
sufficiently large number of segments, the curved segment may be replaced by a
flat segment. Point matching at the mid-point p,, of segments reduces the integral
equation (11.125) to

M
/- k 2 ’ ’
E;”%p,,):% Y ame(())(k|pn—p|)dl n=1,2,3,...N
m=1

W,

(11.128)

where w,, is the size of the mth segment. The expression (11.128) can be written
as a set of simultaneous equations as (M = N)

E;"‘(m) Zy Zyp ... ZiNT|[a
E™(p2) Zy Zypy ... ZiN|| @
. = . . . . . (11.129)
E"(pN) ZNt ZN2 --- ZNNdlLon
or in matrix form as
[E™] = [Z][a] (11.130)
where
P+, 12
k 2 a1
Zomn =20 f HP (k| pp - p'|)dl (11.131)
P =W, 12

Analytical Simplification of Matrix Elements

The matrix elements are now simplified analytically so that they can be expressed in
accurate but simpler form. The diagonal elements are relatively large and contribute
significantly to the solution. For segment size small enough compared to the wave-
length, (11.131) may be approximated as [1, p. 43]

Zun = %wﬂH((JZ)(kRmn) for m = n (11.132)
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and

Rym = |pn - pml = '\/(xm - xn)2 + (Ym — yn)z

This approximation is found to be accurate to about 2% when the segment size
is about A/10 [2].

For diagonal and near-diagonal matrix elements, the argument of the Hankel
function is small; and the Hankel function may be expressed as [2, p. 39]

it = (1-5) {7 0(7) [z 2 (T} o
(11.133)

where y=1.78107. ... Retaining the dominant terms of (11.133), the integration
in (11.131) may be carried out as [2, p. 40]

w,,I2

w,, 0
=W, —J 2 Wy, [ln( k > 1]
_i= ) 4“7” _

Using this expression, the diagonal elements are obtained as

_ knows, 20 (yRwy
Zom="—4 {1—;7[1n< 2 )—1}} (11.135)

A better accuracy in the evaluation of matrix elements can be achieved by numerical
integration. For diagonal elements, singularity subtraction may be employed before
integration.

The solution of matrix equation (11.130) yields the induced current distribution
J. on the cylinder and is given by

[a] = [Z] ' [E™] (11.136)

e _ o K08 @i+ sin @) 4 g

where E X, Ym) denotes the coordinates of the mid-

point of the segment.
The induced current density may be used to determine the RCS of the scatterer.
For a two-dimensional scatterer, RCS is defined as [2, p. 24]

2

scat

z
inc
z

ney = It 2mp

pee

orm(e; ¢ (11.137)
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and can be expressed in terms of induced current on a perfectly conducting cylinder
as

2
O'TM(GD, gDinc) :_0 f]z(x/, y;)ejk(x’cosqo+y'sin¢) dr (11.138)

C

For small sized segments, the integral may be approximated by summation over
the segments as,

N 2
or(es @ mc _ Z ne]/ex COs 9+, sin @) (11.139)

where ¢ is the angle of observation. In matrix form, (11.139) may be written as
[1, p. 45]

2

. k ,
aTM(¢,¢mf):—£@|[vﬂ[zsr4[vmq|2 (11.140)

where [V"] is an excitation voltage vector, [V*] is a voltage matrix at the observa-
tion angle, and [ZS] is the scatterer impedance matrix, defined as

Vinc —w e//e(xmcos @it Y, sin ¢;) VS =

ik(x, cos ¢+, sin
ol " , n_wnel(n PtV (p),ZS

mn = W Zmn

(11.141)

The above formulation is coded for a circular cylinder of radius a. The software

is called scattermg circular.m. The plane TM wave is defined by Emc

e R(xcos gi+ysing;) and ¢; = 7. The computed induced current on the surface of
the cylinder is plotted in Figure 11.14 as a function of ¢ for two values of ka. The
current is maximum on the illuminated side ¢ = 7 of the cylinder and becomes
almost negligible in the shadow region. Also, the induced current increases with
the increase in the value of ka.

It has been observed that for best accuracy of the above scatterer model, the
phase center (x,,, ¥,,) of each segment should be located on the surface of the
original cylinder and the segment width is obtained from the circumference of
the original cylinder [2] as w,, = 27ra/N, where N is the number of segments.

The radar cross-section of the cylinder is computed using (11.140), and the
normalized value o/(27a) is plotted in Figure 11.15 as a function of angle of
observation ¢ for ka = 1 and 4. The RCS is higher in the direction of shadow
region and relatively low on the illuminated side of the cylinder. It is contrary to
the distribution of induced current on the cylinder. This paradox is explained by
the fact that incident radiation is present for all values of ¢, whereas the scattered
radiation is more on the illuminated side and cancels the incident radiation there.
The scattered field being less on the shadow region, the incident radiation contri-
butes significantly to the RCS in the shadow region [9, p. 129]. Also, the figure
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Figure 11.14 Induced current on a conducting circular cylinder of radius a = Tm, N = 160.

270

Figure 11.15 RCS (0/27a) of a circular cylinder of radius a=1m, N = 160.
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shows that RCS becomes more directive with the increase in the value of ka. The
increase in ka was realized by increasing the frequency of the incident wave and
keeping radius a fixed.

Analytical Solution for the Circular Cylinder

The circular cylinder, being a regular shaped geometry, has been analyzed using
the method of separation of variables. For this, the incident plane wave is expanded
in terms of cylindrical functions as [10, p. 233].

EM = Ege ™ ¢ Ey Y 7, (kp)e (11.142a)

N =—oc0

The scattered field is similarly expressed as

EX*(p)=Ey Y, j"a,HY (kp)e™ (11.142b)

n=—oc0

Applying the boundary condition (11.122) at the surface of the cylinder p=a gives
the following expression for the expansion coefficients a,,:

an=—]’(’%ka) (11.143)
H,” (ka)
The surface current on the cylinder is therefore given by
1 d nc scat
]z:H¢’|p=a=I'wM0%(Ez +E; )|p=a (11.144)

Using (11.142) in (11.144) and simplifying the result by means of Wronskian,

7,0 H, P (x) = H? (%) ]2 (x) =% (11.145)

yields

o0 -1 ng;
Jo=-—fo y L (11.146)
wpoTa . H, (ka)

The scattered electric field at large distances from the cylinder may be obtained
from (11.142b) by using the following asymptotic formula for H ,(12) (kp):

HP (x) ——5 AL je7™ (11.147)

The scattered field is therefore obtained as
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at 2’] —‘k - j i
E:“ Py Eoyjﬁkpe weN a,e™ (11.148)

N =—o0

The ratio of the scattered field to the incident field is given by

2
'\/Wkp

The convergence of this series is slow for large values of ka; for example, six terms
give satisfactory result for ka = 3, whereas 100 terms are needed for ka = 100.

k4

nc
E

ke

]” ka i”%‘
2 /ea)

ESCdt
‘ (11.149)

RCS of a Square Cylinder

Next, we study the scattering by a square cylinder to observe the role played by
the corners/wedges on the scatterer. The formulation described earlier was coded
for a square cylinder of side length a = 1m and ka = 1, 4. The software is called
scattering_square.m. The induced current on the cylinder is plotted in Figure 11.16.
Due to the symmetry of the cylinder and excitation, the current distribution on
only half the cross-section is plotted. The current is found to be singular at the
corner facing the incident wave. The current decreases almost linearly towards the
shadow region, except at the corner in that region. Also, the induced current
increases with ka. The normalized RCS o/(4a) was computed for the square cylinder
and is plotted in Figure 11.17. Comparing this plot with Figure 11.15 for the RCS

abs(J,/H)

0 0.2 0.4 0.6 0.8
I/a

Figure 11.16 Induced current on a square cylinder of side a. N = 200.
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11.3

RCS of the cylinder, o/(4a)
90 3

180

270

Figure 11.17 RCS (0/(4a)) of a square cylinder of side a. N = 200.

of a circular cylinder, we find that the RCS of a square cylinder is less directive
although the induced current is highly peaked.

Fast Multipole Solution Methods for MoM

The MoM is an efficient method with less number of unknowns. However, the
matrix is dense and the use of direct solution methods, such as LU decomposition,
results in large number of floating point operations, which increase with frequency
as O(f 6). The processor time can be reduced by using Fourier transformation or
CG-FFT techniques for geometries that are thin along one direction [11]. For truly
three-dimensional geometries, several methods have been proposed for efficient
MoM solution. A very successful scheme involves replacing the matrix-vector
multiplication of MoM by the fast multipole method (FMM) and its variant multi-
level fast multipole [12]. The first step in this method is to divide the simulation
region into a number of subregions, each containing a number of cells. Computa-
tions for the cells in the same or adjacent subregions are carried out in the standard
way as described earlier. However, the fields produced by the sources far away
from the observation cell are computed by multipole expansion of the sources and
then projecting this onto a set of plane waves in the observation cell. The efficiency
is achieved because only a few terms of the multipole expansion are needed. The
number of floating point operations based on FMM increases as O(f°) and can
be reduced to O(f 2 log f) if the multilevel extension of FMM is implemented. In
the multilevel FMM, the FMM algorithm is repeated in a hierarchical fashion
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11.4

similar to that in a telephone network. In a network of N customers, a number of
N? connections is required if a direct line connects every other customer. The
number of connections can be reduced by introducing hubs. To make a telephone
call, a customer calls the local hub, which calls another hub, and finally to the
recipient of the call.

Comparison of FDM, FDTD, FEM, and MoM

We have discussed a number of computational methods to solve problems with
simple geometries and dielectric inhomogeneities. A common base for FDM, FEM,
and MoM is the weighted residual method [13]. The common features of these
methods include discretization of the unknown function, approximations, and
the solution based on matrix solution techniques. The approximations result in
inaccuracies. The convergence and spurious solutions are other problems. We
compare the computational methods with these perspectives in Table 11.4. The
evaluation is not quantitative but qualitative. With the limited experience we have
developed with the computational methods in terms of rectangular grid and one-
dimensional and two-dimensional geometries, we can compare the methods in a
limited manner only.

Table 11.4 Qualitative Comparison of Computational Methods

Characteristics FDM FDTD FEM MoM

Preprocessing Nil Nil Moderate Significant
(because of
Green’s function)

Level of Surface level Surface level Surface level Contour level

discretization

Stability of Good Poor, if not causal Good Very good

solution

Matrix type Sparse — Sparse Dense

Storage Large Very Large Large Small to moderate

requirement

CPU time Large Large Moderate to large Small to moderate

Numerical Yes Yes Yes No

dispersion

Analysis of Poor, if Poor, if Very good, if Good (only the

arbitrary shaped  rectangular or rectangular or triangular elements unknown function

geometry cylindrical mesh is cylindrical mesh is are employed is discretized)

used used
Open boundary Convergence is PML or ABC may PML or ABC may Efficient (because
problems very slow if first  be used to truncate be used to truncate of Green’s
order ABC is used the domain the domain function)
Spurious solutions No No Yes, for node No

based elements

Distinctive feature Easier to Versatile, can Analysis of Efficient for open
understand, but ~ produce animation arbitrary shaped  boundary
inefficient geometry problems.
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The various aspects of the computational methods dealt with in this text should
be useful in developing the necessary skills. An experienced student can accelerate
numerical processing skillfully.

11.5 Hybrid Computational Methods

As discussed in the last section, the computational methods in their classical form
suffer from one limitation or the other. MoM results in a dense matrix although
the number of unknowns is less, whereas FEM suffers from large number of
unknowns. For the unbounded region problems, MoM has the advantage associated
with the use of Green’s function, whereas FEM is versatile for inhomogeneous
medium problems. It is possible to combine the useful features of FEM and MoM
so that unbounded region problems with inhomogeneous dielectric could be solved
efficiently. The resulting hybrid method is called finite element-boundary integral
(FE-BI) method. The formulation of FE-BI by Botha and Jin [14] is based on
variational formulation and is very well described in [15, Ch.10]. FEM has been
combined with conformal mapping to determine the capacitance of printed lines
[16]. Computational efficiency of FDTD may be combined with the body conform-
ing meshing property of FEM [17].

11.6 Summary

The method of moments (MoM) is a powerful computational method which is
partly analytical and partly computational. The method is very efficient for the
analysis of open region geometries such as antennas, scatterers, and planar circuits.
The method is based on weighted residual method in which the residue of the
governing equation is set to zero in an average sense over the domain. The unknown
function is expanded in a set of expansion functions, and inner product of the
residue is set to zero. The number of test functions are taken equal to the number
of expansion functions in order to generate as many equations as there are
unknowns. The MoM is illustrated by solving a number of examples like, strip
line capacitance, charge distribution on a metal wire, current distribution and input
impedance of a half-wave dipole, and RCS of a cylindrical scatterer. Various
computational methods discussed in the book are compared
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P11.1. Solve the following differential equation for the transmission line half-wave
resonator using the MoM:

d*E,
12 + 7 Ey(x) = 6(x — 0.5) 0<x<1

subject to Ey(0) = Ey(0) = 0. Divide the domain into equal segments and use
triangular basis and test functions. Obtain the expressions for the matrix element
l,un and the excitation vector element p,,,.

P11.2. Solve the following ordinary differential equation:

dZ
dx

~~

2

=1+x 0<x<1

o

subject to £(0) = f(1) = 0. Use triangular function expansion-point matching, and
Galerkin triangular expansion to determine the function f(x). Comment on the
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convergence aspect in the two cases, and determine the residual for triangular
function expansion point-matching method.

P11.3. The following problem interprets the finite difference method in the language
of MoM [2, p. 228].

1. Use MoM to construct discretization of the following scalar wave equation

2

%+k2Ey(x)=g(x) 0<x<1
using triangular basis functions for E,. Enforce the differential equation
with pulse testing functions such that basis functions straddle two cells of
dimension Ax, while the test functions are defined between the centers of
adjacent cells as shown in Figure 11.18. Determine the mnth entry of the
resulting matrix.

2. Construct a second order finite difference discretization of the wave equation
of (1) using cells of dimension Ax and central-difference formula

d*E, _Ey(i+1) - 2E,() +Ey(i- 1)

dx? (Ax)?

Identify the entries of the tridiagonal finite difference matrix and compare
with the entries of the matrix in part (1). Discuss the implications.

P11.4. A parallel strip transmission line consists of two finite width strips running
parallel to each other and separated by a distance 25, as shown in Figure 11.19.
Use the MoM to determine (and plot) the charge density distribution on any of
the strips and the characteristic impedance Z of the line for w = 5m and » = 1m.
You may use pulse expansion and point matching with N=M =3, 7, 11, 18, 39,
59, where N and M represent the number of segments on the upper and lower
plates, respectively. Also plot Z as a function of w/h for w/h =1, 3, 5, 7, 10 [8].

P11.5. For the center-fed dipole with € =0.47A, a=0.05A, and A = 1m, determine
the input impedance as a function of frequency with frequency ranging from 250
to 350 MHz at an interval of 10 MHz.

Test function
l/ Basis
R }'jr.—\-*, A"\ ¢— function
‘\

1
A
I .\\
| 'Y »

xif Ax‘
<«

Figure 11.18 Arrangement of triangular and pulse functions to compute matrix element /..
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Figure 11.19 Geometry of a parallel strip line.

P11.6.

The strip line of Section 11.2 was analyzed using pulse expansion and point

matching. Now use triangular expansion and Galerkin’s method to determine the
expression for matrix elements.

P11.7.

Use the expression for matrix elements derived in P11.6 to determine the

charge distribution on the strip for the set of parameters considered in Section
11.2. Comment on the convergence behavior.

P11.8. Consider the parallel strip transmission line of Figure 11.19. The MoM
analysis of the geometry with pulse expansion and point matching produces the
following data for the Z of the line as a function of expansion functions N and
wlh:

N-— 3 7 11 18 39 59

wihl

1 127.72 126.57 126.36 126.27 126.27 126.28

3 69.13 69.30 69.37 69.45 69.57 69.61

N 47.21 48.40 48.69 48.90 49.10 49.17

7 35.19 37.15 37.59 37.89 38.16 38.24

9 27.38 30.03 30.59 30.95 31.27 31.36

1. Determine the most accurate value of Z for each value of w/h. Determine

P11.9.

the corresponding capacitance per unit length C.

. Now model C as a combination of parallel plate capacitance C, and fringing

field capacitance Cysuch that C = C, + 2Cy. Determine Crand plot C/C,
as a function of w/h.

. Explain the behavior of Cy physically.

Compare MoM, FDM, and FEM techniques in relation to the solution of
d*v
——2=77'2 sin(7x) 0<x<1
dx

subject to V(0) = V(1) = 0.

P11.10. Consider the following one-dimensional scalar Helmholtz equation:



Problems 491

d’E
#wzwx):o, 0<x<1
X

where k = 277/ defines the wavelength in the medium.

1. Apply FDM and the central difference approximation to determine the mnth
entry of the resulting matrix.

2. Apply MoM and the triangular basis and testing functions of size 2Ax to
determine the mnth entry of the resulting matrix.

3. Apply FEM and the triangular basis and testing functions of size 2Ax to
determine the mnth entry of the resulting matrix.

4. Compare the entries of (1), (2), and (3) and discuss the implications.






Solution Methods for the Set of
Simultaneous Equations

Al

The computational methods discussed in the preceding chapters have one feature

in common. These methods, except for FDTD, require the solution of a set of

simultaneous equations. Several matrix operations (multiplication, inversion, and

so on) are carried out to obtain the potential, field, or current distribution. The

analysis may have to be carried out repeatedly to determine the optimum set of

parameters. This requires efficient methods to carry out various matrix operations.
The matrix equation may be written as

[Allx] = [b] (A.1)

where [A] is the N X N matrix with known elements, [x] is the N X 1 unknown
vector, and [b] is the N x 1 known excitation vector.

The matrices we come across during the investigations of electromagnetic prob-
lems are of special type. This is due to the physical considerations of the engineering
problems. The special matrices may be described variously as: symmetric, hermitian,
diagonally dominant, sparse, toeplitz, and triangular, and are defined in Section
2.6.

The computer resources (computer memory and processor time) required to
solve (A.1) determine the efficiency of the computational method employed. The
efficiency is limited by: (1) the amount of computer storage necessary for the N?
elements of the matrix, (2) the amount of processor time required to compute those
N? elements, and (3) the amount of processor time required to solve the matrix
equation (A.1). Here we first examine symmetry considerations and algorithms to
reduce the execution time and storage requirements.

Processor Time Considerations [1]

A square matrix of N? elements is said to be of order N. The processor time
required to solve the matrix equation is approximately given by [2]

t~C{N?>+ C,N° (A.2)

where the algorithm and computer-dependent factors Cq and C; are defined as
follows:
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A.2

C1 = processor time required to compute a typical matrix element
C, = processor time required to solve [A][x] = [b] by matrix inversion

It is clear from (A.2) that the processor time required for solving the system
of equations varies as N 3 and dominates the total processor time. This computer
time can be reduced in a number of ways. If instead of using the matrix inversion
method, an algorithm such as Gauss-Jordan is used, then the processor time required
reduces from C2N3 to C3N2 and (A.2) becomes

t =~ C;N?+ C3N? (A.3)

and represents a significant reduction in the solution time required for a given N.
If further, [A] is toeplitz in nature, (A.3) becomes

t =~ C{N + C4N>P (A.4)

Equation (A.4) shows a significant improvement over (A.2) in the first term as well
as the second term. The relative CPU time is therefore less if the indirect solution
methods are employed for the solution of large sized matrices.

We next examine briefly the matrix properties to reduce the total computer
time required.

Toeplitz Matrices

Most of the computational methods produce matrices [A] that are symmetric about
the diagonal. Further, if the various segments of the geometry are of the same
dimension, all the N* matrix elements can be described by any row or column of
[a;;], say, the first row. For example, the following matrix is a toeplitz matrix and
the matrix elements can be obtained by the following algorithm:

ajj=at,|i-j|+1 122,721 (A.S5)

a1t 412 413 ... 41N a1 a2 a13 SR a1N
a1 422 423 ... 42N a2 a11 a2 <.+ AIN-1)
a31 432 433 ... 43N | =] 413 a2 a1 <.+ A1N-2)

| aN1 aNn2 aN3 ... anNnNd  Lain ayN-1) aiN-2) - .- ap

Computer algorithms exist for solving toeplitz matrices that are considerably more
efficient than the ones for solving a nontoeplitz matrix. An example of toeplitz
matrix is given in Section 11.2.

Matrix Solution Techniques

The most direct solution approach for (A.1) is the matrix inversion technique
described as
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[x]=[A]'[b] (A.7)

where [A]_l can be written in the compact form as
(AT = adj[A)/|A]| (A.8)

The ijth element of adj[A] is given by (_1)i+1 X (jth minor of [A]). Implementation
of this scheme may be very computer intensive. To evaluate the determinant of an
N x N matrix requires N(N — 1)! multiplications. For large values of N this is a
very computationally intensive formulation and is therefore used for small sized
problems only. We next discuss some efficient matrix solution techniques.

The various methods for solving a system of linear equations can be categorized
either under direct/elimination methods or iterative methods. The elimination
methods constitute the simplest direct approach to the solution of a set of simultane-
ous equations. Such methods include Gauss’s method, Gauss-Jordan, Cholesky’s
or Crout’s method, and the square-root method. The direct methods can be used
for N =25 to 60. For very large systems, say N = 100 or more, the direct methods
become inefficient and suffers from round-off error. Indirect or iterative methods
provide an alternative. These include conjugate gradient method, Jacobi, and Gauss-
Siedel method.

We discuss two efficient approaches for the solution of matrix equation. These
are: (1) Gauss elimination, and (2) L-U decomposition. Some of the sparse matrix
techniques used to reduce storage requirements and improve computational effi-
ciency are also discussed. An iterative method based on conjugate gradient is
outlined.

A.2.1 Gauss Elimination [3, 4]

The Gauss elimination method is still one of the most popular and efficient methods
of solving a system of linear equations if there are no special properties of the
matrix to exploit (e.g., sparsity, bandedness, symmetry, and so on). This method
involves eliminating one unknown at a time and proceeding with the remaining
equations. This process leads to a set of simultaneous equations in triangular form
from which the unknowns are determined by back-substitution. We first illustrate
the procedure by means of an example.

Example A.1.  Consider the solution of the following set of equations:

2x1+2x7+3x3=3 (A.9a)
4x1+ 7xy+7x3=1 (A9b)
=2x1+4xy + Sx3=-7 (A.9¢)

Using (A.9a) to eliminate x1 from the other two equations, we get

21 + 2%y + 3x3 =3 (A.10a)
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3xy +x3=-5 (A.lOb)
6x) + 8x3=-4 (A.10c¢)

We now use (A.10b) to eliminate x, from (A.10c), to obtain

2x1+ 2x7 + 3x3=3 (A.11a)
3x)+x3=-5 (A.11b)
6x3="6 (A.11¢)

The solutions for x1, x3, and x3 can now be obtained in the reverse order by back-
substitution. Equation (A.11c) gives x3 = 1, which on substitution in (A.11b) gives
x7=-2.Finally, from (A.11a), we have x1 =2. Equations (A.11) are called #riangular
equations, and the process of obtaining the solution in the reverse order is called
back-substitution.

The basic operations used for triangulation in the above example are:

1. Multiplication of an equation by a constant;
2. Replacement of jth equation by the sum of jth equation and « times the
kth equation, where « is any constant and k # ;.

For its implementation on a computer, the operations described above can be
performed as follows.

Let us say we wish to place zeros in column 1 below the diagonal a1 of (A.6).
If we multiply the first equation by a = ay1/a11 and subtract this equation from
the second equation, we shall get a zero in the (2,1) position of [A]. We must also
perform the same operation on the right side vector [b]. Similarly, for the third
equation, we multiply the first equation by a31/a11 and subtract it from the third
equation. The algorithm is then given by

g
Lap, k=1,2,...N;j=i+1,...N (A.12a)

ai = dip —
Tk Tk aijj

and

b= b;—

j=bj=g-bi  j=i+tl,...N (A.12b)

The algorithm for the unknowns can be written as

xN:b_N (A.13a)
ANN
N
bi— Y ajx
=
x=— T IN-1,N-2,...1 (A.13b)

aij
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It is assumed in (A.12a) that all the diagonal elements are nonzero. If this is
not so we must use pivot, as discussed next. If the matrix is nonsingular, we will
always find a nonzero pivot.

Pivoting

Here we discuss various criteria which can be used for the selection of pivots at a
particular stage. Though, in the previous section, the only restriction mentioned
was that the pivots should be nonzero, it has been found that pivots with small
magnitudes may lead to numerical errors. This is because of the finite word length
used in the computer. The errors caused by pivots of small magnitude can be
illustrated by means of the following example.

Example A.2.  Consider the following set of equations:

0.0001 1 [x1] [5 14
10 10 || x| |60 (A.14)

The solution of (A.14), correct to four decimal places, is x1 =1.0001, x, =4.9999.
In Gauss elimination procedure, the first equation of (A.14) is multiplied by 10°
and subtracted from the second equation, which now becomes

-99990x, = —499940 (A.15)

If the computer uses three-digit arithmetic, (A.15) would become

~1.00 x 10°x, = =5.00 x 10° (A.16)

giving x, = 5.00. When substituted in the first equation of (A.14), this gives
x1 = 0.0, which is grossly incorrect.

Let us also obtain the solution of (A.14) after interchanging rows so that the
magnitude of pivot becomes large. Equation (A.14) now becomes

[ 10 10] [x1] [60]
0.0001 1 [[x2| |$ (A-17)
Applying Gauss elimination to (A.17) now gives x5 = 5.00, x1 = 1.00 for a computer
with three-digit arithmetic. This is the correct solution for the three-digit arithmetic.
The above example illustrates that, if the absolute value of a pivot is too small,
a severe numerical error may result. To avoid these errors, a good strategy is to
choose the pivot at the kth stage to be the element with the largest absolute value
in column k of all rows from k to N. This consumes some extra computer time
but the improvement in the accuracy of the solution is significant. Further improve-
ment in accuracy is possible by interchanging not only the rows but the columns
as well. This method is called complete pivoting as compared to partial pivoting
where only rows are interchanged. Additional computer time is required for
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complete pivoting since the unknowns should also be reordered when the columns
are interchanged.

The processor time in Gauss elimination is proportional to N°>. This means
that doubling the number of equations will increase the CPU time by up to eight
times.

A.2.2 L-U Factorization [3, 4]

In this method, matrix A is decomposed into a lower triangular matrix L (a;; = 0
for i > j) and an upper triangular matrix U (a;; = 0 for i <) such that

[A] =[L][U] (A.18)

Usually L or U matrix has 1s on the diagonal. These are called unit lower triangular
and unit upper triangular matrices, respectively. Equation (A.18) implies

a1l ay ... 4aIN 1 0 ... 0 U1 "1 ... UIN

an aj) o e a)N €21 1 ... 0 0 uzy) ... U)N

aN1 A4AN2 ... 4NN €N1 €N2 A | 0 0 0 UNN
(A.19)

for the unit lower triangular decomposition. Equation (A.1) can be written as, after
decomposition of matrix A,

[L1[U][x] = [b] (A.20)

Solution to (A.20) is obtained in two steps. First, using forward elimination tech-
nique, one obtains the solution for [y] satisfying

[L1[y] = [b]
or
1 0 ... 0 Y1 bl
€21 01l v2 by
_ AT =] (A.21)
Nt N2 1] yn bN

The second step requires the solution for [x] from

or
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ur uip ... wIN|[*1 Y1
0 uy ... wun || x2 Y2

=" (A.22)
0 0 0  unn ]|l xN YN

employing the process of back-substitution. The elements of L are unity all along
the main diagonal and therefore, for the purpose of storage, L and U can be
overlapped and stored as [T] such that

[T]=I[L]+[U]-] (A.23)
where I is the identity matrix.

The elements of [L] and [U] can be defined in terms of [A] by comparing the
two sides of (A.19) term by term [5-8],

mwj=ay, j=1,2,3,...,N (A.24a)
(=21 i=2,3,...,N (A.24b)
ui
tj=— {al, 2 €,kuk,], i>] (A.24c)
7
wij = a; — 2 Cpupiy, i< (A.24d)

Example A.3. Let us consider the solution of the following matrix equation
based on LU decomposition:

301 17 1
1 2 0flxm|=]|1 (A.25)
1 0 1]lxs 1

Use of (A.24) gives the following matrices for L and U:

1 0 07

[L1=f1/3 1 0 (A.26)
| 1/3 -1/5 1]
3 1 1 7

[U]=|0 53 -1/3 (A.27)
[0 0  3/5 ]
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A3

The solution of (A.21) gives

V1 1
y2 =123 (A.28)
v3 4/5

Finally, the solution of (A.22) yields

X1 -1/3
x| =] 2/3 (A.29)
x3 4/3

and is the correct solution of (A.25).

Sparse Matrix Techniques

A sparse matrix is one which has a large number of zero elements. Most matrices
resulting from the finite difference or finite element formulations are sparse.

Since the matrices are highly sparse, most of the long operations to be performed
for LU factorization will be of the type 0 X a;; and 0/a;;, which could be avoided.
Thus, the computational efficiency of the analysis can be improved if we use
techniques that omit operations of these types and perform operations on nonzero
elements only. Further, considerable reduction in the storage requirement for the
matrix can be achieved if only the nonzero elements are stored. Suitable data
structures are designed so that the position of an element in the matrix and its
value can be easily retrieved.

A.3.1 Reordering of Equations

After LU decomposition, the L-U factors given by [T] of (A.23) are stored in the
same memory location as the original matrix [A]. It is possible that a location
which is zero in [A] (and so not stored) may become nonzero on decomposition.
In LU decomposition, an element a;; is updated as

ajj —> ajj — Ajpdf; (A.30)

If a;; is zero and a;; and ayp; are both nonzero, the element (7, j) which was zero
in [A] becomes nonzero in [T]. The new nonzero elements thus created are called
fill-ins. Storage locations should be kept for the fill-ins also.

The number of fill-ins generated is dependent on the ordering of rows and/or
columns. If the pivots to be chosen in each row are fixed, then the number of
fill-ins generated depends upon the ordering of rows. It is desirable to minimize
the fill-ins thus generated. To illustrate the dependence of the number of fill-ins
generated on the ordering, we consider the solution of the following equations by
LU factorization:
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4 -2 -67[x 6
39 0 0 |lx]| [-6
2 0 8 0 ||x3]|7]|14 (A.31)
2 0 0 —12)lxe] |26

To determine the number of fill-ins generated, we need not know the actual value
of nonzeros, but only their positions. For instance, the matrix of (A.31) for which
LU factors are needed is of the following type:

(A.32)

AW N =
XXX X =
S O X X
O X O X W
X o o X

where X indicates a nonzero element. On LU factorization, the matrix gets com-
pletely filled and therefore six fill-ins are generated. The number of long operations
needed for this decomposition is 20.

If the equations in (A.31) are ordered as

9 0 0 37[x] [6
0 -12 0 2 ||xa| |26
0 0 8 —2||x|7]14 (A.33)
4 6 2 2|lxd Le

with pivot elements being kept the same, the matrix for which LU factors are
needed is of the type

(A.34)

X O X O N

XX o o w
MO X X b

1
X
0
0
X

AW N =

where, as before, X indicates a nonzero element. On LU factorization, the matrix
is again of the same type and no fill-ins are generated. The number of nonzero
long operations required for factorization is now six. Thus, the rows and columns
of [A] should be reordered, not only to minimize the generation of fill-ins, but also
to reduce the number of long operations required for LU decomposition. An
algorithm for reordering is available [9]. An alternative to this approach is described
next.
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A.3.2 Preconditioned Conjugate Gradient Method

This method has been extensively used for sparse matrix equations in the last few
decades. It combines the useful aspects of iterative methods and direct methods
and is a modification of the well-known conjugate gradient method.

The conjugate gradient method is applicable to symmetric, positive definite
matrices. The solution is guaranteed to converge in N steps for a matrix equation
of order N, provided that round-off errors are not generated in the process. The
scheme yields an improved estimate of the solution vector at each step, while
permitting restarting at any point during the process. Because the structure of the
original matrix is preserved throughout the computation such that the zeros in the
matrix are not replaced by fill-ins (as would be the case with Gauss elimination),
the conjugate gradient method results in memory savings.

Let us consider solving the matrix equation (A.1) of order N, where [A] is
symmetric, positive definite matrix.

The conjugate gradient method essentially consists of finding a set of N vectors
wi,i=1,2,3,... N orthogonal or conjugate with respect to [A], such that

[wi [Allw]=0, fori=j (A.35a)
and
i [Allw]#0, fori=j (A.35b)

These vectors are independent vectors and span the space in which any solution
of the matrix equation must lie. Therefore, any possible solution to matrix equation
may be represented as a linear combination of these vectors w;, such that

[x] =, Cilw;] (A.36)

where the vectors w; may be called direction vectors or basis vectors. The details
and the algorithm for the conjugate gradient method may be found in [5, 10].

The N-step convergence may be adequate for small values of N. However, for
large systems of matrix equations, the number of steps may be too large. The
convergence to the actual solution can be accelerated by multiplying the matrix
[A] by a preconditioning matrix that will modify the original matrix such that the
new matrix will be closer to the identity matrix, or at least the eigenvalues of the
new matrix are clustered together [10].
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Evaluation of Singular Integrals

We have come across singular integrals in conformal mapping method (Chapter
4), and in the determination of the diagonal matrix elements for MoM (Chapter
11). The square root singularity of mapping functions in Section 4.5 could be
evaluated in terms of inverse elliptic function, which are tabulated and can also
be determined numerically. However, when the metallization of planar transmission
lines is nonplanar or of finite thickness, the integrals are of the form that inverse
elliptic functions cannot be used. One of the most common approaches in this
connection is the singularity subtraction method, described next.

Singularity Subtraction Method

This method can be used when the integral has a single pole on the path of
integration. In this method, the singular part of the integrand is subtracted, thus
making the integrand analytic everywhere on the path of integration. The singular
part is then computed separately according to the residue calculus and added to

the result.
Let
2c
sz f2) 4, (B.1)
Z—cC
0

The singular part of the integrand in the above integral is f(c)/(z — ¢), where f(c)
is the residue of the integrand. Therefore, one may write after subtracting the

singularity
2c 2c
szwdz_,_fmdz (B.2)
2—cC 2—cC
0 0

It may be noted that the first integral is no longer singular, and the value of the
second integral is —j77f (c) (see Chapter 4). Therefore,

2c
= f % dz — jmf(c) (B.3)
0
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Evaluation of Singular Integrals

The integral in (B.3) will converge rapidly and can be evaluated by a numerical
integration routine. However, at z = ¢ the integrand is determined by the Taylor
series expansion of f(z) about z = ¢ and is obtained as f’(c). There is no other
restriction on the function f(z) except that it should be analytic.

The second integral in (B.2) is singular but simpler than the original integral;
it is expected to be evaluated analytically. It is possible that the denominator cannot
be expressed simply as (z-c¢) (e.g., in the spectral domain analysis of microstrip
line). In such cases the second integral cannot be determined analytically, and the
numerical evaluation of the integral may impact on accuracy.

Example.  Consider the following integral:

b
I= f H (kx) dx (B.4)

This integral occurs in the MoM formulation of TM wave scattering by a conducting
cylinder [2, p. 39]. For the diagonal elements, the argument kx approaches zero
and the Hankel function may be approximated as

=Jote) = ¥o(t) =1 —in( %) (B.5)

At =0, the In(.) term becomes singular. Use of the singularity subtraction method
for I results in [2, p. 42]

b

[Yo(kx)——ln< vk )]dx—;—f (7kx>dx

(B.6)

1=ffo<kx>dx i

a\,w

The first two integrals can be evaluated numerically. The third integral includes a
singularity but can be integrated analytically as

J' In(t)dt =t(Int-1) (B.7)

Generalized Gaussian quadrature rules have been developed for integrals of
the form [1]

b
szw(x)f(x)dx (B.8)

where w(x) is singular. Quadrature rules for handling logarithmic singularity are
described in [2, p. 528]. These rules are found to be more efficient than the
singularity subtraction method.
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The functions with end-point singularity can be integrated numerically using
special integration schemes. One such help is available from Mathematica in the
form of NlIntegrate at [3]. An integral with singularity anywhere in the integration
range may be split into integrals with end-point singularity as

2c c 2c

f F) g = (L5 gy [ L) 4 (B.9)
X —C X —C X —C

0 0 c
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summary, 229-30
truncation errors, 227
types of, 24
unbounded region, 93
validation, 228
Conducting cylinder
analytical simplification of matrix
elements, 479-83
circular cylinder, 483-84
induced current, 482
perfectly, 477
scattering, 476-85
square cylinder, 484-85
TM wave incident on, 478
Conformal mapping, 23-24, 30, 121-25,
139
analyses, 128
angle preservation, 122
applications of, 125
coordinate transformation equivalence,

121

lower half of CPW, 147
for planar transmission lines, 143
properties, 122-24
Conjugate gradient method, 502
Constitutive relations, 3—4
general solutions, 5
unique solutions, 5
Continuity condition, 85
Contours
improper integrals, 118, 119
microstrip line equipotential, 259
Convergence, 212
defined, 213
effect of singularity on, 216-17
enclosed microstrip line, 256-58
in mean or average sense, 50
N-step, 502
order of, 214-15
rate for practical cases, 222
test, 214
uniform, 49, 50
Coplanar strips (CPS)
application to, 131-34
geometry, 134
mapping of, 132
transformation of, 131
Coplanar waveguide (CPW)
asymmetric, 148-49
cross-sections, 135, 144
finite dielectric thickness, 145
finite lateral ground planes, 148
geometry, 133, 145
lower half, conformal mapping, 147
See also Waveguides
Courant-Friedrich-Levy (CFL), 292
Cubic basis functions, 220
Current
basis functions, 209
density, 19, 480
excitation, 88
line source above ground plane, 173
on transmission line, 45-46
transverse, 208
y-directed, 210-11
z-directed, 209
Curved boundaries, 249-52
with nodes, 250
stair-step approximations, 250
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Cutoff frequency, 14, 265
for dominant TE mode, 439
FEM analysis, 429-36
rectangular elements, 432-34
Ritz approach, 373-74
triangular elements, 430-32
for waveguide modes, 373-74, 429-36

Cutoff wavelength, 269

Cutoff wavenumber, 14, 268, 432
for dominant TE mode, 434
for TM mode, 434

Cylindrical coordinate system, 36

D

Delta function, 62-68
Dirac, 62-63, 73, 385
eigenfunction expansion, 66—67
expressions in polar coordinates, 63
Fourier transform of, 68, 162
representation of Bessel integral, 68
representation of line sources, 65
representation of plane wave, 68
representation of point sources, 65-66
representation of sheet source, 64
representation of surface/sheet sources,
64
representation of triple transform, 175
series expansion, 67
in spherical coordinates, 63
Device discretization, 200-201
Dielectric inhomogeneity
Neumann boundary condition with,
249
node at edge with, 249
in one quadrant about node,
245-46
Difference form, 233-43
auxiliary (ADE), 321
first derivative, 233-35
Laplace equation, 236-43
Poisson equation, 236-43
second derivative, 235-36
See also Finite-difference method
(FDM)
Differential equations, 12-14
inhomogeneous, 50, 172
for large number of segments, 406

second-order, 77
Sturm-Liouville, 42-47
with unbounded regions, 157-76
See also Partial differential equations
(PDE)
Dirac delta function, 73, 385
defined, 62
idealization, 63
Direct construction approach, 72-79, 85,
169, 170, 171
loaded transmission line, 76-79
ordinary differential equation solution,
174
Sturm-Liouville differential equation,
75-76
See also Green’s function
Dirichlet boundary condition, 123, 160,
363
Discrete Fourier transform (DFT), 316
normalization by, 316
of waveforms, 317
Discretization
defined, 25
device domain, 200-201
of device geometry, 26, 201
of domain, 399
in FDTD, 219-20
nonuniform, 260-61
of operators, 217-19
with pulse subdomain functions, 213
of range, 399
Discretization error
defined, 212
extrapolation and, 215-17
in FDM, 219
in FEM, 220-22
reducing, 220
variation of, 228
Dispersion
defined, 18
numerical, 262-63, 288-92, 327-29,
406-9
relation, 290
TEM waves, 19
Dispersionless propagation, 289
Double Fourier sine transform, 172
Double series expansion method, 82-84
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E

Eigenfunction expansion
completeness and convergence, 49-51
of delta function, 66-67
double series, 82-84
of Green’s function, 80-81
linear resonator problem, 47-49
method, 47-51
single series, 84-87

Eigenfunctions
as basis for function space limits, 61
comparison of, 450
orthogonality of, 42-43
orthonormal, 83

Eigenvalues
analysis with MoM, 449-51
approximate, comparison of, 451
determination, 431-32
matrix, 226
matrix equation and, 431
operators and matrices relationship,

61

Electrical properties, 4-5

Electric fields
aperture, 178, 183
components, determining, 183
determination by Faraday’s law, 12
distributions, 125, 183
Gauss law for, 243
Green’s function, 91, 169
nodes, 307
time-harmonic, 22
wave equation, 13

Electric vector potential, 15

Electromagnetic theory
analytical and computational methods,

23-26
charge/current singularities, 19-21
constitutive relations, 3—4
differential equations, 12-14
electrical properties, 4-5
equivalence principle, 11
image currents, 9-11
integral equations, 452
mathematical framework, 22-23
Maxwell’s equations, 1-3

methods of analysis, 21-22
phase velocity, 16-19
Poynting vector, 8-9
principles, 1-27
reciprocity theorem, 12
skin depth, 8
summary, 26-27
transmission line characteristics, 19
vector potentials, 14-15
wave types/solutions, 15-16
Electrostatic energy, 368, 369
Element matrices, 395-97
assembly, 397, 402, 418-22
basis functions, 395-96
defined, 397, 401, 414
derivation of, 395-97
reciprocity property, 429
rectangular elements, 411-15
symmetry property, 429
triangular elements, 415-18
Elliptic sine function, 129-31
defined, 129
inverse, 130, 139
periodicity, 130
Energy functional, 423, 427
Entire domain basis functions, 206-12
advantages, 211
condition number and, 211-12
one-dimensional, 207-9
static charge distribution, 459-60
two-dimensional, 209-12
See also Basis functions
Equation of continuity, 2
Equivalence principle, 11
Essential boundary conditions, 402
Euclidean norm, 223
Euler equation
defined, 364
deriving, 366
generalization of, 365-66
in search for extremetizing function,
366
Excitation
coefficients, 91-93
current, 88

of grid, 295-305
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Excitation (continued)
of modes in guiding structures,
300-301
plane-wave, 301-5
probe, 87-93
TE-modes, 87-93, 167-68, 171
vector, 421, 431
vector entries, 401
Excitation field
frill magnetic current generator model,
473
gap generator model, 472
Expansion coefficients, 172
Expansion functions, 199
Exponential time-stepping algorithm, 316
Extrapolation, 215-16
Extremetizing functions, 364, 366
Extremum, 357-58
defined, 357
property, 357

F

Faraday’s law, 12, 326, 327
Fast Fourier transform (FFT), 292, 316
Fast multipole method (FMM), 485
Finite dielectric thickness, 145-48
finite width lateral ground planes and,
146-48
to infinite thickness, 145-46
transformation of, 145-46
Finite difference analysis
enclosed microstrip line, 254-61
geometries with open boundaries, 261
of guiding structures, 254-68
of inhomogeneously filled parallel
plate capacitor, 252-54
ridge waveguide, 264-68
Finite difference approximations, 233-43
difference form of first derivative,
233-35
difference form of Laplace and Poisson
equation, 236-43
difference form of second derivative,
235-36
Finite-difference method (FDM), 24, 199,
233-70
approximations, 233-43

comparison, 486-87

discretization error in, 219

interface and boundary conditions
treatment, 243-54

regular grid, 249

summary, 268-70

See also Computational methods

Finite-difference time-domain (FDTD),

12, 24, 26, 199, 281-348

advances in, 347

animation, 281

boundary conditions implementation,
345-47

comparison, 486-87

compatibility, 281

discretization error in, 219-20

excitation of modes in guiding
structures, 300-301

field update, 303

lossy dielectric material simulation,
320-21

lossy dispersive material simulation,
321-23

one-dimensional analysis, 284-309

one-dimensional analysis applications,
309-23

plane-wave excitation, 301-5

pulse propagation in transmission line,
281-84

simulations, 300

solution stability, 224

source/excitation of grid, 295-305

summary, 347-48

three-dimensional analysis, 339-45

two-dimensional analysis, 323-39

See also Computational methods

Finite element method (FEM), 24,

393-442

assembly of element matrices, 397

comparison, 486-87

defined, 393

derivation of element matrix, 395-97

discretization error in, 220-22

with linear basis, 221-22

mesh generation, 436-40

MoM similarity, 393

one-dimensional analysis, 398-409
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phase error, 408
postprocessing, 398
resonator simulation, 408-9
segmentation or meshing of geometry,
394-95
shape functions, 395
solution of system matrix, 397-98
steps, 393-98
summary, 441-42
for triangular elements, 220
two-dimensional analysis, 409-36
as variational method adaptation, 393
weighted residual formulation, 440-41
See also Computational methods
Flux
leaving bottom side, 244
leaving left side, 244
leaving right side, 244
leaving top side, 244
total, 245
Forward difference approximation, 235
Fourier coefficients, 40, 41
Fourier series expansion, 68, 166
Fourier sine transform, 160-62
along x-direction, 165, 170
defined, 166
double, 172
Fourier exponential transform
reduction, 160
Fourier transform
cosine, 160
defined, 153
delta function representation, 162
of derivatives, 156-57
differential equation/algebraic equation
with, 156-57
existence conditions, 155
exponential, 169, 170
Green’s function, 160, 162
inverse, 153, 158
kernel, 153
procedure, 154
radiation pattern relationship, 182
z-directed current, 209
Fourier transform integrals, 115-20
calculation, 116
Cauchy principle value, 119

in complex plain, 117
contour, 118, 119
formulation, 115
with singularities, 117
standing wave solution, 118, 119
value, 120
Fourier transform method, 30, 153-91
advantages, 155-56
differential equations with unbounded
regions, 157-76
examples, 191
introduction, 153-56
quasi-static analysis of microstrip line,
189-90
radiation from two-dimensional
apertures, 176-78
stationary phase, 178-88
summary, 190-91
typical steps, 154
Free nodes, 239
Free-space Green’s function, 157-60
expression, 163
one-dimensional, 163
in three dimensions, 175-76
in two dimensions, 162-73
See also Green’s function
Free space impedance, 314
Frill magnetic current generator model,
473
Fringing field capacitance, 468-69
Functionals, 358-59
computing/plotting, 361-62
construction from PDEs, 381-83
differential form, 358
energy, 423, 427
of independent variables, 365
of more than one variable, 365
for PDEs, 382
stationarity of, 361-63
variation of, 360-61
for wave equations, 396
Function space
dimensionality of, 51
eigenfunctions as basis for limits, 61

G

Galerkin’s method, 383, 384-85
defined, 383
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Galerkin’s method (continued)
implementation, 449
matrix equation, 384-85
MoM, 448-49
point matching method comparison,
386
Ritz method comparison, 387
Gap generator model, 472
Gauss elimination, 201, 239, 495-98
applying, 497
back-substitution, 496
defined, 495
pivoting, 497-98
triangular equations, 496
Gaussian pulse, 224, 293
bandpass, 298
defined, 295-97
modulated, 298, 299
propagation of, 311
in time, 299
Gaussian quadrature rules, 506
Generalized current basis functions,
208-9
Global matrix, 430
Global node numbering, 399, 403
Global vectors, 404
Gram-Schmidt orthogonalization
procedure, 52
Green’s divergence theorem, 2
Green’s function, 23, 24, 30, 71-95, 379
availability, 157
closed form expression, 72
defined, 71
direct construction approach, 72-79,
169
double series expansion method,
82-84
eigenfunction expansion of, 80-81
electric field, 91, 169
Fourier transform, 160, 162
free-space, 93, 157-60, 162-73, 471
as Green’s operator, 58
half-space, 160-62
for Helmholtz equation, 84
integral representation, 159-60
for loaded transmission line, 76-79
PDE, 92

plane wave spectrum representation,
176
potential, 175
for probe excitation, 87-93
properties, 75
for quasi-static analysis of microstrip
line, 189-90
for scalar wave equation, 159-60
single series expansion method, 84-87
space domain, 165
in spectral domain, 87, 166
for Sturm-Liouville differential
equation, 75-76
summary, 95
symmetry property, 86, 165
triple Fourier transform
representation, 175
in two dimensions, 81-87
for unbounded region, 93-94
vector potential, 91
Grid anisotropy, 327-29
Group velocity, 18, 289
Guide wavelength, 289
Guiding structures
excitation of modes in, 300-301
finite difference analysis of, 254-68

H

Half-space Green’s function, 160-62
contour integration, 162
in one dimension, 161-62
See also Green’s function
Half-wave dipole, 474-75
current distribution convergence, 476
point matching on, 474-75
segmentation, 475
See also Wire dipole antenna
Hankel function, 163, 478, 480
Hard source, 297, 304-5
Helmholtz equation, 13, 22
in cylindrical coordinate system, 36
Green’s function for, 84
one-dimensional, 93
one-dimensional scalar, 398, 407
separable, 35
three-dimensional, 94
two-dimensional, 94, 173
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Homogeneous Neumann boundary
condition, 7, 247, 248

I

Identity matrix, 499
Image currents, 9-11
Improper integrals, 110-21
along real axis, 111-14
contour, 118, 119
evaluation of, 110-21
Fourier transform, 115-20
integration with variable substitution,
121
singularity subtraction method, 120
Induced current density, 480
Inhomogeneous differential equations,
50,172
Inhomogeneously filled parallel plate
capacitor, 252-54
Inner product, 53-54
defined, 39, 53
MoM, 446
operation, 53
symbol, 382
Input impedance, 475, 477
Integral equations solution (MoM),
452-85
analytical solution, 456
integral equation, 452-55
scattering from conducting cylinder,
476-85
static charge distribution on wire,
455-62
strip line analysis, 462-69
wire dipole antenna analysis, 469-76
Integral operators, 58-59
Integration with variable substitution, 121
Interface conditions, 5-7, 346-47
Inverse Fourier transform, 153, 163, 170
defined, 158
kernel, 153
sine, 160
Inverse operators, 58-59
Iterative methods, 240

K

Kirchhoff’s voltage law, 282
Kronecker delta, 418

L

Laplace equation
defined, 14
difference form, 236-43
of electrostatics, 368
one-dimensional, 93
potential distribution for problem
satisfying, 237
in rectangular pipe, 31-37
three-dimensional, 94
two-dimensional, 93-94
variational solution of, 368-73
Laplacian operator, 13, 82
Laurent series, 109
Linear basis functions, 220, 407
Linear operators, 56
Linear resonator problem, 47-49
amplitude distribution, 47
resonator termination, 48
Line integral, 128
Line sources
current, above ground plane, 173
representation with delta-functions, 65
TE-mode excitation, 88
uniform, in grounded trough, 164
Loaded transmission lines, Green’s
function for, 7679
Local node numbers, 403, 405
Lossless transmission line, 158
Loss tangent, 5
Lossy dielectric material simulation,
320-21
Lossy dispersive material simulation,
321-23
LU decomposition, 500
LU factorization, 201, 498-500
equations, 500-501
fill-ins generation, 501
long operations for, 500

M

Magic time step, 290
Magnetic conductivity, 314
Magnetic fields
discontinuity, 89-90
time-harmonic, 22
Magnetic vector potential, 14
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Magnetic wall boundary conditions,
345-46
Mainlobe, 184, 186
Mapping, 121-22
annular region, 123
conformal, 121-25
of coplanar strips, 132
line segment, 122
planar transmission lines, 144-49
Schwarz-Christoffel transformation,
126
two-step/multistep process, 145
Material absorber design, 313-16
Material parameters, 319
Matrix
condition number of, 225, 226, 228
condition of, 225
determinant of, 225
eigenvalue, 226
equation solver, 201
norms, 223
operator representation, 59-61
size, increase effect, 226
solution sensitivity, 225
solution stability, 225-27
transmission-line (TLM), 24
Matrix solution techniques, 494-500
Gauss elimination, 495-98
LU factorization, 498-500
Maxwell’s equations, 1-3
curl, 324, 337
differential form, 1-2
general solutions, §
integral form, 2-3
MoM, 445
source-free case, 3
static or quasi-static fields, 2-3
three-dimensional analysis, 339
time-harmonic fields, 3
two-dimensional analysis, 323
unique solutions, 5
Media
electrical properties, 4-5
interface conditions between, 5-7
loss tangent, 5
skin depth, 8
wave number in, 12

Mesh generation, 436-40
Meshing of geometry, 394-95
Method of images, 23
Method of lines, 24
Method of moments (MoM), 24, 26,
445-87
basis functions, 447-48
comparison, 486-87
defined, 445
efficiency, 446
eigenvalue analysis, 449-51
fast multipole solution methods,
485-86
Galerkin’s method, 448-49
inner product, 446
integral equation, 452-55
integral equations solution, 452-85
introduction, 445-51
limitation, 445
Maxwell’s equations, 445
point matching, 448-49
procedure, 446-48
scattering from conducting cylinder,
476-85
static charge distribution on wire,
455-62
strip line analysis, 462-69
summary, 487
wire dipole antenna analysis, 469-76
See also Computational methods
Method of separation of variables, 23,
30, 31-37
application, 33
Laplace equation in rectangular pipe,
31-37
orthogonality of functions, 36
separability of functions, 31
Metric, 54-55
Microelectromechanical systems
(MEMS), 144
Microstrip line, 141-43
analysis, 378
capacitance, 141, 142, 380
characteristic impedance, 143, 257
charge density, 255, 258
convergence, 256-58
cross-section, 141, 189, 254, 378
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effective dielectric constant, 142, 257
electric field distribution, 260
equipotential contours, 259
finite difference analysis, 254-61
Green’s function for quasi-static
analysis, 189-90
mixed dielectric nature, 142
with multilayered substrate, 381
nonuniform discretization, 260-61
potential distribution, 255
strip line-like, 373
strip thickness effect, 258-60
variational formulation in spectral
domain, 378-81
See also Planar transmission lines
Mixed type boundary conditions, 44
Modeling errors, 227
Mode matching, 24
Mur’s absorbing boundary condition,
306-9
defined, 307
free space termination, 308
reflection, 307
reflection coefficient, 307-8
See also Boundary conditions
Mur’s second order absorbing boundary
conditions, 329-39
defined, 330
implementation, 330
residual reflections from, 331-33
See also Boundary conditions

N

Natural boundary conditions, 402
Neumann boundary conditions, 160
with dielectric inhomogeneity, 249
homogeneous, 247
nodes on edge and, 246-48
See also Boundary conditions
Newton’s method, 327
Nodal vector, 427, 428
Node-based basis functions, 413, 417
Node location table, 436—40
defined, 437
illustrated, 438
Nodes
central, 237

at corner, 248-49
at corner of dielectric inhomogeneity,
245-46
curved boundary with, 250
on edge, 246—48
at edge with dielectric inhomogeneity,
249
electric field, 307
free, 239
geometry, 238
global numbering, 399, 403
on interface, 243-45
on irregular boundary, 250
local numbering, 403
potentials on, 239
rectangular element, 411, 412
source, 297
in square grid, 236
triangle element, 416
Norm
of function, 54
matrix, 223
vector, 223
Numerical dispersion, 262-63
defined, 289
in one dimension, 291
one-dimensional FEM, 406-9
spatial step and, 288-92
in three dimensions, 343
in two dimensions, 327-29
Numerical instability, 223
Numerical solutions
accuracy of, 227-28
stability, 223-27
Numerical stability, 293, 296

@)

One-dimensional entire domain basis
functions, 207-9
with edge singularity, 207-8
generalized current, 208-9
series expansion, 207
See also Entire domain basis functions
One-dimensional FDTD analysis,
284-309
applications, 309-23
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One-dimensional FDTD analysis
(continued)
exponential time-stepping algorithm,
316
frequency domain information
extraction, 316-17
lossy, dispersive material simulation,
317-23
lossy dielectric material simulation,
320-21
material absorber design, 313-15
propagation constant determination,
312-13
reflection at interface, 309-12
solution to wave equation, 286
space, time marching of fields, 286-88
spatial step and numerical dispersion,
288-92
staggered grids, 285-86
See also Finite-difference time-domain
(FDTD)
One-dimensional FEM analysis, 398-409
accuracy, 406-9
boundary conditions, 4026
interface conditions, 402-6
numerical dispersion, 406-9
solution region discretization, 398-99
See also Finite element method (FEM)
One-dimensional subdomain basis
functions, 202-4
One-way wave equations, 332
Operators, 55-61
adjoint, 56-58
discretization of, 217-19
eigenfunction basis representation, 219
eigenvalues and matrices relationship,
61
entire domain basis representation,
218-19
Green’s, 58
integral, 58-59
inverse, 58-59
linear, 56
linear basis representation, 218
matrix representation, 59-61
properties, 55-56
real, 56

Orthogonal function expansion, 23, 24
examples, 40-41
use of, 24

Orthogonal functions
in analytical/computational methods, 40
boundary conditions for, 43—44
as differential equations solution, 41
normalized, 38

Orthogonality
of eigenfunctions, 42-43
of functions, 52

Orthogonality condition, 37-41
description, 37
expression, 38

Orthonormal functions, 38

P

Parallel plate capacitors, 140
boundary conditions, 424-25
capacitance, 422-29
energy stored in, 427
FEM and, 422-29
inhomogeneously filled, 423
symmetry consideration, 425-42
See also Capacitors
Parseval’s formula, 378
Partial differential equations (PDE), 29,
30
construction of functions from,
381-82
corresponding functionals, 382
Green’s function, 92
inhomogeneous, 92
reduction, 156-57
See also Differential equations
Perfect electric conductor (PEC), 9
aperture in, 10
image currents produced by, 9
walls, 336
Perfectly matched layer (PML), 315, 436
ABC, 333-39
characterization, 338
defined, 333
design of, 336-38
formulation, 333
placement for two-dimensional FDTD
domain, 334



Index

523

TE plane wave propagation and,
334-36
uniaxial, 338-39
wave impedance, 336
Perfect magnetic conductor (PMC), 9
boundary conditions, 345-46
description, 346
Phase constant, 312
Phase error
accumulation, 221
across single cell, 263
cell size effect on, 408
in FEM, 408
higher order basis functions and, 222
plot, 220
simple, 263
variation of, 221
Phase factor, 179
Phase velocity, 17, 289
angle of propagation effect, 328
with discretization, 291
Piecewise continuous function, 155
Pivoting, 497-98
complete, 497-98
defined, 497
Planar transmission lines, 134-49
conformal mapping, 143
conformal mapping analyses, 128
conformal transformation of, 134
mappings, 144-49
microstrip line, 141-43
quasi-static analysis, 134-43
Schwarz-Christoffel transformation
and, 125
strip line, 135-41
See also Transmission lines
Plane-wave excitation, 301-5
defined, 301
with linear array of nodes, 302
total-field/scattered-field formulation,
302, 303
Plane waves
representation, 68
simulation, 301
spectrum representation, 176
Pocklington integro-differential equation,
472

Point matching method, 385-87
defined, 385
Galerkin’s method comparison, 386
on half-wave dipole, 474-75
matrix equation, 385-86
method of moments (MoM), 448-49
solution, 385
in strip line analysis, 464-66
Point sources, representation with delta
functions, 65-66
Poisson equation, 14, 81, 452
defined, 237
difference form, 236-43
discretized form, 238
Pole singularity, 106
Postprocessing, 201
in computational methods, 201
FEM process, 398
Poynting vector, 8-9
Preconditioned conjugate gradient
method, 502
Probe excitation
Green’s function for, 87-93
TE-modes, in rectangular waveguide,
87-93, 167-68
Processor time, 493-94
Propagation
angle effect, 328
of CW sine wave, 313
Gaussian pulse, 311
one-dimensional, absorbing boundary
conditions, 305-9
pulse, in transmission lines, 281-84
of rectangular pulse, 293
TEM waves, 285
two-dimensional, time step, 329
wave, 262-63
Propagation constant, 77, 407
determination of, 312-13
transmission line, 77
wave, 407
Pseudo-differential operator, 330
Pulse
after reflection, 318
basis functions, 202, 203
effect of dispersion, 294-95
expansion, 464-66
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Pulse (continued)
Gaussian, 224, 293
incident time, 318
propagation, 281-84
source, 297
subdomain functions, 213
voltage, 284
Pulse-pulse basis functions, 205
PWS-pulse basis functions, 206

Q

Quadratic basis functions, 220
Quadrature rules, 506

R

Radar cross-section (RCS)
of circular cylinder, 482
defined, 476
of square cylinder, 484-85
two-dimensional scatterer, 480
Radiation, from two-dimensional
apertures, 176-78
Radiation pattern, 180-86
characterization, 180
Fourier transform relationship, 182
mainlobe, 184, 186
in principal planes, 184
sidelobes, 184, 186
of tapered aperture field, 184
in uniform aperture field, 183
in xz-plane, 187
in yz-plane, 185
Rayleigh formula, 167
Rayleigh-Ritz variational method. See
Ritz method
Real operators, 56
Reciprocity theorem, 12
Rectangular elements, 411-14
basis functions, 412-13
cutoff frequency, 432-34
element matrix, 414-15
node-based, 411, 412
rectangular waveguide discretization
into, 413
Rectangular pipe
cross-section, 82
grounded on three sides, 32
Laplace equation solution, 31-37

Rectangular waveguides
analysis simplification, 266
cutoff wavenumber, 432
discretization into rectangular
elements, 413
discretization into uniform mesh and
triangular elements, 433
inhomogeneously filled, 435
probe excitation in TE-modes in,
167-68
segmentation, 422
suggested discretizations, 434, 435
See also Waveguides
Reflection
due to lossy medium, 315
Mur’s ABC, 307
pulse after, 318
residual, 331-33
retro, 304
Reflection coefficient, 331
extraction, 315
magnitude plot, 319
Mur’s ABC, 307-8
residual, 333
voltage, 283
Relaxation, 241
Reordering of equations, 500-501
Residues
calculus of, 106-10
determination responding to simple
poles, 109-10
Residue theorem, 109-10, 120
Resonant frequency, 374-78
for cavity modes, 374-78
of cylindrical cavity, 375-77
error, 377
H-field functional for, 375
stationary formula for, 374
Resonator simulation, 408-9
amplitude distribution, 409, 410
segmentation, 408
verification through, 408-9
Retro-reflection, 304
Ridge waveguides
analysis, 264-68
cross-section, 268, 440
cutoff wavenumber, 268, 269
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direct solution method, 265-67
discretization in triangular elements,
440
iterative solution method, 267-68
width, 266
See also Waveguides
Ritz method, 359, 366-81
applications, 367-81
for better accuracy, 377
Galerkin’s method comparison, 387
Laplace equation, 368-73
quality, 367
summary, 387
Roof-top basis function, 205-6
Round-off errors, 227-28

S

Scattering from conducting cylinder,
476-85
Schwarz-Christoffel transformations,
125-34
application to coplanar strips, 131-34
defined, 125
elliptic sine function, 129-31
inverse, 127
mapping, 126
in planar transmission line design, 125
procedure for, 128
w-plane, 126
z-plane, 126
Schwarz inequality, 55, 225
Segmentation
of domain, 403
of geometry, 394-95
half-wave dipole, 475
rectangular waveguides, 422
Series expansion, 207
Shape functions
defined, 395
linear, 401
in one-dimensional FEM analysis, 400
plotting, 400
Sidelobes, 184, 186
Simpson’s rule, 216
Simultaneous equation solution methods,
493-502
matrix solution techniques, 494-500

processor time considerations, 493-94
sparse matrix techniques, 500-502
Single series expansion method, 84-87
Singular integrals evaluation, 505-7
Singularity subtraction method, 120,

505-6
end-point singularity, 507
use of, 506
Skin depth, 8
Slot width, 186
Soft source, 297
Source
hard, 297, 304-5
node, 297, 298
soft, 297
time varying function for, 298
Sparse matrix techniques, 500-502
defined, 500
preconditioned conjugate gradient
method, 502
reordering of equations, 500-501
Spatial step, 288-92
Spectral domain, Green’s function in, 87,
166
Spline basis functions, 204
Spurious solutions, 229
Square cylinder
induced current on, 484
RCS of, 484-85
Stability
condition, 292
factor, 292
FDTD solution, 224
of matrix solution, 225-27
numerical, 293, 296
of numerical solutions, 223-27
Staggered grids, 285-86
Stair-step approximations, 250
Static charge distribution, 455-62
entire domain basis functions, 459-60
matrix elements evaluation, 459
pulse basis functions and point testing,
462
solutions comparison, 461-62
subdomain basis functions, 460-61
Stationarity, 355-57
defined, 355
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Stationarity (continued)
of functionals, 361-63
illustration, 356
Stationary functionals, 363-66
continuous derivatives, 363
error in related characteristics, 363
Euler equation and, 364
Stationary phase method, 178-88
approximations, 179-80
asymptotic value of Bessel functions,
186-88
defined, 178
determination of stationary phase
points, 178-80
observations, 178
radiation pattern, 180-86
Stoke’s theorem, 2
Strip line, 135-41
analysis, 462-69
boxed symmetric, 370
capacitance, 140
characteristic impedance, 141, 467-68
cross-section, 135
fringing field capacitance, 468—69
geometry cross-section, 462
Green’s function for, 462, 463
indefinitely thin strip, 464
metal strip, 135
MoM solution with pulse expansion
and point matching, 464-66
single conductor multilayered, 372
subdomain expansion functions, 464
See also Planar transmission lines
Sturm-Liouville differential equation
(S-LDE), 42-47
boundary conditions for orthogonal
functions, 43-44
current on transmission line, 45-46
defined, 42
examples, 44-47
generic solution, 62
Green’s function for, 75-76
operator form of eigenvalue, 42
orthogonality of eigenfunctions, 42-43
plane wave propagation normal to
boundary, 46
TE-to-z modes, 47

TM-to-z modes, 47
voltage on transmission line, 44-45
waves guided by perfect electric
conductors, 46

Subdomain basis functions, 202-6
one-dimensional, 202—4
static charge distribution, 460-61
two-dimensional, 204-6
See also Basis functions

Successive over-relaxation (SOR), 240-43
defined, 240
iteration reduction with, 240
relaxation, 241

Superposition theorem, 463

Symmetric strip line, 370

System equations, two-dimensional FEM

analysis, 418-22

System matrix
defined, 397
solution of, 397-98

T

Taylor expansion, 235
TE modes
cutoff frequency, 373-74
dominant, cutoff frequency, 439
dominant wavenumber for, 434
excitation problem, 171
line source excitation, 88
probe excitation in rectangular
waveguide, 87-93, 167-68
unit cells, 325
See also Waveguide modes
TEM waves, 18
dispersion, 19
propagation, 285
TE-to-z mode, 47, 168
Three-dimensional FDTD analysis,
339-45
absorbing boundary conditions,
344-45
Maxwell’s equations, 339
numerical dispersion, 343
time step, 343
Yee cells, 339-42
See also Finite-difference time-domain
(FDTD)
Time marching, 286-88



Index 527
Time step Two-dimensional apertures, 176-78
magic, 290 electric field, 178

one-dimensional, 292-95
three-dimensional, 343
two-dimensional, 329
TM modes, 265
boundary conditions table, 439
cutoff frequency, 373-74
cutoff wavenumber, 434
unit cells, 325
See also Waveguide modes
TM-to-y mode, 168
TM-to-z mode, 47
Toeplitz matrices, 455, 494
Transmission coefficient, 310
Transmission-line matrix (TLM), 24
Transmission lines
capacitance, 124, 369-73
characteristic impedance, 77, 95
characteristics, 19
current on, 45-46
current source excitation, 77
Green’s function for, 76-79
lossless, 158
planar, 125, 134-49
propagation constant, 77
pulse propagation in, 281-84
terminated with load resistance, 282
two-conductor, 124, 369
voltage on, 44-45
Transverse Laplacian operator, 13, 82
Transverse operator, 13
Triangle Connectivity Table, 438
Triangular basis functions, 202-4
Triangular elements
assembly of, 422
basis functions, 415-17
cutoff frequency, 430-32
element matrix, 417-18
node-based, 416
rectangular waveguide discretization
into, 433
versatility, 415
Triangular equations, 496
Triple Fourier transform representations,
175
Truncation errors, 227

in infinite conductor, 176
radiation from, 176-78

Two-dimensional entire domain basis

functions, 209-12

Two-dimensional FDTD analysis, 323-29

absorbing boundary conditions,
329-33

carrying out, 324

grid arrangement for field
components, 324

Maxwell’s equations, 323

numerical dispersion, 327-29

perfectly matched layer ABC, 333-39

time step, 329

unit cell, 325-27

See also Finite-difference time-domain

(FDTD)

Two-dimensional FEM analysis, 409-36

assembly of elements, 418-22

cutoff frequency, 429-36

element matrix (rectangular elements),
411-15

element matrix (triangular elements),
415-18

of open boundary problems, 436

parallel plate capacitor, 422-29

system equations, 418-22

two-dimensional function, 409

wave equation solution, 410-11

See also Finite element method (FEM)

Two-dimensional subdomain basis

functions, 204-6

Unbounded regions

in computational methods, 93
differential equation solution, 157-76
Green’s function for, 93-94
one-dimensional cases, 93
three-dimensional cases, 94
two-dimensional cases, 93-94

Uniaxial PML (UPML), 338-39

characterization, 338-39
defined, 338

implementation, 339
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Uniform line source, in grounded trough,
164
Unit cells
Faraday’s law for, 326, 327
for TE mode, 325
for TM mode, 325
in two dimensions, 325-27
Unit lower/upper triangular matrices, 498

A%

Validation
of software, 228
of solution, 228
Variational methods, 355-88
construction of functionals, 381-83
extremum, 357-58
functional, 358-59
Galerkin’s method, 383, 384-85
point matching method, 385-87
Ritz method, 366-81
stationarity, 355-57
summary, 387-88
weighted residuals, 383-87
Variations
calculus, 355-63
of functionals, 360-63
of functions, 359-60
Vector norms, 223
Vector potentials, 14-15
in deriving field components, 167
electric, 15
Green’s function, 91
magnetic, 14
Vector product, 54
Voltage
continuity across current source, 79
current-excited, 79
Kirchhoff’s law, 282
pulse, 284
reflection coefficient, 283
on transmission line, 44-45

W

Wave equations, 13, 14, 170
FDTD solution, 286
functionals for, 396
Green’s function for, 159-60

inhomogeneous, 410
one-way, 333
scalar, 159-60
separable, 35
in transverse plane, 14
two-dimensional solution, 410-11
Waveguide modes
cutoff frequency for, 373-74, 429-36
See also TE modes; TM modes
Waveguides
coplanar (CPW), 144-45, 148-49
rectangular, 167-68, 266
ridge, 26468
Wave number, 13
Wave propagation, 262-63
Waves
guided propagation, 15
phase velocity, 17
solution construction, 15-16
TEM, 18, 19
velocity, 283
Weighted residuals method, 383-87
for FEM, 440-41
Galerkin’s method, 383, 384-85
point matching method, 385-87
summary, 387-88
Weight functions, 39, 383
Weight integrals, 383-84
Window basis functions, 202, 203
Wire dipole antenna
analysis, 469-76
excitation models, 470
frill magnetic current generator model,
473
gap generator model, 472
input impedance, 475, 477
integral simplification, 471-72
number of segments and, 475-76
point matching, 474-75

Y

Yee cells, 339-42
defined, 339
field component placement on, 341
geometry, 340
property, 340
See also Three-dimensional FDTD
analysis
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